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ASYMPTOTIC STABILITY FOR GAUSS METHODS FOR
NEUTRAL DELAY DIFFERENTIAL EQUATIONS*Y
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Abstract

In [4] we proved that all Gauss methods areN7(0)-compatible for neutral delay differ-
ential equations (NDDEs) of the form :

y'(t) =ay(t) +by(t —7)+cy'(t—1), t>0,

y(t) = g(t), —r<t<0, (0.1)

where a,b, c are real, 7 > 0, g(¢) is a continuous real valued function. In this paper we are
going to use the theory of order stars to characterize the asymptotic stability properties of
Gauss methods for NDDEs. And then proved that all Gauss methods are N7(0)-stable.
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1. Introduction

In the past, most of the work on the asymptotic stability for delay and neutral delay dif-
ferential equations dealt with finding the stability region independently of the delay term. Al
Mutib[1] and recently N. Guglielmi [8, 9, 10] revisited the investigation of stability region for
a fixed but arbitrary delay term for so called 7(0)-stability. Some results have been pointed
out for DDEs, which have been reeaximined for NDDEs [4]. It has already been shown [7] all
Gauss methods are 7(0)-stability for DDEs. In this paper we pursue our investigation of Gauss
methods in a NDDEs case. In order t simplify the notation, without loosing the generality of
the problem we can fix the delay equal to 1. For the sake of the simplicity, in the sequel we
deal with the following test equation

y'(t) =ay(t) + byt —1) +cy'(t — 1), t>0,

y(t) =g), -1<t<0, (1.1)

where a, b, ¢ are real, 7 > 0, g(¢) is a continuous real valued function. Its characteristic equation
is given by:
A—a—bexp(—A) —chexp(—\) =0. (1.2)

It is known that the set of triplet (a, b, ¢) for which the solution y(t) of (1.1) tend to zero when
t — oo is given by:

Y. = {(a,b,c) € R all root A of (1.2) satisfying Re [\] < 0,|c| < 1}.
It can be rewriten as ¥, = ¥ U E where

E={(a,b,c) eR’, a+p<0 and |c]<1},

Y= {(a, b,c) €ER3, |a| < —b, and Vb2 — a2 < /1 — ¢2 arccos <1C:—£;> with |¢| < 1}.
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with p = —7. This set is bounded in the right by the plane
P ={(a,b,c) € R? a=—bwith a <1—¢,|c| <1} and the transcendental surface

T, = {(a.(8,¢),b.(0,c),c) ER>| € (0,7) and a < 1 —¢,|c| < 1},

with
fcosd — ch cfcosf — 0
a.(0,c) = 2BV "Dy 9,¢) = TV
sin 6 sin 6
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Figure 1. Stability region of analytical solution of equation (1.1) for ¢ = 0.5

1.1. Runge -Kutta methods for NDDEs

Let us consider the following s-stage RK method

Yntl =Yn + h Z w K (1.3)

i=1

v v v
KM = f | to +cih, yn + hZainJ’-l“, Yn-m + hzbinf7m+l; Zcinf7m+l ,
i=t i=1 i=1

S
i=1,2,...,s, where h = 7/m, ¢; = Y a;;. Here W = [wi,...,ws]T and the matrix A =
j=1
[aij]] j—; define a RK method for ODEs. [3, 6, 13]. The second argument in f can be interpreted
as an approximation to y(t) at the intermediate point ¢, + c¢;h. Similarly the third argument
in f can be interpreted as an approximation to y(t,—m, + ¢;h) and the fourth to y'(tn—m + c;jh)
usually b;; = wj(c;) and ¢;; = wi(c;) where w;(f), i = 1,...s are polynomials which define
the natural continuous extension of RK method, i.e. polynomials such that the approximate
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solution y;, define the whole interval of integration is given by

S
Yn(tn +0h) = yn(tn) + B wi(@)KM, n=0,1,---, 6€(0,1].
i=1
Take B = [bi;]; j=1, C = [cij]f j=y and e = [1,- -, 1)7, I is the identity matrix.

