
Journal of Computational Mathematics, Vol.24, No.5, 2006, 561–578.

A NONCONFORMING ANISOTROPIC FINITE ELEMENT

APPROXIMATION WITH MOVING GRIDS FOR STOKES

PROBLEM ∗1)

Dong-yang Shi
(Department of Mathematics, Zhengzhou University, Zhengzhou 450052, China)

Yi-ran Zhang
(School of Mathematical Science, Peking University, Beijing 100871, China)

Abstract

This paper is devoted to the five parameters nonconforming finite element schemes with
moving grids for velocity-pressure mixed formulations of the nonstationary Stokes prob-
lem in 2-D. We show that this element has anisotropic behavior and derive anisotropic
error estimations in some certain norms of the velocity and the pressure based on some
novel techniques. Especially through careful analysis we get an interesting result on con-
sistency error estimation, which has never been seen for mixed finite element methods in
the previously literatures.
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1. Introduction

We usually apply the finite element methods to the spatial domain, but choose difference
methods with respect to the time variable for solving partial differential equations depending
on time. At the same time, different meshes of domain are used at different time level. As
we all know, the solutions may have weak regularity at the beginning, therefore, lower order
interpolation functions and the smaller meshes should be used. As the time goes on, the
regularity of the solution becomes better, the higher order interpolation functions and the
larger meshes can be used. That is the main idea of the finite element with moving grids.

Local interpolation error estimations for the finite element methods with moving grids are
developed in the literatures [2,3]. But these results are based on isotropic meshes at any time
and on any domain. In fact, many examples show that the solutions sometimes have anisotropic
behaviors [1,6] on boundary or interior layers. That means that the solution varies significiently
only in certain directions. In such cases it is an obvious idea to reflect this anisotropy in the
discretization by using anisotropic meshes with a small size in the direction of the rapid variation
of the solution and a larger mesh size in the perpendicular direction. That is, anisotropic meshes
are necessarily used.

Recently, there have appeared some studies on anisotropic meshes [1,8,14,15,16,18,19], but
most of all only considered the interpolation error estimation and conforming elements for ellip-
tic boundary problems. The nonconforming elements and Stokes problem on anisotropic meshes
are hardly treated, [9] studied the anisotropic error of Crouzeix-Raviart type elements and ap-
plied them to possion problem, [6] studied the quasi-wilson element under a new framework.
However, as to anisotropic meshes with moving grids there have been no articles published on
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this respect. Because of the restrictions of the BB conditions, nonconforming finite elements are
particularly interested in mixed methods for problems like the velocity-pressure type of Stokes
equations, which are advanced in simply structure, economic computing and matching of error
orders. The well-known examples include nonconforming Crouzeix-Raviart element [13], the ro-
tated Q1 element [4] and so on, but these elements can only be used to deal with Stokes equations
with moving grids under the regular assumption [10]. [5] developed a kind of nonconforming
rectangular element and gave the error estimation for stationary Stokes equations on isotropic
meshes. In this paper, we will first show that the element in [5] has anisotropic behavior , and
then we derive the error estimation of the stationary Stokes equations on anisotropic meshes.
Furthermore, with the idea of moving grids, we study the nonstationary Stokes equations and
address the anisotropic nonconforming error estimations based on some results of the stationary
problem and some novel approaches. At the same time, by careful analysis we will prove a very
interesting and more important result, that is , when the solution (u, p) ∈ (H2(Ω))2 × H1(Ω)
the consistency error is of order O(h2), one order higher than that of interpolation error which
is similar to the reports of [11] for the triangular quasi-conforming and generalized conforming
finite elements of fourth order plate bending problem, and the double set 12-parameter rec-
tangular element obtained in [12], and that of [16] for the quasi-wilson element for the second
order problems.

Throughout the paper we use the following concerning indices. For the sake of simplity,
let Ω ⊂ R2 be a rectangular domain with boundary ∂Ω parallel to x-axis or y-axis. Let Γh

be a family of rectangular subdivisions, i.e., Ω =
⋃

K∈Γh

K. Denote by hK the diameter of the

finite element K, and by ρK the supremum of the diameters of all balls contained in K. Then
the regularity assumption in the classical finite element theory is hK

ρK
≤ C, ∀K ∈ Γh (The

C is a positive constant independent of Γh and of the function under consideration). This
assumption is no longer valid in the case of anisotropic meshes. Conversely, anisotropic element
K is characterized by hK

ρK
−→ ∞ where the limit can be considered as h −→ 0, h = max

K
hK .

In this paper the C will also denote the positive constant, not necessarily the same at different
occurances which is independent of hK

ρK
and h. For the general element K, we denote the lenghths

of sides parallel to x-axis and y-axis by 2hx and 2hy respectively, and the central point of K

by (xK , yK). Let K̂ be a reference element(see Fig.1.), and K̂ = [−1, 1]× [−1, 1] with vertices

d̂1 = (−1,−1), d̂2 = (1,−1), d̂3 = (1, 1), d̂4 = (−1, 1). Let l̂1 = d̂1d̂2, l̂2 = d̂2d̂3, l̂3 = d̂3d̂4, l̂4 =

d̂4d̂1 be the four sides of K̂. The transformation of FK : K̂ −→ K is defined by

{
x = xK + hxξ,

y = yK + hyη.
(1.1)

d̂1(−1,−1) d̂2(1,−1)

d̂3(1, 1)d̂4(−1, 1)

-

6

ξ

η

Fig.1. the reference element K̂
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2. Construction of the Nonconforming Five-parameter Rectangular

Element and Its Anisotropism

We define a finite element (K̂, P̂ , Σ̂) as follows:

P̂ = span{1, ξ, η, ϕ(ξ), ϕ(η)},

Σ̂ = {v̂1, v̂2, v̂3, v̂4, v̂5},

where
ϕ(t) = 1

2 (5t4 − 3t2) , or ϕ(t) = 1
2 (3t2 − 1),

v̂i = 1

|̂li|

∫
l̂i

v̂dŝ, i = 1, 2, 3, 4,

v̂5 = 1

|K̂|

∫
K̂

v̂dξdη, ∀v̂ ∈ H1(K̂),

|l̂i| = meas(l̂i), |K̂| = meas(K̂).
Then we have the following lemma.
Lemma 2.1[5]. ∀v̂ ∈ H1(K̂), there exists a unique interpolation operator Π̂ : H1(K̂) −→ P̂
such that

1

|̂li|

∫
l̂i

Π̂v̂dŝ = 1

|̂li|

∫
l̂i

v̂dŝ = v̂i, i = 1, 2, 3, 4,

1

|K̂|

∫
K̂

Π̂v̂dŝ = 1

|K̂|

∫
K̂

v̂dξdη = v̂5

and

Π̂v̂ = v̂5 +
1

2
(v̂2 − v̂4)ξ +

1

2
(v̂3 − v̂1)η +

1

2
(v̂2 + v̂4 − 2v̂5)ϕ(ξ) +

1

2
(v̂3 + v̂1 − 2v̂5)ϕ(η). (2.1)

Lemma 2.2. For any α = (a1, a2) and |α| = 1, we have

‖D̂α(v̂ − Π̂v̂)‖
0,K̂

≤ C|D̂αv̂|
1,K̂

. (2.2)

Proof. Let α = (1, 0), then

D̂αΠ̂v̂ =
∂Π̂v̂

∂ξ
=

1

2
(v̂2 − v̂4) +

1

2
(v̂2 + v̂4 − 2v̂5)ϕ

′(ξ).

