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Abstract

The extended system of nondegenerate simple bifurcation point of the Navier	Stokes
equations is constructed in this paper� due to its derivative has a block lower triangular
form� we design a Newton	like method� using the extended system and splitting iterative
technique to compute transcritical nondegenerate simple bifurcation point� we not only
reduces computational complexity� but also obtain quadratic convergence of algorithm�
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�� Introduction

Bifurcation problem of the Navier�Stokes equations has been studied rather extensively
in the last years� see Li�Mei�Zhang������	
�� and M�Golubitsky�D�G�Schaefer������	��� Allgo�
wer�E�Bohmer����� 	��� in this paper we discussed numerical approximate method of non�
degenerate simple bifurcation point of the Navier�Stokes equations� the content of the paper
is arranged as follows� �rst we introduce the Navier�Stokes equations and its operator form in
the section �� and discuss property of nondegenerate simple bifurcation points� in the section �
we will construct a extended system as a tool for computing nondegenerate simple bifurcation
points� in the section � we give a Newton�like method for computing transcritical nondegenerate
simple bifurcation point� splitting iterative technique is used to compute transcritical nonde�
generate simple bifurcation point of the Navier�Stokes equations� in the section � we will make
numerical experiment�

�� Navier�Stokes Equation and its Nondegenerate Simple Bifurcation

Point

We consider the stationary Navier�Stokes equations which has homogeneous boundary con�
ditions ����

���
���u� �u � r�u�rp � f� x � ��

divu � � x � ��

uj�� � �

�����
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� is a bounded and smooth domain of Rm�m � �� �� moreover f � 	L�����m� � is the coe�cient
of kinematic viscosity�

It is well know that the uniqueness of solution of the stationary Navier�Stokes equations has
only been proved under the assumptions that Reynolds number is su�ciently small� or f is suf�
�ciently small� otherwise its solution may be not unique������ for this reason it is very important
to discuss e�cient numerical algorithm of singular solution for Navier�Stokes equations�

De�ne function space

V � fu � 	H�
� ����

m� divu � g

H � fu � 	L�����m� divu � � u � nj�� � g
�

n denotes the outward normal vector on ��� the scalar product and norm of L����m are
denoted by ��� ��� j � j on H� De�ne the following scalar product on V

��u� v�� � �ru�rv�� �u� v � V

jj � jj denotes its corresponding norm� variational formulation of the Navier�Stokers equations
may be stated as follows ������

�a��u� v� � a�u� u� v�� �f� v� � � �v � V� �����

where � � � � Re�� bilinear from a���� �� and trilinear form a��� �� �� are de�ned by

a��u� v� � �ru�rv�� �u� v � V�

a�u� v� w� �
R
��u � r�v � wdx� �u� v� w � V�

introduce bilinear from B��� �� � V � V � V �

� B�u� v�� w �� a�u� v� w�� �u� v� w � V�

where � �� � � denotes duality pairing on V � � V � let T �u� � A��	B�u� u� � f �� where A is
stokes operator � then operator form of the Navier�Stokes equations can be writ as follows������

G�u� �� �� �u� T �u� �����

it is Frechet di�erentiable and DuG�u� �� � �I � T ��u�� it is clear that �u � V� T ��u� is a
compact operator form V into V ������ � and G � V � R � V is a nonlinear Fredholm operator
with �index�

In the sequel the subindex  indicate the evaluations of function at the point �u�� ���� with
some calculation� we obtain�

DuG� � ��I � T ��u�� � ��I �A��	B�u�� �� �B��� u���� �����

DuG
�

� � ��I � T ���u�� � ��I �A��	B��u�� �� � B���� u���� ���
�

DuuG� � T ���u�� � A��	B��� �� �B��� ���� �����

D�G� � u�� Du�G� � I � D��G� � � �����

Setting �� � are eigenfunction of DuG� andDuG
�

� corresponding to  eigenvalue respectively�
namely

Ker�DuG�� � Spanf�g� jj�jj � � �����

Ker�DuG
�

�� � Spanf�g� jj�jj � � �����

���� ��� � � �����

Fredholm theory shows that

Range�DuG�� � fu � V� ��u� ��� � g ������
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Range�DuG
�

�� � fu � V� ��u� ��� � g ������

moreover

V � Ker�DuG���Range�DuG
�

�� � Ker�DuG
�

���Range�DuG�� ������

Assume that point�u�� ��� satisfying
�H�� G� � G�u�� ��� � 
�H�� DuG� is a Fredholm operator�  is a eigenvalue of DuG� with simple algebraic

multiplicity
�H�� D�G� � Rang�DuG��� namely there exists v� � Range�DuG

�

��� such that

DuG�v� �D�G� �  ������

we say that �u�� ��� is simple bifurcation point of the Navier�Stokes equations ��������� let

	 � ����DuuG����� � �a��� �� ��


 � ����DuuG�v���Du�G���� � ����DuDG��v�� �����

� a�v�� �� �� � a��� v�� �� � a���� ��

� � ����DuuG�v�v��� � �����Du�G�v��� � ����D��G���

� ����D�G��v�� ��
��� � �a�v�� v�� �� � �a��v�� ��

if
d � 
� � 	� � �

we say that �u�� ��� is nondegenerate simple bifurcation point of the Navier�Stokes equations
������ further if 	 �� � �u�� ��� is transcritical nondegenerate simple bifurcation point����

�� The Extended System of Nondegenate Simple Bifurcation Point

In the neighborhood of bifurcation point �u�� ���� classical numerical method� for example�
Newton method is invalid� thereafter� we will construct a extended system� which make bifur�
cation point �u�� ��� of ����� into nonsingular solution of the extended system� according to
reference 	��� we set up the following extended system�

F �u� �� u�� u�� u�� �

�
���������

G� ��u�� DuGu���u�

��u�� DuGu� �D�G��

DuGu� �
�
� 	��u�� u���� ��u�

DuG
�u� �

�
� 	��u�� u���� ��u�

DuGu� �D�G� ��u�� u���u�

�
��������	

�����

where F � V �R� V � V � V � V �R� V � V � V is well�de�ned�
Recalling the de�nition of �u�� ��� �� �� v��� for x� � �u�� ��� �� �� v��� we can get F �x�� � �

Simple calculation yields�

DF �x�� �

�
���
A   

C B  

E H W

�
��	 �����

where

A ��



DuG� � ����DuuG������ D�G� � ����Du�G�����

����DuDG��v�� ����� ����D�DG��v�� ����

�
�����
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B � DuG� � ���� �����B� � DuG
�

� � ���� �����C � �DuuG���� Du�G��� �����

E �



DuuG

�

��� Du�G
�

��

DuDG��v�� ��� D�DG��v�� ��

�
���
�

H � 	� ���� v�����
� �����

W �



B� 

 B

�
�����

Lemma ���� A�B�B� are nonsingular�
Proof� Firstly� we consider the homogeneous equation� Bu � � i�e�

DuG�u� ���� u��� �  �����

taking an inner product with � at the both sides of ������ one obtains� ���� u�� � � together
with ������ we get DuG�u � � i�e�u � c�� taking it back into ���� u�� � � which means c � �
that implies the equation ����� has unique solution u � � thereafter B is nonsingular� similarly�
we can prove the nonsingularity of B��

Now� we consider the following system�

A

�
u

�


�  �����

presisely

DuG�u� ����DuuG��u��� �D�G��� �����Du�G����� �  �����

����DuDG��v�� ��u�� � �����D�DG��v�� ���� �  ������

from ������ we derive

DuG�u�D�G�� � DuG��u� �v��

thereafter� taking an inner product with � at the both sides of ������ we have

����DuuG��u�Du�G���� �  ������

taking it back into ������ we derive

DuG��u� �v�� �  ������

from ������� one obtains u � �� � �v� for �� � � R� taking it back into ������ and ������� we
derive the system for �� � � R � �

	�� 
� � 


�� �� � 
������

due to 
� � 	� � � we get � � � � � this yields that the equations ����� have trivial solution
� � � �  only� hence A is nonsingular�

If �u�� ��� is transcritical nondegenerate simple bifurcation point� we can use the following
lemma ��� to express the inverse of A explicitly�
Lemma ���� assume that 	 �� � M �� DuG� � �����DuuG����� is non singular� and

M�� � 	I � 	��������DuuG����� � ���� �����B�� ����
�

Proof� Consider the homogeneous equation Mu � � i�e�

DuG�u� �����DuuG��u�� �  ������
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taking an inner product with � at its both sides� we derive�

����DuuG��u�� �  ������

taking it back into ������� hence DuG�u � � i�e u � c�� together with ������ and 	 �� � we
get c � � that means u �  is the unique solution of ������� for this reason M is nonsingular�

Now� we de�ne function V � R�  �� ����DuuG������ ���� ���� by virtue of ������ it is easy
to verify that� B� � ��B��� � �� thereby

B��� � � � ����DuuG��
���� ���� ��� � 	� � �� ���

i�e�
B��� � � � 	�

simple calculation yields

�I �
B���

� � B���
�B���B � �� � �B � ���I �

B���

� � B���
�B�� � I

There we have

�B � ���� � �I �
B���

� � B���
�B��

precisely� we get�
M�� � 	I � 	��������DuuG����� � ���� �����B��

In order to describe the inverse of A explicitly� we set

A�� ��

�
�a�� �a��
�a�� �a��

�

It is follows that�������
������

	DuG� � ����DuuG��������a�� � 	D�G� � ����Du�G�������a�� � I

	DuG� � ����DuuG��������a�� � 	D�G� � ����Du�G�������a�� � 

����DuDG��v�� ������a�� � ����D�DG��v�� �����a�� � 

����DuDG��v�� ������a�� � ����D�DG��v�� �����a�� � �

With complex calculation� we obtain�

�a�� � 	I � d���
�� 	v������DuDG��v�� ������M
�� ������

�a�� � �	d���v� � 
M���� ������

�a�� � 	d������DuDG��v�� �����M
�� �����

�a�� � �	d�� ������

Theorem ���� x� � �u�� ��� �� �� v�� de�ned by �H���H������������ is the nonsingular solution
of F �x� � �

Proof� Obviously� F �x�� � �
On the other hand� DF �x�� is a diagonal form� by virtue of Lemma ���� we can prove

DF �x�� is nonsingular� that means x� is the nonsingular solution of F �x� � �

�� Newton�like Method for Transcritical Nondegenerate Simple

Bifurcation Point

Although x� � �u�� ��� �� �� v�� is the nonsingular solution of F �x� � � scale of extended
system ����� is bigger than ������ computation work is bigger too� due to the block structure of
DF�� we introduce a Newton�like method which allows reductions of computation complexity�
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Let x� � �u�� ��� u��� u
�
�� u

