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Abstract
An explicit upwind finite element method is given for the numerical computation to
multi-dimensional scalar conservation laws. It is proved that this scheme is consistent to the
equation and monotone, and the approximate solution satisfies discrete entropy inequality.
To guarantee the limit of approximate solutions to be a measure valued solution, we prove
an energy estimate. Then the L? strong convergence of this scheme is proved.
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1. Introduction

The convergence problem for the numerical schemes to one dimensional conservation laws
has been extensively studied. By tensor product one dimensional schemes can be applied
to multi-dimensional equations. However the convergence of many of those schemes is still
unknown even if it is true for one dimensional cases. Besides, for those physical domains with
complicated geometry unstructured grids are more flexible. In recent years the convergence
problem for unstructured grids has called the attention of some authors. In [2] [3] [10] [11]
the convergence of finite volume methods was proved. In [9] [8] [13] [14] the convergence of
a streamline diffusion finite element method was proved. In [6] [5] the discontinuous Galerkin
method to multi-dimensional conservation laws was studied. We refer the readers to a survey
by Shu [12].

In this paper we prove the convergence of an explicit upwind finite element method, the
edge-averaged finite element method, given in [15] for convection-diffusion equations, to multi-
dimensional scalar conservation laws. Our technique is the new approach using measure valued
solutions (see [4] [13]). However since artificial viscosity is employed in the scheme, the es-
timates are quite different, and we believe that our technique can be applied to more general
schemes. Numerical experiments have shown that this scheme gives satisfactory results, which
will be reported later on.

We consider the equation

Ou
. = 1
LY S =0, 1)
where f : R = RV(N > 1), f € C'. Without loss of generality we assume that f(0) = 0,

otherwise f(u) can be replaced by f(u) — f(0).
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2. The Finite Element Scheme and Main Convergence Theorem

Let T be a simplicial finite element with linear shape functions interpolated by N +1 vertices,

q1, - ,qn+1- Then it is easy to prove the following lemmas!19.

Lemma 2.1. If u,v € P, (T), then
/ Vu-Vudz = Za?j(ui —uj)(vj — vi),
T i<j

where u;, uj,v;,v; are the values of u,v at nodes g; and g;,
=] Vxi-Vx;d
a;; = Xi - VXjar,
T

and x; € Pi(T),i =1, N +1, xi(x) = .
Lemma 2.2. Ifv € Pi(T) and c is a constant vector, then

/ c-Vodr = Za?jc - Tphij (v — vj),
T

i<j

where E is the edge connecting g;,q;, Tr 1s the unit vector pointing from g; to q;, and h;j is the
length of E.
By adding an artificial viscosity term equation (1) becomes

%+V-f(u):s&u, (2)

where € > 0.
The weak formulation of the initial value problem of the equation (2) is: given u°, find
u:[0,7] = H*(RN) such that

i/ wvdx — (u) -Vvdr +¢ Vu-Vudr =0, VYve H'(RY), (3)
dt Jrw RN RN

/ U|p=ov dz :/ wvdz, Yoe H'(RY).
RN RN

Let
J =¢eVu — f(u),

then the projection of J on F is

J-TEza—u—f(u)-TE.
T

OTE
We define an integral along E with © € E,

= [Ty @
qi Eu
then 5
J 15 =ce ¥ ——(e%u)
aTE

Integrating on E one has
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then approximately
(e?u); — (ePu)i

J - TE — .
4 € ds
qi €
By Lemma 2.2 we have the approximation,
¥ Yo,
eYu e¥u
/ J- Vvdx—Za”%hij(vi—vj). (5)

i<j

The space RY is triangulized into simplicial finite elements. The set of all nodes is denoted by
{z;}. In the paper we use g¢; for vertices in a single element T', otherwise we use z;. Let x; be
one node on the grid and §2; be the union of all elements neighboring z;. Let ¢; be the shape
function with ¢;(x;) = 1 and ¢;(z;) = 0 for all j # i. We take a time step At. By the weak
formulation (3) and the approximation (5) we have the finite element scheme,

(eVu)?