Obviously, {1, ϕ′(ξ)} is a group of basis of D̂αP̂ , i.e.,D̂αP̂ = span{1, ϕ′(ξ)}. Therefore,

D̂αΠ̂v̂ = β1 + β2ϕ
′(ξ),

where

β1 =
1

2
(v̂2 − v̂4), β2 =

1

2
(v̂2 + v̂4 − 2v̂5)

Rewrite β1, β2 as

β1 = 1
4 [

∫
l̂2

v̂(1, η)dη −
∫

l̂4
v̂(−1, η)dη] = 1

|K̂|

∫
K̂

∂v̂
∂ξ

dξdη,

β2 = 1
4 [

∫
l̂2

v̂(1, η)dη +
∫

l̂4
v̂(−1, η)dη −

∫
K̂

v̂(ξ, η)dξdη] = 1

|K̂|

∫
K̂

ξ ∂v̂
∂ξ

dξdη.

Then we define the operators Fj , j = 1, 2 as

F1(ŵ) = 1

|K̂|

∫
K̂

ŵdξdη,

F2(ŵ) = 1

|K̂|

∫
K̂

ξŵdξdη, ∀ŵ ∈ H1(K̂).
(2.3)
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It is easy to see that Fj ∈ (H1(K̂))′, j = 1, 2.
Similarly, we can get the same result for the case α = (0, 1). The proof is completed by

applying the fundamental anisotropism theory[6].
Remark 1. One can also check the anisotropy of the element by the method provided in [1].

3. The Anisotropic Error Estimation of the Stationary Stokes

Equations

We consider the following problem:





−γ△u + ∇p = f, in Ω,

divu = 0, in Ω,

u = 0, on ∂Ω,

(3.1)

where u = (u1, u2) is the velocity vector, p is the pressure, γ > 0 is the coeffient of kinematic
viscosity, f = (f1, f2) is a given vector function. Then (3.1 )is equivalent to the following
variational problem: Find (u, p) ∈ V × M such that

{
a(u, v) + b(v, p) = f(v), ∀v ∈ V,

b(u, q) = 0, ∀q ∈ M,
(3.2)

where
V = (H1

0 (Ω))2, M = {q ∈ L2(Ω);
∫
Ω qdxdy = 0},

a(u, v) = γ
∫
Ω
∇u∇vdxdy,

b(v, q) = −
∫
Ω qdivvdxdy,

f(v) =
∫
Ω

fvdxdy, ∀u, v ∈ V, ∀q ∈ M.

The spaces V and M satisfy the BB condition [7], i.e., there exists a constant β > 0 such that

sup
v∈V

b(v, q)

|v|V
≥ β‖q‖0,Ω. (3.3)

Let us define

Eh = {vh; vh|K = v̂ ◦ F−1
K , v̂ ∈ P̂ , ∀K ∈ Γh},

Vh = Eh × Eh, Mh = {qh; qh|K is a constant, ∀K ∈ Γh},

and
|vh|h = (

∑

K∈Γh

|vh|
2
1,K)

1
2 . (3.4)

We have
Lemma 3.1. | · |h is a norm of the finite element spaces Vh.

Proof. We only show that vh = 0 when |vh|h = 0, ∀vh ∈ Vh.
Since vh|K = v̂ ◦ F−1

K can be expressed as

vh|K = vh5 +
1

2
(vh2−vh4)ξ +

1

2
(vh3−vh1)η+

1

2
(vh2 +vh4−2vh5)ϕ(ξ)+

1

2
(vh3 +vh1−2vh5)ϕ(η).

(3.5)
Consequently,

∂vh|K
∂x

=
vh2 − vh4

2hx

+
vh2 + vh4 − vh5

2hx

ϕ′(ξ), (3.6)
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∂vh|K
∂y

=
vh3 − vh1

2hy

+
vh3 + vh1 − vh5

2hy

ϕ′(η). (3.7)

If |vh|h = 0, then |vh|1,K = 0, ∀K ∈ Γh, i.e., ∂vh|K
∂x

= ∂vh|K
∂y

= 0, ∀K ∈ Γh. When K is an

element on upper-left corner of Ω, we get vh3 = vh4 = 0. Combining (3.5),(3.6),(3.7) with ϕ′(ξ)
and ϕ′(η) being nonconstants, we obtain vh1 = vh2 = vh5 = 0, therefore |vh|K = 0. Under the
influence of the function values on sides between neighbour elements, we derive vh = 0. The
proof is completed.

The approximation problem corresponding to (3.2) reads as: Find (uh, ph) ∈ Vh ×Mh such
that {

ah(uh, vh) + bh(vh, ph) = (f, vh), ∀vh ∈ Vh,

b(uh, qh) = 0, ∀qh ∈ Mh,
(3.8)

where
ah(uh, vh) = γ

∑
K∈Γh

∫
K
∇uh∇vhdxdy,

bh(vh, qh) = −
∑

K∈Γh

∫
K

qhdivvhdxdy, ∀vh ∈ Vh, ∀qh ∈ Mh.

Obviously, ah(·, ·) is coercive on Vh × Vh, i.e.,

ah(vh, vh) ≥ γ|vh|
2
h, ∀vh ∈ Vh. (3.9)

Let Πh : V −→ Vh is an interpolation operator such that, ∀K ∈ Γh,

1
|li|

∫
li

Πhv = 1
|li|

∫
li

v, i = 1, 2, 3, 4,

1
|K|

∫
K

Πhv = 1
|K|

∫
K

v,
(3.10)

where li, i = 1, 2, 3, 4 are sides of K which can be obtained from l̂i by the affine mapping
FK : K̂ −→ K, i.e., FK(l̂i) = li, i = 1, 2, 3, 4.

Lemma 3.2. The interpolation operator Πh satisfies

|v − Πhv|h ≤ C|v|1,Ω,

|Πhv|h ≤ C|v|1,Ω, ∀v ∈ H1
0 (Ω).

