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Abstract

A type of shock fitting method is used to solve some two and three dimensional flow
problems with interactions of various discontinuities. The numerical results show that high
accuracy is achieved for the flow field, especially at the discontinuities. Comparisons with
the Lax-Friedrichs scheme and the ENO scheme confirm the accuracy of the method.
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1. Introduction

Compared with the widely used shock capturing methods for the compressible flows, the
shock fitting methods have the main advantage of accuracy. The shock fitting methods are
usually very accurate wherever it can be applied. Several kinds of shock fitting methods have
been developed in the last three decades. Glimm and his coworkers have worked extensively on
the front tracking methods and applied them to many complicated problems with shocks and
other types of singularities [1]-[6]. Moretti [7] has also obtained some very accurate results for
gas dynamics problems using his shock fitting method. Mao [8] also developed a front track-
ing technique for two dimensional problems. In [9]-[10] we developed a technique called the
singularity separating method by which the interactions of discontinuities in three dimensional
steady supersonic flow has been accurately computed. In [13] we extended the singularity sep-
arating method to unsteady two and three dimensional shock reflection problems and obtained
very accurate numerical results. The main idea of the singularity separating method is that
the computational domain is transformed into sub-domains in which the discontinuities are
fixed boundaries. In return, the transformations are time dependent. The flow fields on the
two sides of the discontinuities are related by the shock jump conditions or other relations the
discontinuities should satisfy. The equations are discretized in each of the sub-domains and
no differentiations are performed across the discontinuities. In this way, the high accuracy is
achieved both away and at the discontinuities.

In this paper, we extend the method developed in [13] to more complicated problems with
interactions of various discontinuities. In section 2, we show the treatment of the interactions of
discontinuities. In section 3, we give the algorithms. In section 4, we show two examples of two
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and three dimensional problems with interactions of discontinuities and compare the numerical
results with the results obtained from Lax-Friedrichs and ENO schemes.

2. Interactions of Discontinuities

We consider an inviscid flow with some discontinuities in a three dimensional rectangular
channel. For simplicity, we assume that at the beginning there are only two discontinuities in
the channel. As the time increases, the two discontinuities will get closer, and interact. The
governing equation is the three dimensional Euler equation:

oU  -0U  -0U  -0U

— + P— — +R—=0 1
ot TP Ty THp =0 1)
where U = (p,u,v,w, p)7,
w pa®> 0 0 O v 0 pa® 0 O w 0 0 pa® 0
1/p uw 0 0 0 0 » 0 0 O 0O w O 0 O
P=[ 0 0 wooO|[,Q=|1p 0 v 00]|,R=] 0 0 w 0 0
0 0 0 u O 0O 0 0 wv O 1/p 0 0 w O
0 p 0 0 w 0 0 p 0w 0O 0 0 p w

a? denoting vp/p (in our computation v = 1.4).
The initial conditions at ¢ = 0 are given by

p(z,y,2,0) = pu(z,y,2), ulz,y,2,0) =un(z,y,2), v(z,y,2,0) =v,(2,y,2),
w(z,y,2,0) = wp(z,y,2), p(z,y,2,0) = pu(z,y,2),
fOI“ gnfl(yaz) S x S gn(yaz)a —Yb S Yy S Yb, —Zb S z S Zp, N = 172737

where p,(z,y, 2), un(,y,2), vp(z,y,2), we(z,y, 2) and p,(x,y,2z), n = 1,2,3, are given func-
tions, go(y,z) = 0 is the left boundary, ¢;(y, z) and g2(y, z) are the two discontinuities, and
93(y, z) = 1 is the right boundary. The flow fields on the two sides of a shock must satisfy the
jump conditions:

pO(VOn - 5) = pP1 (Vln - 5)7 (2)
po + po(Vor — 8)* = p1 + p1(Vin — 8)°, (3)
Votr = Vier,  Vorz = Vi, (4)
1 YPo 1 2 Yp1