In our present work we consider constant step-size and equal to an integer sub-multiple of
the delay i.e. h = 1/m, m is positive number. When apply (1.3) in the case A=B, C=I to
the test equation (1.1), the following difference equation equationin some case is also useful for
examining the stability c.f. Bellen et all [3]

L R S L SN A S
PO =1+ (ot WA= 7 = (o ) 4) (=0, (14)
—R(z). L= 0t
(= R(2), T (1.5)

with
R(z) =1+ 2WT (I —zA) e,

where R(z) is the stability function of the method [6, 11] the numerical solution of (1.1) is
asymptotically stable if and only if |(| < 1 whenever ( satisfies (1.5). Or we can present it as

Em = {(a,b,c) € &2, allroot ¢ of (1.5) satisfying |¢| < 1}. (1.6)

Now we come across with a simple question whether ¥, C X,,for all m > 1 a property,
which is called N7(0)— stability. The set

A={z€C,|R()| > || },

is called order star of R. The order star does not compare R(z) to 1, as does the stability
domain, but to the exact solution |e*| = e® and consequently it is hoped that it would give
more information. As we always assume that the coefficients of R(z) are real, the order star is
symmetric with respect to the real axis. Furthermore since |eiy| =1, A is the complementary
set of the stability domain S on the imaginary axis.

In this part we are concerned about Pade’-approximation to the exponential [5, 6, 11, 12].
They are defined by Ry ;(z) such that

Rii(2) = Pu(2)/Qri(2),

with
Y Tt O S
k+Dk+1-1)---(1+1) K

Qu(z) = Pir(—2),

and the constant error
sl(s —j)!
(2s =)l 2s—j+ 1)
Lemma 1.1. ARy (z) Pade’approzimation to the exponential is A-stable if and only if
E<I<Ek+2
For its proof consult [12].

C = (-1)°

2. Stability Analysis with Respect to ¢

In order to show X, C ¥, we apply the root locus technique [2, 5]. It is hard to represent
geometrically the set of all (a, b, ¢) € R® satisfying (1.5), so it is more convenient to reduce the
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dimension and get a 2-dimensional parametrization. We choose ¢ as a parameter and develop
the stability analysis in the (a, b)-plane. We define by:

2¢ = {(a,b) € &2, allroot ( of (1.2) satisfying |¢| < 1}.
26, = {(a,b) € R*, allroot ¢ of (1.5) satisfying [(| < 1}.

So we need only to show X¢ C X¢ for any fixed ¢ € (—1,1). Since z of (1.5) depends
continuously on a, b, ( R(z) = P(z)/Q(z)) it’s root of (mz —a)P(z)™ — (mcz +b)Q(z)™ =0,
also ¢ = R(z) depends continuously on a,b Therefore it is sufficient to prove for the values of
(a,b) for fixed c satisfying (1.5) with || =1 all lie outside in the analytical stability region X¢

Lemma 2.1. Suppose that the stability domain S = {z € C, |R(2)| < 1} is connected, let
z(t) = z(t) + iy(t)for t € (—e,e) be a smooth parameterization of 0S such that z(—t) =
Z (t),z(0) = Oand let z(t) be oriented such that S lies to the left. Further more, let ¢ (t) be
the argument of

R(z(t)) = €™, (2.1)
in such way that ¢(0) =0 and ¢ (t)is continuous. Then the function ¢ (t) is strictly mono-
tonically increasing and it satisfies ¢ (—t) = —¢(t) and It/zm ¢(t) = sw, where s is the number

—e

of poles R(z).
For the prove see [7, 11].
To investigate the values of (a,b) such that |¢| = 1 we insert z = = + iy and ( = €*in
(1.5),and comparing real and imaginary part we come out with the following two equations
a+ bcosmeo = (m — cm cosmae)x — cmy sin me
—bsinm¢ = cma sinme + (m — em cosmae)y.
For x = y = ¢ = 0 we get the linea + b = 0 (as the analytic stability region), if sinm¢ = 0 and
y = 0, it happens for ¢ = s, we get another line a £ b = mz(1 £ ¢). For 0 < ¢ < sm we get
cosmeo — ¢
m = — ) 2.2
0 (8) = my L 22)

1 —ccosmao
b (¢) = —my——F7— — .
(9) my— 5 cmx

It can be seen from (2.2) that is helpful to compare the values (a,, b, ) to the values (ax, by)
corresponding to { = im¢, which define the root locus for the analytical solution

a.(me) = » bu(me) =

For 0 < m¢ < 7 the point (a.,b.) is on the boundary of X,. For m¢ > 7 it lies on the right
side of the stability region. So we get

amw=%mww+m% (2.3)

me cos meo — cmao
sin ma

cm@ cosmeo — mao
sin me '

b (@) = %b* (m¢) — em.