(3.11)

Proof. Define an operator

T : L2(K̂) −→ span{1, ϕ′(ξ)},

Tw = F1(w) + F2(w)ϕ′(ξ),

where F1(w), F2(w) are defined in (2.3).

It is easy to see that Tw = w, ∀w ∈ P̂0(K̂). Here and later we denote by P̂t(K̂) the set of all

polynomials in two variables of degree ≤ t on element K̂. Hence, ‖w − Tw‖
0,K̂

≤ C ‖ w ‖
0,K̂,

∀w ∈ L2(K̂). With the inequality above, we obtain

‖
∂(v̂ − Π̂v̂)

∂ξ
‖
0,K̂

= ‖
∂v̂

∂ξ
− T

∂v̂

∂ξ
‖
0,K̂

≤ C‖
∂v̂

∂ξ
‖
0,K̂

.

Similarly,

‖
∂(v̂ − Π̂v̂)

∂η
‖
0,K̂

≤ C‖
∂v̂

∂η
‖
0,K̂

.
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Using the affine mapping (1.1) and Lemma 2.2, we have

|v − Πhv|2h =
∑
K

(‖ ∂(v−Πhv)
∂x

‖2
0,K + ‖ ∂(v−Πhv)

∂y
‖2
0,K)

=
∑
K

(h−2
x ‖∂(̂v−Π̂v̂)

∂ξ
‖2

0,K̂
+ h−2

y ‖∂(̂v−Π̂v̂)
∂η

‖2

0,K̂
)hxhy

≤ C
∑
K

(h−2
x ‖∂v̂

∂ξ
‖2

0,K̂
+ h−2

y ‖∂v̂
∂η

‖2

0,K̂
)hxhy

≤ C|v|21,Ω.

Therefore, the first inequality of Lemma 3.2 is derived.

Using the triangle inequality and the inequality above, we obtain the second inequality of
Lemma 3.2.

Remark 2. For vector functions v = (v1, v2)
T ∈ (H1

0 (Ω))2, Lemma 3.2 also holds.

Lemma 3.3. The bilinear form bh(·, ·) satisfies BB condition on Vh × Mh, i.e., there exists a
constant β∗ > 0 such that

sup
vh∈Vh

bh(vh, qh)

|vh|h
≥ β∗|qh|M , ∀qh ∈ Mh. (3.12)

Proof. The operator Πh satisfies

bh(Πhv, qh) = bh(v, qh), ∀v ∈ V. (3.13)

In fact,

bh(v − Πhv, qh) = −
∑

K∈Γh

∫
K

qhdiv(v − Πhv)dxdy

= −
∑

K∈Γh

qh

∫
K

div(v − Πhv)dxdy

= −
∑

K∈Γh

qh

∫
∂K

div(v − Πhv) · nds

= 0.

Applying (3.13), (3.11) and (3.3), we have

sup
vh∈Vh

bh(vh,qh)
|vh|h

≥ sup
v∈V

bh(Πhv,qh)
|Πhv|h

= sup
v∈V

bh(v,qh)
|Πhv|h

≥ 1
C

sup
v∈V

bh(v,qh)
|v|h

≥ β∗|qh|M ,

where β∗ = β
C

> 0. The proof of Lemma 3.3 is completed.

Due to (3.9) and (3.12), we know from the general theory of the mixed finite element methods
that the approximation problem (3.8) exists a unique solution (uh, ph) ∈ Vh × Mh and there
holds the following error estimation

|u−uh|h+|p−ph|M ≤ C( inf
vh∈Vh

|u−vh|h+ inf
qh∈Mh

|p−qh|M + sup
vh∈Vh

|ah(u, vh) + bh(vh, p) − f(vh)|

|vh|h
).

(3.14)
If (u, p) ∈ (H2(Ω))2 × H1(Ω), then

inf
vh∈Vh

|u − vh|h ≤ |u − Πhu|h,

inf
qh∈Mh

|p − qh|M ≤ |p − P0p|M ,
(3.15)

where P0p|K = 1
|K|

∫
K

pdxdy, ∀K ∈ Γh.
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By the affine mapping FK : K̂ −→ K and lemma 2.2, we have

|u − vh|h ≤ |u − Πhu|2h =
∑

K∈Γh

∫
K

[(∂(u−Πhu)
∂x

)2 + (∂(u−Πhu)
∂y

)2]dxdy

=
∑

K∈Γh

(h−1
x hy‖

∂(û−Π̂hû)
∂ξ

‖2

0,K̂
+ hxh−1

y ‖∂(û−Π̂hû)
∂η

‖2

0,K̂
)

≤ C
∑

K∈Γh

(h−1
x hy|

∂û
∂ξ

|2
1,K̂

+ hxh−1
y |∂û

∂η
|2
1,K̂

)

≤ C
∑

K∈Γh

[h−1
x hy(‖∂2u

∂x2 ‖
2
0,Kh4

x + ‖ ∂2u
∂x∂y

‖2
0,Kh2

xh2
y)h−1

x h−1
y

+hxh−1
y (‖ ∂2u

∂x∂y
‖2
0,Kh2

xh2
y + ‖∂2u

∂y2 ‖
2
0,Kh4

y)h
−1
x h−1

y ]

≤ Ch2
∑

K∈Γh

|u|22,K

= Ch2|u|22,Ω.

(3.16)

Therefore,

inf
vh∈Vh

|u − vh|h ≤ |u − Πhu|h ≤ Ch|u|2,Ω. (3.17)

We now turn to estimate inf
qh∈Mh

|p − qh|M . Let P̂0p̂ = 1

|K̂|

∫
K̂

p̂dξdη. With the local interpo-

lation theory on the reference element K̂, we have

|p − P0p|
2
M =

∑
K∈Γh

∫
K

(p − P0p)2dxdy =
∑

K∈Γh

hxhy

∫
K̂

(p̂ − P̂0p̂)2dξdη

≤ C
∑

K∈Γh

hxhy|p̂|
2

1,K̂

≤ C
∑

K∈Γh

hxhy

∫
K

[h2
x( ∂p

∂x
)2 + h2

y(
∂p
∂y

)2](hxhy)−1dxdy

≤ Ch2|p|21,Ω.