“(Von — )2+ —2 = 2y, — s+ —L 5
a0 ) (v =1po (1 ) (v =Dp (5)

where s is the shock speed, Vg, and Vi, denote the velocities normal to the shock on the two
sides of the shock, and Vi1, Vorz, Ve, and Vigs denote the two linearly independent components
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of the velocity tangent to the shock on the two sides of the shock. The flow fields on the two
sides of a contact discontinuity must satisfy the jump conditions

Po = P1, VOn =S, Vrln =S, (6)

where s is the speed of the contact discontinuity. The boundary conditions are given as follows:
on the walls, the velocities normal to the boundaries are set to zero: V,,(z,y,z,t) = 0. On the
left and right ends of the channel, suitable boundary conditions are also given.

The two discontinuities separate the domain into three sub-domains. Therefore, we in-
troduce a transformation to transform the three sub-domains into three fixed sub-domains,
with the two discontinuities as the fixed boundaries of the new sub-domains. In return, the
transformation is time dependent. Bearing in mind that we will deal with more complicated sit-
uations after the interactions of the discontinuities, in which more discontinuities may appear,
we introduce the following transformation

.’I,'—gn_1(T],C,T)
f: +n_17 In— Snga n:]-:?:"':N:
gn(ThC;T) —gn71(77,C,T) et "
Y+ Y Z+ 2z h;(0,0) — 7;
= , = T=m1+ (t — ki(n, )
2yp 2z i+ i@ O)hi(ﬂ,o = ki(n,¢)

where 7; is a constant, N is the number of sub-domains separated by the discontinuities,
go(n,¢,7) = 0 is the left boundary, gx(n,(,7), k = 1,2,---,N — 1, are the x coordinates of
the discontinuities for given 7, ¢, and 7, gn(n,{,7) = 1 is the right boundary of the channel,
and h;(n, (), ki(n, () are functions which will be chosen during the computation so that the two
discontinuities interact at the same 7 for all y and z, or equivalently for all y and (. It is easy
to see the following: the plane £ = 0 is the left boundary, the planes ¢ = 1,2, ---, N — 1 are the
discontinuities, and the plane £ = N is the right boundary in the (§,n, (, ) coordinate system;
the planes n = 0,7 =1, ( = 0 and ( = 1 are the wall boundaries.
Under this transformation, the equations (1) become

ouU ou oU oU
E+P8_5+Q6_n+R_ 0 (7)

w ac =

where

U(f’n’ C’ T) = U(:I;(£7 177 C’ T)’y(f’n’ C’ T)"Z(f’n’ C’ T)7t(£7 177 C’ T))7
W =mnl+ Twp + TyQ + TzRa P=&I+ pr + ny + sza
Q :ntl+77wp+nyQ+an7 R = CtI+CzP+CyQ+<zR-

3. The Discretization of the Transformed Equations

Let (cos By, cos B, cosfs, —\) denote the normal direction of a characteristic surface satisfy-
ing the equation

|Pcosfy + Q cosby + Rcosfs — AW| = 0.
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Let G},l =1,---,5, denote the characteristic combination coefficients corresponding to A, =
-, 5, which satisfy the equations

G[(Pcosb; + Qcosby + Rcosts —\W) =0, [=1,---,5. (8)

Then the five characteristic-compatibility relations can be obtained through multiplying equa-
tions (7) by G;,1=1,---,5,

(L OU BU  aU dU\
ek <WE+P8—€+Q—+R8C>_O,I_1, 5. (9)

The discretization is performed for equation (9). On the (£, 7, () plane the mesh is uniform
and the mesh sizes are A¢, Anp and A(. The step size At in the 7 direction is dependent on
the time. Let U, denote the approximate value of U at the grid point (&,mj, Gy Ty) With
& = 1AE n; = jAn, G = kAC and 7, = Ao + A1y +--- + A7p—1. The value of U at
(&injs Chs Tmg1/2 = Tm + AT /2) is denoted by Um+1/2.