"tlyd —/ dr + At —ih,--:(),
/Qu vdr qux ZZa” f%ewds j

g TeT jelr z;

where 7 denotes the set of elements neighboring z; and Iy the index set of the nodes of T
beside z;, and u™ = u(x,nAt). Moreover, making it an explicit scheme, we use the standard
“mass lumping” quadrature and obtain

ult +—Za” "hij =0, (6)
JEI

where u! = u(x;,nAt), I; is the index set of the nodes neighboring x;, and A; = [, vdz, and

_ T
ajj = E Qjjs

TeT

and
(e¥u); — (e¥u)i

fwjﬂds

T; €

J(ui,uj) =

We note that, since }; a;; = 0 and a; < 0 for 7 # j, we have

A5 = sup Qjj.
J

We are going to prove the convergence of the scheme (6) in the remaining of this paper. For all
cases we denote by C a generic constant.

Basic assumptions:

We assume that the triangulation is regular, that is, hy/pr < C for all elements T', where
hr ii E;che diameter of 7" and pr is the supremum of the diameters of all balls contained in 7T,
and[*2l.

> |6kl cot b > 0, (7)
TOFE

where 6% is the angle between the faces F; and Fj, F; is the N —1 dimensional simplex opposite
to the vertex ¢;, and k% is the N — 2 dimensional simplex opposite to E. Condition (7) implies
a;; <0 for all ¢,j. Besides we assume the mesh sizes to satisfy

h<de, ehN2At<dmind;, 6&>0, (8)
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where h = max hr.
We consider the initial condition
uli=o = u’, 9)

where u® € L>®(RY). then we set the discrete initial data,

u?:/ u’¢; dx/A;. (10)

i

Let us extend the solution to (6) to the whole domain Rf“ ={(z,t);x € RV t € [0,00)} such
that it keeps constant on [nAt, (n + 1)At), Vn, which is denoted by wp,.

Theorem 2.1. We assume that

(a) m <u® < M.

(b) The triangulation is regular and (7) holds.

(c) (8) holds with § sufficiently small.

Then as At — 0, h — 0, ¢ — 0 the solution up converges, on each compact subdomain in
the LP-norm, 1 < p < oo, to a function u, which is the weak solution to the equation (1) and
initial condition (9). Moreover u satisfies the entropy condition

0
/ (U(u)a—f + F(u) - Vx> dedt >0, VxE€ Cgo(RfH),X >0,
for all entropy-entropy fluz pair {U, F'} satisfying U" > 0.
The proof of this theorem depends on a few technical lemmas.
The following lemma implies the consistency.
Lemma 2.3. If u is a constant function, namely u; = u; = u, then

J(u,u) = = f(u) - 78 (11)
The proof of this lemma is straightforward since if u; = u; = u, then
e )

which yields (11) by direct computation.
As a consequence of the above result, if u; = u; for all ¢ and j, by Lemma 2.2,

A
Zaij‘](ui;uj)hij = Zaijf(u) T = If/g f(u)-Vo;dr = 0.

JEl; Jel

This means that the constant function is a solution to the scheme (6).
The following lemma states the monotonicity.
Lemma 2.4. Assume that u;,u; € [m, M] and (7) and (8) holds, then

oJ €
=0(— 12
5o = 0l) (12)
oJ ce¥i hii
— =214+ 0(-);}, 13
o~ w0 () @
consequently if u™ € [m, M] and § is sufficiently small (depending on m, M ), then
ou ! 7 u ! >0,
oul — ou” —

¢ J
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+

where ul" is given in (6).

Lemma 2.3 and Lemma 2.4 imply maximum principle as the following;:

Lemma 2.5. Under the assumptions of Lemma 2.4, it holds that u?“ € [m, M].

We shall now describe a discrete entropy inequality. Let the entropy U € C?(R) such that
U" > 0. Without loss of generality we may assume that U(0) = U'(0) = 0, otherwise U(u) can
be replaced by U(u) — U(0) — U'(0)u. We define a discrete entropy flux

1 [t
F(uj,uj) = 5/ U"(2){J(zV ui,zVu;) — J(z ANui,z A uj)
— 00

+ sign z(J(ui,uj) + f(2) - T8)} dz,

where a A b = min(a,b), and a V b = max(a, b).
Lemma 2.6. We have the following:
(a) Consistency

F(u,u) = —F(u) - 75, (14)
where F(u f f'U"du is the entropy fluz.
(b) Under the assumptions of Lemma 2.4 it holds that
U(u?+1) n Z al] z ’ ] l]: (15)
b el

which is the discrete entropy inequality.