(3.18)

Hence,

inf
qh∈Mh

|p − qh|M ≤ |p − P0p|M ≤ Ch|p|1,Ω. (3.19)

In the following, we will estimate the consistency error. By the Green’s formula and the
equation (3.1), the consistency error can be written as

ah(u, vh) + bh(vh, p) − f(vh)

=
∑

K∈Γh

(γ
∫

K
∇u∇vhdxdy −

∫
K

pdivvhdxdy −
∫

K
fvhdxdy)

=
∑

K∈Γh

(γ
∫

∂K
∂u
∂n

vhds −
∫

∂K
pvh · nds)

= γT1(u, vh) − T2(p, vh), ∀vh ∈ Vh,

(3.20)

where

T1(u, vh) =
∑

K∈Γh

∫
∂K

∂u
∂n

vhds,

T2(p, vh) =
∑

K∈Γh

∫
∂K

pvh · nds.

Now, we set to deal with the first term of the right hand side of (3.20).

T1(u, vh) =
∑

K∈Γh

(−

∫

l1

vh

∂u

∂y
dx +

∫

l2

vh

∂u

∂x
dy +

∫

l3

vh

∂u

∂y
dx −

∫

l4

vh

∂u

∂x
dy). (3.21)
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For any element K, ∀v ∈ H1(K), we define

P0iv = 1
2hx

∫
li

vdx, i = 1, 3,

P0iv = 1
2hy

∫
li

vdy, i = 2, 4,

P0v = 1
|K|

∫
K

vdxdy.

For vector function v = (v1, v2) ∈ (H1(K))2, we can define

P0iv = (P0iv1, P0iv2), i = 1, 2, 3, 4,

P0v = (P0v1, P0v2).

It is easy to see that all these operators mentioned above are affine equivalent, the corresponding
operators on the reference element K̂ are read respectively P̂0i, P̂0, i = 1, 2, 3, 4. Using the
definition of Vh, we have ∀vh ∈ Vh,

T1(u, vh) =
∑

K∈Γh

[−
∫
l1

(vh − P01vh)(∂u
∂y

− P0
∂u
∂y

)dx +
∫

l2
(vh − P02vh)(∂u

∂x
− P0

∂u
∂x

)dy

+
∫
l3

(vh − P03vh)(∂u
∂y

− P0
∂u
∂y

)dx −
∫

l4
(vh − P04vh)(∂u

∂x
− P0

∂u
∂x

)dy].

(3.22)
Let

Lvh = x−(xK−hx)
2hx

P02vh − x−(xK+hx)
2hx

P04vh

= 1
2 (1 + ξ)P̂02v̂h − 1

2 (1 − ξ)P̂04v̂h

= L̂v̂h,

(3.23)

Nvh =
y−(yK−hy)

2hy
P03vh − y−(yK+hx)

2hy
P01vh

= 1
2 (1 + η)P̂02v̂h − 1

2 (1 − η)P̂04v̂h

= N̂ v̂h.

(3.24)

Obviously, L and N are the linear interpolation operators,which are affine equivalent. L̂ and
N̂ are the corresponding operators on the reference element K̂. We rewrite (3.22) as follows.

T1(u, vh) =
∑

K∈Γh

{
∫

K
∂
∂y

[(vh − Nvh)(∂u
∂y

− P0
∂u
∂y

)]dxdy

+
∫
K

∂
∂x

[(vh − Lvh)(∂u
∂x

− P0
∂u
∂x

)]dxdy}

=
∑

K∈Γh

(AK + BK),

(3.25)

where
AK =

∫
K

∂
∂y

[(vh − Nvh)(∂u
∂y

− P0
∂u
∂y

)]dxdy,

BK =
∫

K
∂
∂x

[(vh − Lvh)(∂u
∂x

− P0
∂u
∂x

)]dxdy.

At first, we estimate AK ,

AK =
∫

K
∂
∂y

[(vh − Nvh)(∂u
∂y

− P0
∂u
∂y

)]dxdy,

=
∫

K
(vh − Nvh)∂2u

∂y2 dxdy +
∫

K
(∂u

∂y
− P0

∂u
∂y

)(∂vh

∂y
− ∂Nvh

∂y
)dxdy

= AK1
+ AK2

,

where
AK1

=
∫

K
(vh − Nvh)∂2u

∂y2 dxdy,

AK2
=

∫
K

(∂u
∂y

− P0
∂u
∂y

)(∂vh

∂y
− ∂Nvh

∂y
)dxdy.
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It can be seen that

|AK1
| ≤‖ vh − Nvh ‖0,K ‖

∂2u

∂y2
‖0,K ≤ C(hxhy)

1
2 ‖v̂h − N̂ v̂h‖0,K̂

|u|2,K .

Note that N̂ŵ = ŵ, ∀ŵ ∈ P̂0(K̂). Using the local interpolation theory on the reference element

K̂, we have

|AK1
| ≤ C(hxhy)

1
2 |v̂h|1,K̂

|u|2,K ≤ C(‖
∂vh

∂x
‖2
0.K h2

x+ ‖
∂vh

∂y
‖2
0.K h2

y)
1
2 |u|2,K ≤ Ch|vh|1,K |u|2,K .

(3.26)
Consequently, we consider AK2

. Note that

∂Nv

∂y
=

1

2hy

(P03vh − P01vh) =
1

|K|

∫

K

∂vh

∂y
dxdy = P0

∂vh

∂y
, (3.27)

we have

‖
∂Nvh

∂y
‖0,K =

1

|K|

∫

K

|
∂vh

∂y
dxdy| · |K|

1
2 ≤ [

∫

K

(
∂vh

∂y
)2dxdy]

1
2 = ‖

∂vh

∂y
‖0,K . (3.28)

Applying (3.28) to AK2
and letting ∂u

∂y
= w, we obtain

|AK2
| ≤ ‖w − P0w‖0,K‖∂vh

∂y
− ∂Nvh

∂y
‖0,K

≤ 2 ‖ ∂vh

∂y
‖0,K‖ w − P0w ‖0,K

≤ 2|vh|1,K‖ŵ − P̂0ŵ‖
0,K̂

(hxhy)
1
2

≤ C|vh|1,K |ŵ|
1,K̂

(hxhy)
1
2

≤ C|vh|1,K(‖∂w
∂x

‖2
0,Kh2

x + ‖∂w
∂y

‖2
0,Kh2

y)
1
2

≤ Ch|vh|1,K |w|1,K

≤ Ch|vh|1,K |u|2,K .