An explicit scheme and a mixed implicit- exphmt scheme are used in the computation. The
explicit scheme is described as follows: Let cos#; = 1, cosfs = 0, cosf3 = 0 and consider the
case A; > 0. We change equations (9) to the following form

i U  A¢ U AE _\NOU U OUY _
G <W<E+ATma—£>+<P—ATmW>—£+Q— a—<>_0,1§l§5. (10)

Based on this equation, we have the following scheme,
interim step:

—+1/2
GIWU S ar e =G ( Uik + U g + Uil + Ui + Uil

m ATm A&
UL ik F Ul Y UL pg1) — 5 (P T Ar W> :

ATm (

AE —1/2,j+1/2,k+1/2 — QA 1/2,J+1/2 k+1/2 + RAC —1/2,j+1/2, k+1/2)>

with

1 m m m m
AU —1/2,j4+1/2,k+1/2 = 4A§ ((Ui7j,lc + U1k Ul T U1 kg1)

~(U gk + Uy gk + U + U1 k)
1
AU a1y, k1/2 = 4An (Ui + U1 garn + Ulljrrprs + UL g1
(U5 + ULy g + Ul pegn + UL )

1
AU —1/2,j+1/2,k+1/2 = 4AC ((U@n},kﬂ + U Clgkt1l T U ijlk1 T Ut —1,j+1, k+1)

(U U e YU + Uinzl,jJrl,lc)) ;
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regular step:

GIwWuUit =
m A f1/2 f1/2 f1/2
G} (WUi—l,j,k AN ((P ~ A W> AEUirﬁl/lj,k + QAUUZL/ZM + RACUZL/ZM ,
where G| and all the matrices are evaluated at (&_1/2,7j+1/2, Ck+1/2, Tm) for the interim step
and at (&;—1/2,7;,Ck, Tmt1/2) for the regular step.
For )\; < 0 we change equations (9) to the following form

T oU A¢ oU IANG oU ouU oU
W= — )+ + W) =+ 0= +R=—) = <I<B.

This equation can be discretized in the following way,
interim step:

T m+1/2 _ T w m m m m m
GIWU; a2 pq1y2 = Gi <§(Ui+1,j7k Uik YU e HUije Ui e

AT, A¢
+U5 k1 T U 1 k1 T U1 k1) — Tm <P + Ar W) :
m

m ATm m m
AEUH-1/2,j+1/2,1c+1/2 T o (QAnUi+1/2,j+1/2,k+1/2 + RACUi+1/2,j+1/2,k+1/2)> )

regular step:

Giwultt =
Gr (wum A Pt B8 ) A A U2 gAML
! i+1,5,k — STm + A7, Uitippjn T @BUipiyojn T BAU 1054 ) )
where G| and all the matrices are evaluated at (§;41/2,7j4+1/2, Ce+1/2, Tm) for the interim step
and at (&i11/2,7j, Ck» Tmg1/2) for the regular step.
The mixed implicit-explicit scheme has the following structure:
interim step:

W ATm +1/2 W ATm +1/2 W m
<_ P) Uﬁrl,j+1/27k+1/2 + P i,n;'+1/27k+1/2 -y (Ui+1,j+1,lc+1

2 T 3Ac 2 T 2A¢
AU ket U e + U g + Uil + Ul per + Uil + Ul )
AT,

5 (QAnUﬂl/z,jH/mH/z + RACUiT-l/2,j+1/2,k+1/2) ;

regular step:

W Ar, m W Ar, m w
St one P ) Ul + (5 = oxs D) Uil = = (Ut ok + Ul )
2 " 2AC 2 T 2A¢ 2

AT,

m m m+1/2 m+1/2
- 2AE P ( i+1,5,k Ui,j,k) — ATy (QA"Ui+1/2,j,k + RACUi+1/2,j,k) )
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where all the matrices are evaluated at the point (&;41/2,7j+1/2, Ck+1/2, Tm) for the interim step
and at the point (§;11/2,7;, (k> Tmt1/2) for the regular step.