�
�� be a starting vector near x�� for k � � �� � � �� if xk�� is known�

xk can be found from the followings��
D�xk� ��xk � �F �xk�

xk�� � xk ��xk
�����

D�xk� �

�
���
Ak   

Ck Bk  

Ek Hk W k

�
��	

where

Ak ��



DuG

k � ��uk� � DuuG
kuk� ���u

k
� D�G

k � ��uk� � Du�G
kuk���u

k
�

��uk� � DuDGk�uk� � ����� ��uk� � D�DG
k�uk� � ����

�
�����

Bk �� DuG
k � ��uk� � ���u

k

� � B�
k

�� DuG
�
k

� ��uk� � ���u
k

� �����

Ck �� �DuuG
kuk� �� Du�G

kuk�� � �Ck

� � C
k

� � �����

W k �� diagfB�
k

� Bkg

Ek ��



DuuG

�
k

uk� � Du�G
�
k

uk�

DuDG
k�uk� � ��� D�DG

k�uk� � ��

�
�



Ek
�� Ek

��

Ek
�� Ek

��

�
���
�

Hk �� 	
�

�
���uk� � u

k

���� ��� ���� uk���u
k

� �
� � �Hk

� � H
k

� �
� �����

Note� in discrete case B�
k

� Bk
�

Denote� F �x� � �fk� � f
k
� � f

k
� � f

k
� � f

k
	 �

�

The system ����� can be written in block form�

a� Ak �



�uk

��k

�
� �



fk�

fk�

�

b� Ck �



�uk

��k

�
�Bk ��uk� � �fk�

c� Ek �



�uk

��k

�
�Hk ��uk� �W k �



�uk�

�uk�

�
� �



fk�

fk	

�
�����

Algorithm is following�
�� Compute LU�decomposition for Bk

�� Compute
	k � ��uk� � DuuG

kuk�u
k
��� � �a�uk� � u

k
� � u

k
��


k � ��uk� � DuDG
k�uk� � ��u

k
��� � a��u

k
� � u

k
�� � a�uk� � u

k
� � u

k
�� � a�uk� � u

k
� � u

k
��

�k � ��uk� � D
�Gk�uk� � ��

��� � �a�uk� � u
k
� � u

k
�� � �a��u

k
� � u

k
��

dk � 
k
k � 	k�k

�ak�� � 	I � d�k�uk�

k � 	kuk����u

k
� � DuDG�u

k
� � �����M

�k

�ak�� � �	kd�k�uk� � 
kM�kuk��
�ak�� � 	kd�k��uk� � DuDG�u

k
� � �����M

�k

�a�� � �	kd�k

M�k � 	I � 	�kuk����u
k
� � DuuG

kuk� ���� ��uk� � �����B
�k

�� Compute �uk���k �
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�uk � ��ak��f
k
� � �ak��f

k
� � ��k � ��ak��f

k
� � �ak��f

k
�

�� Compute �uk� �

�uk� � ��Bk��� � 	fk� � Ck
��u

k � Ck
���

k �


� Compute �uk� ��u
k
� �

�uk� � ��B�
k

����fk� �Ek
���u

k �Ek
����

k �Hk
��u

k
��

�uk� � ��Bk����fk	 �Ek
���u

k �Ek
����

k �Hk
��u

k
��

Remark� The main work of our calculation is once LU�decomposition of Bk� �ve times back
substitution� and algebraic calculation� that greatly reduces the computational complexity � in
fact� computational complexity of splitting iterative method ����� is the same as computation
complexity of ������ and we have the following conclusion�

Theorem ���� The iteration algorithm ����� is quadratic converges�

Proof� De�ne

��x� � x�D���x�F �x� � V �R� V � V � V � V �R� V � V � V�

then ��x�� � � D��x�� � �

Taylor�s formular yields�

��x�� x� � ��x����x�� �

Z �

�

��� t�D���x� t�x � x����x � x��
�dt

from the �xed point theorem� we obtain the local quadratic convergence of ������

�� Numerical Experiment

The numerical test is carried out in axisymmetric spherical couette �ow between two con�
centric di�erent rotating spheres by using �nite element method and described the splitting
iteration method� namely� Newton�like method� Spherical Couette �ow depend on three pa�
rameters� � � Re��� � and � which are describing Reynolds number� the di�erence of angular
velocities of two spheres and the gap of spheres� if we �x � � ��� and � � ��� the � � Re�� is
taken bifurcation parameter� and we use the solution of the related Stokes equations as initial
value� the splitting iteration method was applied to Compute transcritical nondegenerate sim�
ple bifurcation point� the numerical results are Re � ����
� Re � ������ when Re � ������
we present the comparative results between Newton�like method �NLM� and old method �OM�
in the following table� the �rst two rows indicate the error jjx� � xk� jj and the rest two rows
indicate the CPU time used by the two algorithms with respect to di�erent iteration times k�

k � �� �� ��

OM
error� ����	E� ���	E� ����	E� ����	E�

NLM
error� ����	E� ����	E� ����	E� ����	E�

OM
time� �����s ����s �����s ����s

NLM
time� ����s ����s �����s �����s

It is obvious that NLM can save a lot of CPU time� in the following Fig� ���� we give Stream�
linear on the meridional plane
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Fig�� Streamlinear on the meridional plane� Re���� ��� ��

Fig�� Streamlinear on the meridional plane� Re����� ���� ���
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