(3.29)

Combining (3.29),(3.26) with AK , we get

|AK | ≤ Ch|u|2,K |vh|1,K . (3.30)

By analogy with the estimation of AK ,

|BK | ≤ Ch|u|2,K |vh|1,K . (3.31)

Subsitituting (3.30) and (3.31) into (3.25), we have

|T1(u, vh)| ≤ Ch|u|2,Ω|vh|h. (3.32)

In the following, we will estimate the second term on the right hand side of (3.20).

|T2(p, vh)| =
∑

K∈Γh

(−
∫

l1
pvh2dx +

∫
l3

pvh2dx +
∫

l2
pvh1dy −

∫
l4

pvh1dy)

=
∑

K∈Γh

[−
∫
l1

(p − P0p)(vh2 − P01vh2)dx +
∫

l3
(p − P0p)(vh2 − P03vh2)dx

+
∫

l2
(p − P0p)(vh1 − P02vh1)dy −

∫
l4

(p − P0p)(vh1 − P04vh1)]dy

=
∑

K∈Γh

{
∫
K

∂
∂y

[(p − P0p)(vh2 − Nvh2)]dxdy +
∫

K
∂
∂x

[(p − P0p)(vh1 − Lvh1)]dxdy}

=
∑

K∈Γh

(SK + TK),

(3.33)
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where

SK =
∫

K
∂
∂y

[(p − P0p)(vh2 − Nvh2)]dxdy,

TK =
∫

K
∂
∂x

[(p − P0p)(vh1 − Lvh1)]dxdy.

By analogy with the estimation in AK and BK of T1(u, vh), we conclude

SK ≤ Ch|p|1,K |vh2|1,K , (3.34)

TK ≤ Ch|p|1,K |vh1|1,K . (3.35)

Thus

|T2(p, vh)| ≤ Ch|p|1,Ω|vh|h. (3.36)

Combining (3.32), (3.36) and (3.20) yields

|ah(u, vh) + bh(vh, p) − f(vh)| ≤ Ch(|u|2,Ω + |p|1,Ω)|vh|h, ∀vh ∈ Vh. (3.37)

therefore

sup
vh∈Vh

|ah(u, vh) + bh(vh, p) − f(vh)|

|vh|h
≤ Ch(|u|2,Ω + |p|1,Ω) (3.38)

Furthermore, combining (3.38),(3.17),(3.19) and (3.14) the following theorem is derived.

Theorem 3.4. Assume that (u, p) and (uh, ph) are the solutions of Stokes problem (3.2) and
the corresponding finite element problem (3.8) respectively, if (u, p) ∈ (H2(Ω))2 × H1(Ω), then

|u − uh|h + |p − ph|M ≤ Ch(|u|2,Ω + |p|1,Ω). (3.39)

From now on, we will prove an interesting result on consistency error estimation in the
following.

Theorem 3.5. If (u, p) ∈ (H3(Ω))2 × H2(Ω), then

|ah(u, vh) + bh(vh, p) − f(vh)| ≤ Ch2(|u|3,Ω + |p|2,Ω)|vh|h, ∀vh ∈ Vh, (3.40)

Proof. From (3.21) we may rewrite T1(u, vh) as follows

T1(u, vh) =
∑

K∈Γh

(I1 + I2 + I3 + I4),

where

I1 = −
∫

l1
(vh − P01vh)(∂u

∂y
− P01

∂u
∂y

)dx,

I2 =
∫

l2
(vh − P02vh)(∂u

∂x
− P02

∂u
∂x

)dy,

I3 =
∫

l3
(vh − P03vh)(∂u

∂y
− P03

∂u
∂y

)dx,

I4 = −
∫

l4
(vh − P04vh)(∂u

∂x
− P04

∂u
∂x

)dy.

We consider firstly I1 + I3.

I1 + I3

= −
∫

l1
(vh − P01vh)(∂u

∂y
− P01

∂u
∂y

)dx +
∫

l3
(vh − P03vh)(∂u

∂y
− P03

∂u
∂y

)dx.
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Note that ∂vh

∂x
∈ {1, ϕ′(x)} and ∂vh

∂y
∈ {1, ϕ′(y)}, we have

(vh − P01vh)|l1

= vh(x, yK − hy) − 1
2hx

∫ xK+hx

xK−hx
vh(x, yK − hy)dx

= 1
2hx

∫ xK+hx

xK−hx
[v(x, yK − hy) − vh(t, yK − hy)]dt

= 1
2hx

∫ xK+hx

xK−hx

∫ x

t
∂vh

∂z
(z, yK − hy)dzdt

= 1
2hx

∫ xK+hx

xK−hx

∫ x

t
∂vh

∂z
(z, yK + hy)dzdt

= vh(x, yK + hy) − 1
2hx

∫ xK+hx

xK−hx
vh(x, yK + hy)dx

= (vh − P03vh)|l3 .

Furthermore,
(∂u

∂y
− P01

∂u
∂y

)|l1

= ∂u
∂y

(x, yK − hy) − 1
2hx

∫ xK+hx

xK−hx

∂u
∂y

(t, yK − hy)dt

= 1
2hx

∫ xK+hx

xK−hx

∫ x

t
∂2u
∂z∂y

(z, yK − hy)dzdt.

Similarly,
(∂u

∂y
− P03

∂u
∂y

)|l3

= 1
2hx

∫ xK+hx

xK−hx

∫ x

t
∂2u
∂z∂y

(z, yK + hy)dzdt.

So
I1 + I3

=
∫ xK+hx

xK−hx
(vh − P03vh)|l3 · [(

∂u
∂y

− P03
∂u
∂y

)|l3 − (∂u
∂y

− P01
∂u
∂y

)|l1 ]dx

= 1
2hx

∫ xK+hx

xK−hx
[
∫ xK+hx

xK−hx

∫ x

t

∫ yK+hy

yK−hy

∂3u
∂z∂y2 (z, y)dydzdt]

·[vh(x, yK + hy) −
1

2hx

∫ xK+hx

xK−hx
vh(x, yK + hy)dx]dx.

On the other hand,

|vh(x, yK + hy) − 1
2hx

∫ xK+hx

xK−hx
vh(x, yK + hy)dx|2

= 1
4h2

x
|
∫ xK+hx

xK−hx

∫ x

t
∂vh

∂z
(z, yK − hy)dzdt|2

≤ 1
4h2

x

∫ xK+hx

xK−hx

∫ x

t
|∂vh

∂z
(z, yK − hy)|2dzdt

∫ xK+hx

xK−hx
|x − t|dt,

hence, ∫ xK+hx

xK−hx
|vh(x, yK + hy) − 1

2hx

∫ xK+hx

xK−hx
vh(x, yK + hy)dx|2dx

≤ 1
4h2

x

∫ xK+hx

xK−hx
(
∫ xK+hx

xK−hx

∫ x

t
|∂vh

∂z
(z, yK − hy)|2dzdt

∫ xK+hx

xK−hx
|x − t|dt)dx

≤
4h2

x

3

∫ xK+hx

xK−hx
|∂vh

∂x
|2dx

=
2h2

x

3hy

∫ xK+hx

xK−hx

∫ yK+hy

yK−hy
|∂vh

∂x
|2dxdy.