The selection of 6, #» and 63 in the above schemes is for numerical convenience for the
channel flows discussed in this paper. In general, the angles should be chosen such that on the
boundary (cos 61, cos 0, cos #3) is the outward normal of the boundary in order to pick up correct
equations for the schemes at boundary points, and inside the domain (cos#y,cosfs,cosf3) is
the main flow direction.

These schemes have second order truncation errors, thus, accurate numerical results can be
expected. The implicit schemes are necessary for the domain between the discontinuities since
the CFL number is very close to zero when the discontinuities are very close to each other which
causes difficulties for explicit schemes. The scheme is implicit only along the x direction, so we
only need to solve a small system of equations along each line.

For interior points, all five equations in (9) are used in the computation. On the left and
right boundaries, when p, u, v, w and p are given, no equations are needed. Otherwise, the
equations corresponding to the characteristic surfaces coming to the boundary from the inside
of the domain are needed. On the wall boundaries, the velocities normal to the boundaries are
zero and only four equations can be used in the computation, which are the ones corresponding
to the characteristic surfaces coming to the boundary from the inside of the domain.

Under the (£,7n,(,7) coordinate system, the surfaces of discontinuities are the planes £ =
1,2,---, N—1. When a surface of discontinuity is a shock, all five equations are used to compute
the flow parameters p, u, v, w and p on the front side of the shock. Behind the shock, there
is only one compatibility relation which can be used in the computation. However, the jump
conditions (2)-(5) give five more equations. These six equations can be used to determine the
flow parameters on the back side of the shock and the new shock speed s. In the case that the
discontinuity is a contact discontinuity, there are four compatibility relations on each side of the
contact discontinuity respectively, which can be used in the computation. The jump conditions
(6) give another three equations. These eleven equations can be used to determine uniquely p,
u, v, w, p on both sides of the contact discontinuity, and the speed of the contact discontinuity.
On a central wave, all five equations are used to find p, u, v, w and p. The speed of the central
wave surface can be obtained from the speed of the characteristic surfaces.

At each time step, the new positions of the surfaces of discontinuities are determined by the
following scheme,

interim step:

m+1/2 _ m m m m
Inj+1/2,k+1/2 = 1 (970 + Tk T Irjers + G )
ATy,

m m m m )

g Gk T Ik T I ks F O k)
regular step:
AT,
m+1l _ m m m+1/2 m+1/2 m+1/2 m+1/2
Ingk = Injk T 73 (gn,‘r,jfl/Z,lcfl/Z T 9nrirrszk-172 TInrj1/2k+172 T 9nrjri/2kv1/2) 0

where g, » denote the derivative of g,(n,(,7) with respect to 7.
The overall algorithm is as follows:
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Before Interaction:

1.

In the case of two different family shocks, find U/"; ;. in the domain between the two shocks.
In the case that one discontinuity is a contact discontinuity, find U:’} & in the domains to

the two sides of the contact discontinuity.

Find U/, on the other sides of the discontinuities and the new speeds and positions of

the discontinuities by using the relations between the flow fields on the two sides of the
discontinuities and a proper characteristic-compatibility relation.

Find Ul”}k at all other points in the other domain or domains.
Adjust hi(n, ) and k;(n, () after some time steps.

Check for breaking down, if the surface 7 = constant intersects with any characteristic
cone, then stop, the algorithm fails.

At Interaction:

When two discontinuities interact, we need to solve a series of Riemann problems. The

algorithm depends on the flow fields on the left of the first discontinuity and on the right of the

second discontinuity. In our code, we assume that the flow fields after the interactions could be
one of the following cases:

e Case A: Left Shock — Contact discontinuity — Right Shock. Find the flow fields on the

right side of the left shock and on the left side of the right shock, i.e., on the two sides of
the contact discontinuity. Find the speeds of the left and right shocks, and the contact
discontinuity.

Case B: Left Shock — Contact discontinuity — Right Central Wave or Left Central Wave
— Contact discontinuity — Right Shock. Find the flow fields in and behind the central
wave, and on the right side of the left shock (left side of the contact discontinuity) or on
the left side of the right shock (right side of the contact discontinuity). Find the speeds
of the left or right shock, the contact discontinuity, and the central wave.