Energy estimate:

Lemma 2.7. We assume that the initial data u® are compactly supported. Under the
assumptions of Lemma 2.4, if § is small enough then it holds that

z—:At eVih,; o A 1 .
—Z N2 ZZ i T ew’”ds —uf)? < 5 () Ag. (16)

n=0 F k

Proof of the Theorem. We take y € Cgo(RfH), and let xI' = x(x;,nAt). Multiplying
the equation (6) by x¥* and summing up we get

ZZ nt1 Xi —Xi AtA + AtZZa” uit s uf)hii(xi = X5)
ZU?X?Ai- (17)

By Lemma 2.3

A 4 )
= —Atzzalj‘f Ul' TEhz]( _X])+R17 (]‘8)
n K

where

oJ , , n n n
R, :AtZZaij%(uj —ui)hi (X _Xj)>
n FE J
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where % is a mean value. In view of Lemma 2.4 we see that
J

1/2
ewjh‘lJ n n\2
|R1| < C{Atzz —Qajj m(u —Ui)
z 1/2
f Tevds
{Atzz —a;; T(Xi _Xj)2 )

where the sum ) 3" is taken on the support of x. Since the scheme is explicit, " depends
only on the values of u° on a compact set, so Lemma, 2.7 can be applied here to get

e .
|’ < C Atzz —a; W(X? -x})? :

We notice that x € C§°, so At > p(—aij)(x} — x})* < C. By Lemma 2.5 u is bounded, so
there is a constant 8 > 0 such that
by g (19)
ffj evds =
Consequently Ry — 0(g — 0).
Let P be the interpolation operator on T, then by Lemma 2.2, we have

/ fum) - V(Px™) da
T

/ f(u(wr,nAb) - V(PX") da
Za” UT) TEhZJ( _X])

i<j

where zp € T and ur = u(xr,nAt). It follows that

—Atzzaijf(ui ) - Tehi (X — X})
n F
= _AtZZZGZTJf(uZ TEth( _XJ)

n T i<j

= MY Y [ 1) ety do+ R (20)
n T

where
Ry=AtY >N al(f(ur) = f(ul) - mohi (X} = X})-
n T i<j
By Lemma 2.1
|f(ur) = f(ui)] < Clur —ujf| < Chy|Vu"|
< Chy Tltlr

Chy (— > alm(uf — %)2) : (21)

Analogously we have
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The regularity assumption implies[l]
|aiTj| < ChIJY -2,

We use the Schwarz inequality to obtain

|R2| < CAtZ ZZhT (— Z al, (ul — u’;l)2>

n T i<j I<m
: <— > al, (i — X%V)
<m

< C Atz Z Z hr (— Z at,, (u — u%)2>

n T i<j I<m

Aty DD hr (- > al. (- X;‘I)r")
n T i<j I<m

< C {AtZZh (— Z al, (ul — uﬁl)2> }

n T I<m

nf=

-{Atzzh (— zafm<x?—x;>2)}

= C{AtZZh(—aU)(uy—u;V}
n FE
: {Atz > h(=ai)( - X}‘)Z} :
n F

93

(22)

Taking (8) and (19) into account, then following the same lines as estimating R; we get Ry —

0(h — 0).

By virtue of Lemma 2.5 we have the uniform estimate in L%, therefore for any sequence
{up} with h — 0 there exists Young measure v, ; and a subsequence, still denoted by {us},

such that
Up < Vg, A > (L (RYT)),

Flun) < vag, F(N) > (Lig(RYH).
We take the limit of (17) and notice (18) (20) to get

—/{< Vg t) A > 68—1(+ < Vg, f(A) > -Vx} dxdt = /uox(x,O) dz,

which implies that v, ; is a measure valued solution. Following the same lines, we derive from

Lemma 2.6 that

/{< met,U()\) > ?9—1(-{- < I/J;yt,F()\) > VX} dxdt > 0,
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for the x,U, F' defined above, therefore v, ; satisfies entropy condition. We employ DiPerna’s
theory (see [7]) to see that v, = 0y(s,¢), un converges to u strongly in LP-norm, p € [1,00),
and wu is the admissible solution.