(3.41)

By (3.14) and Cauchy-Schwartz inequality we have

|I1 + I3| ≤ Ch2
x‖

∂3u

∂x∂y2
‖0,K |

∂vh

∂x
|0,K .
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Similarly

|I2 + I4| ≤ Ch2
y‖

∂3u

∂x2∂y
‖0,K |

∂vh

∂y
|0,K .

Combining the two inequalities above, we have

T1(u, vh) =
∑

K

∫

∂K

∂u

∂n
vhds ≤ Ch2|u|3,Ω|vh|h.

By analogy with the estimate of T1(u, vh), we have

T2(p, vh) =
∑

K

∫

∂K

pvh · nds ≤ Ch2|p|2,Ω|vh|h.

Therefore,

|ah(u, vh) + bh(vh, p) − f(vh)| ≤ Ch2(|u|3,Ω + |p|2,Ω)|vh|h, ∀vh ∈ Vh.

4. The Nonconforming Five-parameter Anisotropic Finite Element

with Moving Grids of the Nonstationary Stokes Equations

We consider the following nonstationary Stokes equations





∂u
∂t

− γ△u + ∇p = f, ∀(x, t) ∈ Ω × (0, T ],

divu = 0, ∀(x, t) ∈ Ω × (0, T ],

u = 0, ∀(x, t) ∈ ∂Ω × (0, T ],

u|t=0 = u0, ∀x ∈ Ω.

(4.1)

Then (4.1) is equivalent to the following variational problem. Find (u, p) ∈ V × M, ∀t ∈ (0, T )
such that 





(∂u
∂t

, v) + a(u, v) − (p, divv) = (f, v), ∀v ∈ V,

(q, divu) = 0, ∀q ∈ M,

u|t=0 = u0, ∀x ∈ Ω,

(4.2)

where (·, ·) is an inner-product in L2(Ω) or (L2(Ω))2.

Let {Γh}h be a family of rectangular subdivisions without regular assumption or quasiuni-
form assumption [10],Vh and Mh be the approximation spaces of V and M , respectively. The
approximation problem corresponding to (4.2) reads as: Find (uh, ph) ∈ Vh × Mh such that






(∂uh

∂t
, v) + ah(uh, v) − (ph, divhv) = (f, v), ∀v ∈ Vh,

(q, divhuh) = 0, ∀q ∈ Mh,

uh|t=0 = uh
0 , ∀x ∈ Ω.

(4.3)

Where uh
0 is an approximation problem of u0 in Vh, divh|K = divv, ∀v ∈ Vh, ∀K ∈ Γh. Now

we apply the idea of moving grids to (4.3) and develop the scheme of the nonconforming five-
parameter anisotropic finite element with moving grids. Let 0 = t0 < t1 · ·· < tN = T be a
partition of the time interval [0,T]. For any time level tn, let{Γh}h be a family of rectangular
subdivisions for spatial domain at this time. We denote by V h

n and Mh
n the finite element spaces

on the spatial domain at the time level tn, definitions of V h
n and Mh

n are the same as Vh and
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Mh. Due to Lemma 3.3, the spaces V h
n and Mh

n satisfy the BB condition, i.e., there exists a
constant β∗ > 0 such that

sup
v∈V h

n

|(q, divhv)|

|v|h
≥ β∗‖q‖0,Ω, ∀q ∈ Mh

n . (4.4)

At the time point tn(n = 0, 1, 2, · · ·, N.),we let

Vn = {v(x, tn); v ∈ V }, Mn = {q(x, tn); q ∈ M}. (4.5)

We choose the approximations spaces S ×Z of (u, p) in the following way: The approximation
solution uh(x, t) ∈ S is the piecewise linear function with respect to the time subdivisions
0 = t0 < t1 · ·· < tN = T , its function value uh(x, tn) at the time level tn is the interpolation
function of the solution u on the finite element space V h

n (n = 0, 1, 2, · · ·, N). The approximation
function ph(x, t) ∈ Z can be obtained in the same way.

We introduce the five-parameter rectangular anisotropic finite element with moving grids
(see[2,3]) and determine the function values uh

n = uh(x, tn) and ph
n = ph(x, tn) of the approxi-

mation solutions uh(x, t) and ph(x, t)(n = 1, 2, · · ·, N) as follows:

(ûh
n − uh

n, v) = 0, ∀v ∈ V h
n+1, for n > 0, (4.6)

(ûh
0 − u0, v) = 0, ∀v ∈ V h

1 , for n = 0, (4.7)

(uh
n+1 − ûh

n, v) + ah(uh
n+1, v)△tn − (ph

n+1, divhv)△tn = (fn+1, v)△tn, ∀v ∈ V h
n+1, (4.8)

(q, divhuh
n+1) = 0, ∀q ∈ Mh

n+1, (4.9)

where fn = f(x, tn).
(4.6) implies that ûh

n = uh
n when V h

n = V h
n+1. Furthermore, (4.6) is a L2-projection modifi-

cation scheme for the former space when the two spaces V h
n and V h

n+1 have different meshes or
different interpolation functions. (4.8) is the general trapezoid difference scheme. We get ûh

n

from uh
n in (4.6) and get uh

n+1 from ûh
n in (4.8). uh

n, ph
n are uniquely from (4.6)–(4.9) by partial

differential equation theory.

5. Error Estimate of the Nonconforming Five-parameter Anisotropic

Approximation Scheme with Moving Grids

The main error between the solution u(x, t) and the approximation solution uh(x, t) consists
of three parts: the interpolation error with the finite element method, the difference error with
respect to the time, and the error of moving grids.

Firstly, we will prove the following Lemma 5.1 which plays an important role in our error
analysis.
Lemma 5.1. ‖vh‖0 ≤ C|vh|h, ∀vh ∈ Vh.

Proof. By using duality argument, we consider the following elliptic problem,
{

−△w = g, inΩ

w = 0, on∂Ω.
(5.1)

Then by the regularity of the solution of the elliptic problem,(5.1) has a unique solution w ∈
H2(Ω) ∩ H1

0 (Ω) satifying ‖w‖2 ≤ C‖g‖0. Let

E(w, vh) =
∑

K

∫

∂K

∂w

∂n
vhds, ∀vh ∈ Vh,

due to the estimate of T1(u, vh) in (3.21) – (3.32), we know

|E(w, vh)| ≤ Ch|w|2,Ω|vh|h. (5.2)
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Furthermore, by Green’s formula,

|
∫
Ω

gvhdxdy| = | −
∫
Ω
△wvhdxdy| = |

∑
K

∫
K
∇w∇vhdxdy − E(w, vh)|

≤ |w|1,Ω|vh|h + Ch|w|2,Ω|vh|h ≤ C‖w‖2,Ω|vh|h, ∀vh ∈ Vh.