Case C: Left Central Wave — Contact discontinuity — Right Central Wave. Find the
flow fields in the central wave region and on the two sides of the contact discontinuities,
and the speeds of the central wave and the contact discontinuity.

After Interaction:

1.

Find U]"; ; in the domains to the left of the left discontinuity and to the right of the right
discontinuity.

. Find U} | in the central wave region if there is any central wave.

Find U, ; at all points in the domains between the left and right discontinuities (a central
wave is also considered as a discontinuity) by using (9) and the relations between the flow
fields on the two sides of the discontinuities. Find the new speeds of all discontinuities.

Take h;(n,() = constant in order to change T back to ¢.



8 X.N. WU AND Y.L. ZHU

4. Numerical Results

Several examples has been computed to test the scheme given in the previous section and to
compare our method with other methods. Since the limitation of space we give two examples
here. In the first example, we computed a two dimensional flow for the purpose of comparison.
The flow in the first example has the structure Left Shock — Contact discontinuity — Right
Shock after the interactions of the discontinuities. In the second example, we computed a three
dimensional flow.

Example 1. consider the channel with a width 0.4, i.e., y, = 0.2. The two discontinuities
have the initial positions = d; and x = d», and initial speeds 51 = \/Yk1(y) and 52 = \/Vk2(y),
where

10(sy — sDlyl® _ 15(s — sDy* | 6(s) — sDlyP°

ri(y) = se+ 0.23 0.2 0.25

) _OQSySO27 j:1727

s) and sg, j = 1,2, being parameters. The initial conditions are

(7(263(y) — 1) + 1)(0.5a1 (z) + 0.5)

. (;U, y) B v+ 1 )

~ 2,/7(k3(y) — 1)(0.1as (2) 4 0.9) e
uy(z,y) = CESA) : (@) =0,
() = WO+ D(O05 () +0.5)

2+ (v - Dri(y) ’
p2(z,y) = 1.0, wus2(x,y) =0.0, wva(z,y)=0.0, p2(x,y)=1.0,
(v(2k3(y) — 1) + 1)(0.5az2(x) + 0.5)

b3 (:U,y) = v+ 1 )
~ 2A(k3(y) — 1)(0.1a(x) +0.9) _
u;,»(:c,y) - = (7 + ].)Iiz(y) ) U3($7y) - 07
_ K3 (v + 1)(0.5as(x) +0.5)
where
a1 (z) = 106° — 150" + 60°,  az(r) = 10w® — 15w* + 6w° (12)

with 0 = ©/d; andw = (1—2)/(1—dz). On the left and right ends of the channel, the boundary
conditions are taken as functions of y, which are obtained by setting z = 0 and z = 1 in the
initial conditions. In this example, two shocks exist at the beginning, the left shock is moving
to the right, and the right shock is moving to the left. After the interactions, the solution has a
structure: Left Shock — Contact discontinuity — Right Shock. The parameters are as follows:
st =26,s =23,s2=50,s; =53,d, =0.3,dy =0.7.
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Figure 1: Flow fields at ¢t = 0.13 (after interaction),
Fitting, 100 x 50 mesh, (a) Pressure (b) Density
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Figure 2: Flow fields at ¢t = 0.13 (after interaction),
Lax-Friedrichs, 100 x 50 mesh, (a) Pressure (b) Density