3. Proofs of the Technical Lemmas

3.1. Proof of Lemmas 2.4 and 2.5
Proof of Lemma 2.4. We have ¢(z;) = 0, and let ¢; = ¢(z;), then

v (o (L@ el g
oJ  ° Ja, cu hiy  TE5U
Ou; Jol < ds

(e¥iuj —uy) [, e¥ (ff (—%), e ds) ds
(2 2 as)’

where for notational convenience we omit the superscript n. By the assumption we have (12),
which implies

7

n+1
Ou; >1- CAtsaii.
6u,- A,'

. 8u?+1
In view of (22) we get —L-

For z; € I; we have

> 0 for small 9.

i

. I — .
o7 e e [ () By dsy,
= = : + :
Ou; 7 ds 7 ds

gevi i F)\' |z — x4
_=t° ) SN Y dsus
f;_J e¥ds * Ll ( Eu > hij TE a5t
j T W)’ T—x;
(uj — e Viuy) 77 e¥ <sz (—%u)) |h—1‘ TE ds) ds
[ evds ’

i

which implies (13) and

ourtt Ate e¥ihy; hi j
AL SP L AGLUI E G TLLE N S
uj  ~ Aia]f;i’ewds{ O € )}_

for small 6.
Proof of Lemma 2.5. By Lemma 2.4

At
ultt > m - T E a; ;J(m, m)h;;.
T .
JEL;
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Then by Lemma 2.3 and Lemma 2.2

+1
u;' > m+— E a;;f(m) - teh;j
jern

= m+— /f -Voudx

Y reT

= m+—/f -Voder =m

By the same reasoning we get u?“ <M.

3.2. Proof of Lemma 2.6
Proof. For the first part, we have

Flu,u) = %/_:o U (I (2 V w2 V) — J(2 Au, 2 A
+ sign z(=f(u) - T8 + f(2) - TE) } dz,
If u > 0, then
Fuw = 5 [ UG 00 = T+ (1) e+ 1))

B AUU"@H—fW)+f@H-Hﬂk

— /Ou UQR)f'(2) - tTedz = —F(u) - 18-

The deduction for the case of u < 0 is the same.
For the second part, we denote uj' = {uf};er;, and

At
H(u},ul) =uj — T a; jJ(ui ,uj)hij,
b e
then
H(zvVul,zvu})=zVul ——Za” (z Vi, zVuj)hij,
b el
and
H(zAul,zAu}) =zAul ——Za” (z Auj'sz Auj)hig,
b el

where z = {z}. By subtracting we have
H(zVul,zvVu])— H(zAu},zAul)

At
= |ul — Za”{J zVui,zVui) = J(z Auj,z Auf)Hh.
' el

On the other hand by Lemma 2.4

v

H(z,2) V H(u,uf)
n+1

H(zVu},zVul)

= zVu;

95
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and
H(zAulzAul) <z Aulth,

therefore it holds that

H(zvul,zvul) —H(zAul,zAul) > zVultt —zau)tt
Jui ™t — 2. (24)
y (23) and (24) we have
1 [ree
Uty = 5 [ U - o] sign 2 - 2) ds
—00

IN

]' e "
5/ U'(z){H(zVul',zVu}) — H(z Aul,z Au])

+ sign z(ult — 2)} dz
1 [ree
= —/ U"(z){|ul — 2| ——Za”{J zVui,zVuy)
—0o0

2
]GI;

—00

— J(zAui,z Auj)thi; + sign z(u; ultt —2)} dz.
We substitute the equation (6) in it to obtain

1 [t
Uty < 5 [ U@l - 2l sign sl - ) ds

o0
1 At e
_ Za”/ U"(2){J(zVui,zVul})
b el
— J(zAuf,z Auj) +sign 2J (ui', uj) thij dz.