Therefore,

|

∫

Ω

gvhdxdy| ≤ C‖g‖0|vh|h.

Let g = vh, we obtain ‖vh‖0 ≤ C|vh|h, ∀vh ∈ Vh.

Remark 3. The method used in this lemma is different from the conventional ones. Because
the meshes are anisotropic, the estimate of (5.2) (see section 3 of this paper) becomes more
difficult and complicated than that of the isotropic case . This is typical character of the
anisotropic elements.

Then we have the following lemma about the difference error.

Lemma 5.2. Let un = u(x, tn), pn = p(x, tn), the following equation holds

(un+1 − un, v) + ah(un+1, v)△tn − (pn+1, divhv)△tn = (fn+1, v)△tn + En(v), ∀v ∈ V h
n+1,
(5.3)

where

|En(v)| ≤ C[(

∫ tn+1

tn

‖
∂f

∂t
‖2
0dt)

1
2 +(

∫ tn+1

tn

‖
∂p

∂t
‖2
0dt)

1
2 +(

∫ tn+1

tn

‖
∂u

∂t
‖2
1dt)

1
2 ](△tn)

3
2 |v|h+Ch△tn|v|h.

(5.4)

Proof. We get from (4.1),

(
∂u

∂t
, v) + ah(u, v) − (p, divhv) = (f, v) + Th(u, p, v), ∀v ∈ V h

n+1, (5.5)

where

Th(u, p, v) =
∑

K

∫

∂K

(γ
∂u

∂n
− pn)vds.

By use of (3.32) and (3.36), we obtain

Th(u, p, v) ≤ Ch(|u|2,Ω + |p|1,Ω)|v|h, ∀v ∈ V h
n+1.

Using the regularity of solutions of the Stokes problem, i.e., |u|2,Ω + |p|1,Ω ≤ C‖f‖0, ∀v ∈
V h

n+1, we get

|Th(u, p, v)| ≤ Ch‖f‖0|v|h. (5.6)

Intergrating with tn ≤ t ≤ tn+1 in (5.5) we know

(un+1 − un, v) + ah(

∫ tn+1

tn

udt, v) − (

∫ tn+1

tn

pdt, divhv) = (

∫ tn+1

tn

fdt, v) +

∫ tn+1

tn

Th(u, p, v)dt,

(5.7)
thus, combining (5.3) and (5.7) we have

En(v) = (

∫ tn+1

tn

(f − fn+1)dt, v) + (

∫ tn+1

tn

(p − pn+1)dt, divhv)

−ah(

∫ tn+1

tn

(u − un+1)dt, v) +

∫ tn+1

tn

Th(u, p, v)dt (5.8)
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Using Cauchy-Schwartz inequality and Lemma (5.1) yields

|(
∫ tn+1

tn
(f − fn+1)dt, v)| ≤ C(

∫ tn+1

tn
‖∂f

∂t
‖2
0dt)

1
2 (△tn)

3
2 |v|h,

|(
∫ tn+1

tn
(p − pn+1)dt, divhv)| ≤ C(

∫ tn+1

tn
‖∂p

∂t
‖2
0dt)

1
2 (△tn)

3
2 |v|h,

|ah(
∫ tn+1

tn
(u − un+1)dt, v)| ≤ C(

∫ tn+1

tn
‖∂u

∂t
‖2
1dt)

1
2 (△tn)

3
2 |v|h,

|
∫ tn+1

tn
Th(u, p, v)dt| ≤ Ch△tn|v|h,

Lemma 5.2 follows from the combination of above inequalities.
Introduce the Stokes projection (Rnu, Rnp) ∈ V h

n × Mh
n (n = 0, 1, 2, · · ·, N.) which is deter-

mined by

ah(u − Rnu, v) − (p − Rnp, divhv) = Th(u, p, v), ∀v ∈ V h
n , (5.9)

(q, divh(u − Rnu)) = 0, ∀q ∈ Mh
n . (5.10)

And let f∗ = −γ△u + ∇p,then (Rnu, Rnp) ∈ V h
n × Mh

n satisfies
{

ah(Rnu, v) − (Rnp, divhv) = (f∗, v), ∀v ∈ V h
n ,

(q, divhRnu) = 0, ∀q ∈ Mh
n .

Obviously (Rnu, Rnp) ∈ V h
n × Mh

n is the finite element approximation of (u, p) ∈ V × M .
Using the duality argument and the techniques used in (3.20)– (3.39), there holds the following
interpolation estimates on anisotropic meshes

h−1‖u − Rnu‖0 + |u − Rnu|h ≤ Chr−1‖u‖r,Ω, (r = 1 or 2), (5.11)

‖p − Rnp‖0 ≤ Ch‖p‖1,Ω. (5.12)

Let
e0 = 0, ρ0 = 0,

en = uh
n − Rnun, ρn = un − Rnun, n = 1, 2, · · ·, N,

ên = ûh
n − Rn+1un, ρ̂n = un − Rn+1un, n = 0, 1, 2, · · ·, N,

εn = ph
n − Rnpn, ε̂n = pn − Rnpn, n = 1, 2, · · ·, N.

We have
Lemma 5.3. ∀0 < α < 1, there holds

(1 − α)‖en+1‖
2
0 − ‖en‖

2
0 + (1 − α)ah(en+1, en+1)△tn ≤

1

α
‖ρ̂n − ρn‖

2
0 + θn, (5.13)

where

|θn| ≤ C[

∫ tn+1

tn

(‖
∂f

∂t
‖2
0 +‖

∂p

∂t
‖2
0 +‖

∂u

∂t
‖2
1)dt](△tn)2 +Ch2

∫ tn+1

tn

‖
∂u

∂t
‖2
1 dt+Ch2△tn. (5.14)

Proof. In full analogy of Lemma 3 in the literature [2], Lemma 5.3 is completed.
Lemma 5.4. ∀L, 1 ≤ L ≤ N,the following estimation holds

‖ eL ‖2
0 +

L−1∑

n=0

ah(en+1, en+1)△tn ≤ C{m(m + 1)max
n

‖ρ̂n − ρn‖
2
0 +

L−1∑

n=0

θn}, (5.15)

where m is the varying times of meshes.
Proof. Using Lemma 5.3 and by analogy with the proof of Lemma 3 in the literture [3],

Lemma 5.4 holds.
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Theorem 5.5. If the solution (u,p) of (4.1) and the right hand term f satisfy that

∂u

∂t
∈ L2(0, T ; (H2(Ω))2),

∂p

∂t
∈ L2(0, T ; H1(Ω)) and

∂f

∂t
∈ L2(0, T ; Ω),

then there holds the following error estimation

max
n

‖uh
n − un‖

2
0 +

N−1∑

n=0

ah(uh
n+1 − un+1, u

h
n+1 − un+1)△tn ≤ C[(m2h2 + 1)h2 + △t2], (5.16)

where △t = max
n

△tn.