3. Condition for N7(0)—Stability

It is known from [4] that the necessary condition of N7(0)—stability is to have £¢ C X¢, in
the neighborhood of the double point bifurcation (a,b) = (1 — ¢,¢ — 1) which corresponds to
z =0 and ( = 1. Let us assume that the rational function satisfies

R(z)=¢€*(1—- CzPTl — DoP+2 )y (3.1)
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where C' # 0 and D are the error constants of the approximation then the necessary condition
follows.

Theorem 3.1. We assume that p > 1 if close to (a,b) = (1—c¢,c—1) we have X< C X,
for all m >1 then:

(—1)%0 >0, if pis even,
(—1)2C > 0and (2+¢)(=1)5C/6 > (1 +¢)(=1)5*1D, if pis odd,

holds.
Proof. Close toz = 0, we obtain the following parameterize of S

s = { DY i =2
Y (—1)kCy2k ifp=2k—1.

We obtain ¢(y) from (3.1) by considering the logarithm of (2.1)

_1\k+1v, 2k+1 . —
dly) —y = { E_Bkﬂggzkﬂ lZJ}I; :22]]2 _1. (3.2)

If (am (9, c), b (¢, c)) does not belong to X¢ then
(I—c—cmz —ap)x(y)/y > (1 +c)m(p(y) —y), when y — 0.
By considering the Taylor expression of a,, we obtain
am(y) = (1-c) = (2+c)m’y* /6,
hence we get that

(—em + (24 o )m®y? /6)z(y) [y > (1 + )m(d(y) — y)- (3.3)
The result comes out by using (3.3) and (3.2).

4. Stability Analysis for Gauss-Methods

The stability function of Gauss methods is a symmetric function i.e. R(2)R(—z) =1 and it
is given by diagonal pade’-approximation see [9]. Since x = 0 for the values on 05 the relation
(2.3) shows the condition ¢(y) < y for y > 0 is sufficient to get £¢ C X¢ for allm > 1. For
0 < ¢ < 7 it’s also necessary to have ¢(y) < y.

Lemma 4.1. Let R(z) be symmetric and assume that the order star A has the imaginary
azis as boundary with A lying to the left. Then the function ¢(y) defined by R(iy) = W)
and ¢(0) = 0 satisfies

dy) <yfory >0, (4.1)
For the proof see [7].

4.1. Description of the Curves [

We consider the curves of the locus roots (2.2) with 2 = 0 (Gauss methods) and denote by
I(; = {(am((ls;c); bm(¢7 C),) € R27 me € ((k - 1)777k7r) } )

with k£ a positive integer.

Proposition 4.1. The curves I'{, are all separated.

If k is even the curve T lies in the sector |a| < b, if k is odd the curve I'j, lies in the
sector|a| < —b. And the curve T'§{ starts at the point 0. = (1 —c,c — 1), which is the double
bifurcation point.
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Proof. We first show that the curves I'{, are all separated, for that sake we consider the
parameterization of the form

g Hcoso —cp cpucosa — [

. ] b = .
sin « sin «

where p > 0 anda fixed For a € (0,7), the curve lies in the sector |a| < —b, and it intersects

I'¢(k odd) atp = my(¢) and m¢ = a + (k — 1)7. Since my(¢) is monotonically increasing,

different values of k£ cannot give the same p. This proves the curves are separated.

For m¢ € ((k — 1)7, kw) we have

1
bon(6) — am = my(1 = ) 0,
() + am = —my(1 +c)%

Since the —my(1 — ¢)(1 + cosme), —my(1 + ¢)(1 — cos m¢), are negative. The sign of by, (¢) —
(@), by (6) + am (@), will depend on the sign of sinme@. For k even the curves lie on the sector
|a| < b. Similarly for k£ odd the curves lie on the sector |a] < —b. Therefore we can see that
the I's, I'g, TS ... and ', T'§, T'S ... are ordered in the natural way in the sector |a| < b and
la| < —b respectively (see Fig2).

20

15+

10+

Figure 2. Plot of I'f for ¢ = 0.5, m = 10 for implicit midpoint

Theorem 4.1. All Gauss-methods are N7(0)— stable.