Being the same as the proof of Lemma 2.5, one has

Z aiij(z) . TEh,'j = 0,
JEL
therefore (15) holds.
3.3. Proof of Lemma 2.7

To prove the energy estimate, we need the following auxiliary result.
Lemma 3.1. Under the assumptions of Lemma 2.4, it holds that

n CeAt n n
uptt = < - 1T Z aijluf —ugl. (25)
JELi

Proof. We have
eVi(uj —uw;)  (e¥i — 1)y,

J(ug,uj) = — = 26
Y P -
Let ( v )
e¥i — Du;
Uiy Uj) =~ v 1
Q( J) fz: %ds

then by Lemma 2.3
Q(’U,Z,Uz) = J(ul,ul) = —f(ui) “TE. (27)
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Let == be a mean value, then

Qus, uj) — Qui,us) = (uj — ug) 7—. (28)

u is linear on E, therefore

T €
Vi _ 1 T L T !
oL e ([ () )
fw: ez—: ds Ja; € Ti cu h”
It is easy to see that

oQ
— =0(1
auj ( )Ul

By (26), (27), (28) we get

ev¥i(u; — u;)

[T et gs

z; €

J(uiyuj) = — flug) - 75 + wiO(uj — uy). (29)

We define a linear function p(z) = f(u;) - (x — x;), then apply the Laplace operator to obtain
Ap = 0. Let ¢; be the shape function on ; such that ¢;(z;) =1 and ¢;(x;) =0, ! € I;, then
by Lemma 2.1

0—/ Vp- Vvda:—Za”f (ui) - TEh; .
jel;

In view of the equation (6) and (29)

1/1 .
el (u; u
n+1_'u,z—f—— E a”{ nggll) l)—|—’U/iO(’U,j—ui)}hij:0.
/ ds
JEI T; €

Taking into account that a;; are non-positive we obtain (25).
We are now in a position to prove Lemma 2.7.
Proof of Lemma 2.7. Multiplying the equation (6) by u"Jrl and taking sum we obtain

D (uptt = ug) Agup ALY aq T (g, ug)hig (Pt = ul ) =0, (30)
k E

where we have noticed that ¢ and j are symmetric in J(u;,u;). Substituting (29) into (30) gives

n n u _U’l)
zk:(uk‘i’l — U'k)AkU/ +1 + AtZa”{W — f(ul) TE

T €

+  u;O(uj — uy) bhyj(u] ntl_ ;.‘“) =0, (31)
Let us study the terms in the brace in turn. First of all

ei (Uj — u;) ij(un+1 _ u’.”‘l) B _e’/’j (uj — ui)2

» - hij + R
Tj e¥ i j Tj ¥ ij 3
fxi € ds le € ds
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where v
e¥ih; n "
32?&(%’—%)(%“ wi —uftt 4 uy).
Jo] S ds

By Lemma 3.1

e%i hyj CeAt CsAt

|a;ij Rs| < fzJ 1% % gg |a”(uj { Z|all u)| + Z|ajl Ul_u])|}

By using the Schwarz inequality we obtain

e¥i(u; —u e¥i(u; — u;)?

Z Qi j z, ]ew dsZ) hij (Un+1 ?—H) (=14 C9) Z aij Whij' (32)
zl £ T; €

We notice that h;j/e <6, so the term u;O(u; — u;) in (31) can be estimated in the same way.

We turn now to the term — f(u;) - 7. Let F(u) be the entropy flux with respect to U(u) = “72,
then
0 = V-F(u”)daz:/ u"V - f(u")de
RN RN
= / u"tV - f(u") dx +/ (u" —u" TV - f(u") dx
RN RN
= / u"tV - f(u™) dx + Ry,
RN
where
Ri=3 | = v ) de
hence

|Rq| < ij@xm” - u”“|max|f’|/ [Vu"|dz.
T T

We take ¢ = Vu™/|Vu"|, then by Lemma 2.2 we get

|Rs| < C’ij@an — "t Z|aiTj|hij|u,- — ujl.
T

1<j

Moreover, by Lemma 2.2

/RZU”HV-f(u”)d:U = —;/Tf(u

—Zf (z7,nAt)) Vu"“/ dx
T
- Zzaijf (ur) - Tihij (uf ™t —uf ™),

T i<j

where 7 € T and ur = u(xr,nAt). Therefore

Z i f(u;) - Tehi (™t —u
E

Vut! dz

n+1
i)