Proof. Since
‖uh

n − un‖
2
0 ≤ C(‖ en ‖2

0 + ‖ ρn ‖2
0)

and
ah(uh

n+1 − un+1, u
h
n+1 − un+1) ≤ C[ah(en+1, en+1) + ah(ρn+1, ρn+1)],

using (5.11),(5.12) and Lemma (5.4), we may deduce the estimation (5.16).
Theorem 5.6. If the solution (u, p) of(4.1) and the right-hand term f satisfy that

∂u

∂t
∈ L2(0, T ; (H2(Ω))2),

∂p

∂t
∈ L2(0, T ; H1(Ω)) and

∂f

∂t
∈ L2(0, T ; Ω),

then the error estimation of the pressure reads as

N−1∑

n=0

‖ph
n+1 − pn+1‖

2
0△tn ≤ C(h2 + △t2),

where △t = max
n

△tn, mh and max
n

△tn/ min
n

△tn are given bounded and m is the varying times

of meshes.
Proof. Since ∂u

∂t
∈ L2(0, T ; (H2(Ω))2), ∂p

∂t
∈ L2(0, T ; H1(Ω)),∂f

∂t
∈ L2(0, T ; Ω), from the first

equation of (4.1) we know that

utt = γ△ut −∇pt + ft ∈ L2(0, T ; Ω),

that is ∫ T

0

‖
∂2u

∂t2
‖2
0dt ≤ C.

Now, we prove that ∫ tn+1

tn

‖
∂(u − uh)

∂t
‖2
0dt ≤ C(△t)2. (5.17)

In fact, let ϕ = ∂u
∂t

, t = (1 − s)tn + stn+1, ϕ(x, t) = ϕ̂(x, s), then
∫ tn+1

tn
‖∂(u−uh)

∂t
‖2
0dt =

∫ tn+1

tn

∫
Ω
(∂u

∂t
− u(x,tn+1)−u(x,tn)

△tn
)2dxdydt

=
∫
Ω

∫ tn+1

tn
(∂u

∂t
− 1

△tn

∫ tn+1

tn

∂u
∂t

dt)2dtdxdy =
∫
Ω dxdy

∫ 1

0 (ϕ̂ −
∫ 1

0 ϕ̂ds)2ds(∆tn)

≤ C
∫
Ω dxdy

∫ 1

0 |∂ϕ̂
∂s

|2ds(△tn) ≤ C
∫
Ω dxdy

∫ tn+1

tn
(∂ϕ

∂t
)2dt(△tn)2

≤ C(△t)2
∫ tn+1

tn

∫
Ω
(∂ϕ

∂t
)2dxdydt

≤ C(△t)2
∫ tn+1

tn
‖∂2u

∂t2
‖2
0dt ≤ C(△t)2

∫ T

0
‖∂2u

∂t2
‖2
0dt ≤ C(△t)2.

Due to the BB condition of the discretization schemes, we deduce

‖ph
n+1 − Rn+1pn+1‖0△tn ≤ C sup

v∈V h
n

|(ph
n+1−Rn+1pn+1,divhv)|

|v|h
△tn

≤ C sup
v∈V h

n

|(ph
n+1−pn+1,divhv)|

|v|h
△tn + C sup

v∈V h
n

|(pn+1−Rn+1pn+1,divhv)|
|v|h

△tn.
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By (5.11),(5.12) and (5.6), it follows

‖ph
n+1 − Rn+1pn+1‖0△tn

≤ C sup
v∈V h

n

|(ph
n+1−pn+1,divhv)|

|v|h
△tn + C sup

v∈V h
n

|ah(un+1−Rn+1un+1,v)|
|v|h

△tn + Ch△tn.
(5.18)

Consequently, by using (4.7) and (5.3) we have

(ph
n+1 − pn+1, divhv)△tn

= (uh
n+1 − ûh

n, v) − (un+1 − un, v) + ah(uh
n+1 − un+1, v)△tn + En(v), ∀v ∈ V h

n+1.
(5.19)

Furthermore,

|(uh
n+1 − ûh

n, v) − (un+1 − un, v)| = |(
∫ tn+1

tn

∂(u−uh)
∂t

dt, v)| ≤ C(
∫ tn+1

tn
‖∂(u−uh)

∂t
‖2
0dt)

1
2 (△tn)

1
2 |v|h,

|ah(uh
n+1 − un+1, v)△tn| ≤ C[ah(uh

n+1 − un+1, u
h
n+1 − un+1)]

1
2△tn|v|h,

|ah(un+1 − Rn+1un+1, v)|△tn ≤ Ch△tn|v|h.

Combining the inequalities above with (5.18), we obtain

‖ph
n+1 − Rn+1pn+1‖0△tn

≤ C{(
∫ tn+1

tn
‖∂(u−uh)

∂t
‖2
0dt)

1
2 (△tn)

1
2 + [ah(uh

n+1 − un+1, u
h
n+1 − un+1)]

1
2△tn + h△tn}

+C[(
∫ tn+1

tn
‖∂f

∂t
‖2
0dt)

1
2 + (

∫ tn+1

tn
‖∂p

∂t
‖2
0dt)

1
2 + (

∫ tn+1

tn
‖∂u

∂t
‖2
1dt)

1
2 ](△tn)

3
2 .

Hence,

‖ph
n+1 − Rn+1pn+1‖

2
0△tn

≤ C{
∫ tn+1

tn
‖∂(u−uh)

∂t
‖2
0dt + ah(uh

n+1 − un+1, u
h
n+1 − un+1)△tn + h2△tn}

+C[
∫ tn+1

tn
(‖∂f

∂t
‖2
0 + ‖∂p

∂t
‖2
0 + ‖∂u

∂t
‖2
1)dt](△tn)2.

By using (5.16) and (5.17) and when mh is bounded, the estimation

N−1∑

n=0

‖ph
n+1 − Rn+1pn+1‖

2
0△tn ≤ C(h2 + △t2) (5.20)

holds.
Since ‖ph

n+1 − pn+1‖
2
0 ≤ C(‖ph

n+1 − Rn+1pn+1‖
2
0 + ‖Rn+1pn+1 − pn+1‖

2
0) and ‖Rn+1pn+1 −

pn+1‖
2
0 ≤ Ch2, by use of (5.20), it follows

N−1∑

n=0

‖ph
n+1 − pn+1‖

2
0△tn ≤ C(h2 + △t2).

Which completes the proof.
Note that the energy norm of the velocity and error order of the pressure are optimal when

mh is bounded.
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