Proof. The stability function of an s-stage Gauss-method is the R,;(z) Pade’-approximation
to the exponential which is symmetric and A-stable by Lemma 2.4 with p = 2s. It satisfies the
necessary condition (—1)?/2C > 0. The whole imaginary axis lies on the boundary of the order
star because of the symmetry of R(z). Since

R(z) = e*(1 — CzPTL — O(2P12))
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with z = re’, hence 1 < |R(z)e ?| & |1 — CzP™'| > 1, we have Ccos(p + 1)t < 0. The fact
(—=1)P/2C > 0, it implies (—1)P/2C(—1)P/2 cos(p+1)t < 0, and we obtain (—1)?/2 cos(p+1)t < 0.
It means that close to z = 0 the order star touches the imaginary axis from the left side. There
are exactly p/2 + 1 sector of A starting in £~ and they go to infinity due to A-stability. The
surrounded sectors of /C\A leads to exactly p/2 = s zeros of R(z). We suppose that, the
surrounded sector touches the imaginary axis from the left side, it proves that, there are two
additional zeros which contradicts the fact that P(z)is polynomial of orders. As z(y) = 0 due
to the symmetry of R(z) from Lemma 2.1 we obtain ¢(y) < y for all y > 0 and the relation
(2.3) implies that (@, (@), by (¢)) lies outside X¢ for all ¢

-4+ % i
e
e
S
45 I & I I L L I I I
-2.5 2 15 -1 0.5 0 0.5 1 1.5 2 25

Figure 3. Stability region for implicit midpoint for ¢ = —0.5.

Theorem 4.2. For Gauss-methods the stability region X¢, is the set which is bounded to
the right by the half linea + b =0 with a < 1 — ¢ and by the curve I'§

Proof. We shall show that if we cross a curve 'y outward, the roots ¢ of (1.5) satisfying
|¢| > 1 increase by 2. By continuity of argument, it is sufficient to prove this |{| > 1 on the
b—axis, so let us take a = 0 in the equation (1.5) and by differentiating it we obtain

_ _ ¢ m{~™A(
AC =R (Z)AZ7 mAz = (1 +c<—m) - (1 + c(‘fm)Z ’
hence we get
Ab 1 m2cz R'(z)
= () T

If b crosses the curve I';we have to consider the point z = iy on the imaginary axis for which
I¢| = |R(iy)| = 1. From |R(iy)| = €**®) by differentiation we get

R'(iy)/R(iy) = ¢'(y)which is positive by Lemma 4.1. Hence ReAz > 0 whenever % > 0,
which means that the root z (and its conjugate) crosses the imaginary axis from the left to the
right. Since the method is A-stable, that means ( leaves the unit circle.



224 B.S. SIDIBE AND M.Z. LIU

[10]
[11]

[12]
[13]

References

Al-Mutib, A.N., Stability properties of numerical methods for solving delay differential equations,
J. Comput. Appl. Math., 10 (1984), 71-79.

Baker, C.T.H., Paul, C.A.H., Computing stability Regions-Runge- Kutta methods for delay differ-
ential equations, IMA J. Numer. Anal., 14 (1994), 347-362.

A. Bellen, Z. Jackiewicz, M. Zennaro, Stability analysis of one-step methods for neutral delay
differential equations, Numer. Math., 52 (1988), 605-619.

B.S. Sidibe, M.H. Song, M.Z. Liu, Delay dependent stability analysis of RK methods for Neutral
delay Differential equations, Preprint.

Baker.C.T.H., Some applications of the Boundary Locus method and the method of D-Partitions,
IMA. J. Numer. Anal., 11 (1991), 143-158.

Dekker. K, Verwer. J.G., Stability of R-K methods for stiff non-linear differential equations,
Amsterdam, North-Holland, 1984, 1-40.

Guglielmi, N., Hairer, E Order stars and stability for differential equations, Numer. Math., 83
(1999) 371-383.

Guglielmi, N., Delay dependent stability regions of numerical methods for delay differential equa-
tions. Quaderno Matematico n.356. Dipartmento di Scienze Matematiche. Universita di Trieste.
1995.

Guglielmi, N., Delay dependent stability regions of #—methods for delay differential equations, IMA
Journal of Numerical Analysis 18 (1998), 339-418.

Guglielmi, N., On the asymptotic stability properties of Runge-Kutta methods for delay differential
equations, Numer. Math., 77 (1997), 467-485.

Hairer, E., N rsett, S.P., Wanner, G., Solving ordinary differential equations I, Non-stiff problems,
Springer-Verlag, New York, 2nd edition. 1993, 131-218.

Wanner. G, Hairer. E, N rsett, S.P., Order stars and stability theorems, BIT, 18 (1978), 475-489.
Zennaro, M., P-stability of Runge-Kutta methods for delay differential equations, Numer. Math.,
49 (1986), 305-318.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