= = > alif(w) - mehy (it —uit) = Rs — Ry,

T i<j
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where

s = Z ZalTJ(f(uT) - f(uz)) TEh”( n+l ;H—l)'

T i<y

In view of Lemma 3.1, (21) and (22) we have

[Bs| < OO fajlhisl flur) = flud)](jus - w]

T i<j
eAt|a;; eAt|a;;

+Z ghtz — ’LL[| + Z Mmj — ul|)

A; Aj
lel; lEIj
%
1—_ .
< oxn S (- St )
i<j I<m

> (- - mf)%

T’CU]'Q]'UI'Q I<m

We use the Schwarz inequality to obtain

S5 (- X ot ur) b

|Rs| <
T i<j <m

SY S-S uy)

T i<j T'CU;Q;U;Q; I<m
< Coey (— > af, (- Um)2> = Coe Y (—aij)(u; — u))?

T l<m E
e‘/’J uj — u;)?

< C(sz —aij) fxxjje: ds hij- (33)

By the same way we get the same upper bound of |R4|.
In addition we have

1
(= ™ > St - ()

N | =

We take § small enough, then by (32), (33) and (31) we obtain
1 n eAt eYih; 1
3 D () Ay — —~ Z ng(un —uf)® < 3 > (i) A
k

By summing them up with respect to n, (16) follows finally.

References

[1] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.

[2] B. Cockburn, F. Coquel, P.G. LeFloch, Convergence of the finite volume method for multidi-
mensional conservation laws, R.[.N0.290, Ecole Polytechnique,France, 1993.



100
3]
[4]
[5]

[9]

[10]

[11]

[12]

[13]
[14]

[15]

J.C. XU AND L.A. YING

B. Cockburn, F. Coquel, P.G. LeFloch, An error estimate for finite volume methods for multidi-
mensional conservation laws, Math. Comp., 63 (1994), 77-103.

F. Coquel, P.G. LeFloch, Convergence of finite difference schemes for conservation laws in several
space dimensions, Math. Comp., 57 (1991), 169-210.

B. Cockburn, S. Hou, C.-W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin
finite element method for conservation laws IV: the multidimensional case, Math. Comp., 54
(1990), 545-581.

B. Cockburn, C.-W.Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite ele-
ment method for conservation laws II: general framework, Math. Comp., 52 (1989), 411-435.
R.J. DiPerna, Measure-valued solutions to conservation laws, Arch. Rat. Mech. Anal., 88 (1985),
223-270.

T. Hughes, L.P. Franca, M. Mallet, A. Misukami, A new finite element formulation for compu-
tational fluid dynamics, LILIII and IV, Comput. Meth. Appl.Mech. Engng., 54 and 58 (1986),
223-234, 341-355, 305-328, 329-336.

C. Johnson, A. Szepessy, On the convergence of a finite element method for a nonlinear hyperbolic
conservation law, Math.Comp., 49 (1987), 427-444.

D. Kroner, S. Noelle, M. Rokyta, Convergence of higher order upwind finite volume schemes on
unstructured grids for scalar conservation laws in several space dimensions, Numer. Math., 71
(1995), 527-560.

D. Kroner, M. Rokyta, Convergence of upwind finite volume schemes for scalar conservation laws
in two dimensions, SIAM J. Numer. Anal., 31 (1994), 324-343.

C. -w.Shu, On finite difference and finite element shock capturing methods for conservation laws,
in Numerical Methods in Applied Sciences (ed. W.Cai,Z.Shi,C.Shu and J.Xu), Science Press,
New York, Beijing, 1996, 169-187.

A. Szepessy, Convergence of a shock capturing streamline diffusion finite element method for a
scalar conservation law in two space dimensions, Math. Comp., 53 (1989), 527-545.

A. Szepessy, Convergence of a streamline diffusion finite element method for scalar conservation
laws with boundary conditions, RAIRO Model. Math. Anal. Numer., 25 (1991), 749-782.

J. Xu, L. Zikatanov, A monotone finite element scheme for convection-diffusion equations, Math.
Comp., 68 (1999), 1429-1446.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