Figures 1 shows the pressure and density distribution at ¢ = 0.13 (after the interactions).
The mesh has about 100 points in the x-direction and 50 points in the y-direction, The Fit-
ting scheme represents the method in Section 3. Later on in this paper, similar notations will
be adopted. In the figures, all the discontinuities are computed without any smearing or os-
cillations. In order to compare our method with other methods, we have also computed the
same problem by using the Lax-Friedrichs first order scheme and the Essentially Non-oscillatory
Lax-Friedrichs third order scheme (ENO-LF3). Figures 2 and 3 show the pressure and density
distribution computed by these two schemes. Clearly, the Lax-Friedrichs scheme can not give
satisfactory results, the discontinuities are severely smeared. Although the overall results are
quite good for the ENO-LF3 scheme, the discontinuities are still smeared. In figures 4 and 5,
we show close comparisons among these schemes. Figures 4 shows the comparisons between
the pressure and density along the central line at ¢ = 0.06. Since across the discontinuities the
jumps are big, it is hard for both the Lax-Friedrichs scheme and the ENO-LF3 scheme to catch
the discontinuities accurately, but our method gives very accurate results. Figures 5 shows
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the similar comparisons at ¢ = 0.13. At this time, we can see especially that the ENO-LF3
scheme cannot give sharp transition across the contact discontinuity, the contact discontinuity
is severely smeared, while there are no problems with our method.
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Figure 3: Flow fields at ¢t = 0.13 (after interaction),
ENO-LF3, 100 x 50 mesh, (a) Pressure (b) Density

80 .0 14.0

[, Pressure along centerline Density along centerline
--- Lax-Fri 1lst 100x100 o --- Lax-Fri 1lst 100x100
--- ENO-LF3 3rd 100x100 + --- ENO-LF3 3rd 100x100
70 .0+ Lo -- Fitting 2nd 100x100 . --- Fitting 2nd 100x100
o - --- Fitting 2nd 400x400 12.0q - --- Fitting 2nd 400x400
t=0.06, after interaction t=0.06, after interaction
o
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X °
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°
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10 .0+ - 2
°
o-o T T T T = o-o T =
o0 .00 O.20 O.4a0 O .60 o .80 1.00 O .00 O.20 O.4a0 O .60 o.80 1.00

Figure 4: Comparison of Lax-Friedrichs, ENO-LF3 and Fitting schemes, along
the centerline, t=0.06, 100 x 100 mesh, (a) Pressure (b) Density

We also tested the convergence of our method numerically. We first computed the problem
on a fine mesh (400 nodes in both spatial directions), and then use this result as the exact
solution for comparison. Table 1 shows the relative errors for different meshes under L' and L?
norms. The relative error is defined by ||Uy — Uel|,,/||Uel|},» where Uy, is the numerical solution
for the corresponding mesh and U, is the result of the 400 x 400 mesh. From the tables we can
see that the rate of convergence is close to second order both in the L' and L? norms. The L!
and L? norms of ||U, — U.||,, are computed as follows:

U = U™ I =Z|Ui,”}—U(fi,njaTm)|kAAi,j+Z|97’7,]’—9n(77j,Tm)|kABj, k=1,2,
i i
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Figure 5: Comparison of Lax-Friedrichs, ENO-LF3 and Fitting schemes, along
the centerline, t=0.13, 100 x 100 mesh, (a) Pressure (b) Density
Table 1. Relative errors, ¢t = 0.13
Meshes L' norm L? norm
50 x 50 | 0.766FE — 02 | 0.942FE — 02
100 x 100 | 0.231E —02 | 0.295E — 02
200 x 200 | 0.758E — 03 | 0.995E — 03
where

A&An, for interior points,
AA;; =4 AEAn/2, for boundary points,
A&An/4, for corner points,

An, for interior points,
AB, = { n p

An/2, for boundary points

and the summations about ¢,;j are taken over two domains. The definitions of [|Uel|, , and
|Uell, , are similar.

Example 2. The domain is a rectangular channel [0,1] x [-0.2,0.2] x [-0.2,0.2]. At the
beginning, the discontinuities have initial positions ¢ = d; and x = d, and initial speeds
s1 = \/7k1(y,2) and sy = /Vk2(y,z). Here the function 1 (y,z) and k2(y,z) are symmetric
about both y and z axes and defined as follows:

Rj(r), 0<r<0.2, .
KRi\Yy,z2) = . = ]_,2,
iv:2) { s7, r>0.2, J
where
C10(s? — s0)r3 15(s) — 5i)rt J _ oj)yd
i) = 51+ 20 s 15(s, s 6l s ) g9 o2,

0.23 0.24 0.25 ’

st, st, s2 and s} being parameters and r = \/y? + 22. The initial conditions are

c?
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pi(@,y,2) = (7(267(y,2) — 1) + 1) (0.5 (2) + 0.5) /(7 + 1),
(., 2) = 2/7(ki(y,z) — 1)(0.1ay (z) 4 0.9)
o (v + Dk (y, 2)
k2(y,2) (v + 1)(0.5a; (z) + 0.5)
2+ (v = 1)ri(y,2)
p2(z,y,2) = p2(2,y,2) = 1, ua(2,y,2) = va2(z,y,2) = wa(2,y,2) =0,
pa,,7) = (123> 2) — 1) + 1)(050(2) +0.3)/(y + 1),
_2ﬁ(f<&§(y, z) — 1)(0.1az(z) + 0.9)
(v + Dr2(y, 2)
k3(y,2) (v + 1)(0.5az2(z) + 0.5)
2+ (v = 1)r3(y,2)

) ’Ul(x:y:z) = ’lUl(.’L',y,Z) = 07

pl(wayaz) =

’

U3(ﬂf,y,z) = ) Ug(ﬂ?,y,Z) = w3($7y7z) = 07

pB(wayaz) =

where «;(x) and as(x) are the same as (12). On the left and right ends of the channel, the
boundary conditions are taken as functions of y and z, which are obtained by setting = 0 and
x = 1 respectively in the initial conditions. After the interactions, the solution has a structure:
Left Shock — Contact Discontinuity — Right Shock. The parameters are taken as: si = 2.6,
s% =23 sg =5.0, sg =5.3,d; =0.3 and dy =0.7.

Figure 6: Flow fields on the center surface, ¢t = 0.13 (after interaction),
Fitting, 100 x 50 x 50 mesh, (a) Pressure (b) Density

Figure 6 shows the pressure and density distributions on the center surface (z = 0) for
t = 0.13. Compared with the results in example 1, we can see that our method for three
dimensional case is as good as for two dimensional case. In Figure 7 the interaction procedure
of the discontinuities is given. (a) shows the two shock surfaces before the interaction. Then
at the time ¢t = 0.0445, (b) shows that the center part of the shock surfaces interacted. The
small surface in between the two shock surfaces are the resulting contact discontinuity surface.
As the time increases, the part of the interacted discontinuities becomes larger and larger, as
shown in (c). Finally, about at ¢ = 0.045, the interaction is completed. In (d), the three
surfaces are the left moving shock, contact discontinuity, and the right moving shock. In (b)
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and (c), the interaction is in progress. Thus, the discontinuities are grouped together. To view
the discontinuities clearly, we have separated the discontinuity surfaces there.

Finally we point out that examples with central waves have also been tried and the results
are as good as these given here.

i

SbHER

i

s it

Figure 7: Interactions of discontinuities, (a) ¢t = 0.043, shock-shock (b) ¢ = 0.0445,
shock-contact-shock (c) ¢ = 0.0447, shock-contact-shock (d) ¢ = 0.045 shock-contact-shock

5. Conclusion

Some two dimensional flow problems with interactions of discontinuities have been computed
by the Singularity-Separating method (SSM), the Lax-Friedrichs scheme and the ENO-LF3
scheme. The comparisons show that very accurate numerical results can be obtained if the
SSM is used. The paper also shows that some complicated three dimensional results can also
be obtained using this method. However, the algorithm presented in this paper has some
limitations. As we have seen from the numerical examples, all the test problems considered
here have a strong 1D characterization and far to represent complex flows. This is the main
weakness of the present algorithm compared to other methods like the front tracking algorithm
cited in references [1]-[6]. Therefore, to modify the present algorithm so that it can handle more
complicated flow problems like Richtmyer-Meshkov instability [6] would be highly desirable.
One possible approach is to combine the present method with some other methods, such as the
shock capturing methods.

Acknowledgment. The authors wish to thank Dr. C.-W. Shu for helping in the use of
the ENO schemes, and the referees for some valuable comments.
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