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THE NUMERICAL METHODS FOR SOLVING EULER SYSTEM
OF EQUATIONS IN REPRODUCING KERNEL SPACE H?(R)*V

Bo-ying Wu  Qin-li Zhang
(Department of Mathematics, Harbin Institute of Technology, Harbin 150001, China)

Abstract
A new method is presented by means of the theory of reproducing kernel space and
finite difference method, to calculate Euler system of equations in this paper. The results
show that the method has many advantages, such as higher precision, better stability, less
amount of calculation than any other methods and the reproducing kernel function has
good local properties and its derived function is wavelet function.

Key words: Euler system of equations, Reproducing kernel method, Finite difference
method, Wavelet function.

1. Introduction

In recent years, more and more people are interested in solving Euler system of equations.
They presented various methods to simulate the flow of the complicated fluid field. It is well
known that Euler system of equations has described many practical engineering problems, such
as spherically symmetric flow, the flow inside a pipe, whose sectional area changed slowly, the
radius of curvature is large, sectional area is small and so on. And it not only describes the
incompressible ideal fluid one-dimension unsteady flow but also is the foundation for solving
Navier-Stokes system of equations, which describes the viscous flow, hence it lies at the heart of
fluid mechanics, that is why, solving Euler system of equations possesses important significance.
But the various methods given for solving Euler system of equations so far are only confined
to classical ones, such as finite difference and finite element methods, their effects are not
very well. This paper combines the reproducing kernel with the finite difference method and
gives the approximate solution to Euler system of equations. Numerical experiment results
indicate that the effect is very well. Because the reproducing kernel function possesses the
good local properties, such as the odd order vanishing moment, symmetry and regularity, its
dilation has fast attenuation etc., its derived function is a wavelet function which possesses even
order vanishing moment and anti-symmetry, regularity and its dilation has fast attenuation. So
reproducing kernel function possesses its operation superiority and the description superiority
of wavelet function, that is why the superiority of this method prevails over others. Firstly,
this method can command simply, conveniently and easily. Secondly, it can apply extensively,
especially solving complicated non-linear partial difference equations, which are solved hardly.
Thirdly, the method possesses the advantages of higher precision and better stability compared
with the others. In addition, we can construct two-dimension reproducing kernel space by
tensor product form and extend it to two-dimension Euler system of equations.
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2. Reproducing Kernel Space H?(R)

2.1 Definition of reproducing kernel space H%(R)

Definition. H?(R) = {u(z)|u(x) and u'(x) are absolutely continuous function in R, u,u’
and u" € L*(R)}. Inner product on H?(R) is defined as follows:

<u,v >= / (uv + 2u'v" + u"v")dx.
R
By reference [1], we know H?(R) is a reproducing kernel space and its reproducing kernel is:

(1+ |z = gle =4,

==

ka(z — &) =

namely
Yu € H*(R), < u(f),Ks(x — &) >=u(x).
Theorem. Let {z;}' , denote a system where x; are pairwise different nodes in R, and

let ¢i(z) = Ko(x — x;), then {¢;(x)}, is a linearly independent function system in H*(R),
we obtain an orthonormal system {¢F(x)}? , by Schmidt orthogonalization, where ¢} (x) =

2
> akigr(x), when {x;}2, is dense in R, {¢F}2, is an orthonormal basis in H*(R), namely
k=1

n

lim (H,u)(z) = u(e), where u(z) € HX(R), (Hyu)(@) = 3 (u,67)9}.

n—o0o

=1

Proof. Let
Ci¢1+ Capp + -+ Cngpp =0 (2.1)

We use proof by contradiction. Assume {¢;(z)} ; is linearly independent, we apply Fourier
transform to both sides of the (2.1), then we get

Cle—iamw + 026—1'%204' + .- Cne_m"w = 0. (22)

We may as well let C; # 0, obtain

C, . o

1= (22 i(x1—z2)w L. N (e —Tn)w 2.3

(Goeir e 4 g heilenani) 2:3)
By (2.3), we know there is one that doesn’t equal zero in Ci,---,C,, setting Cy # 0, then
g—f #0. Let x1 —z2 =91, ,21 — Ty, = Yn, g—f = ag, g—;‘ = a,, and by deriving (2.3), we get
0 = —(asy2e™ > + -+ + apype”n¥). (2.4)

Obviously ya, -, yn # 0, let asys = ba, -+, anyn = by, then (2.4) is converted into (2.5)
0= —(bee™ 2% 4 ... 4 be” W), (2.5)

Since by # 0, at least there is one of them doesn’t equal zero in b3, - - -, by, setting bz # 0,
and so on and so forth, we get c,e ¥"“ = 0 (¢, # 0) which leads to an absurdity. So {¢;}?*,
are linearly independent.
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By means of Schmidt orthogonalization of {¢;(z)}?;, we get

¢: = Zaki¢k($) (Z = ].,2,"',71)
k=1

let < ¢f,u >=0,¢=1,2,---, namely

i
Z apiu(zg) =0
k=1

it follows that u(x) =0, k=1,2,---
By the continuity of u(z) and the density of {z;}$2, in R we know {¢7}2°, is an orthonormal
n
basis on H%(R). So from (H,u)(z) = Y (u, ¢})d;, we get

i=1

(Hpu)(z) = u(z), n— oo
2.2 The properties of reproducing kernel function

Property 1. Let K(z) = Ka(x —0), then K»(z) = (1 + |z|)e™*! and K}(z) is a wavelet
function.

Proof. [, Kj(x)dx = 0 is obvious, and Kh(w) = (1;'#)2, K3(0) = 0. So K}(z) is a wavelet
function.

Property 2. Ky(z) and K(x) have odd order and even order vanishing moments respec-
tively.

Proof. In fact by representations of K»(z) and K)(z), it is easy to proof that

/ " K (x)de = / > K} (x)dx = 0,
R R
where n is a nonnegative integer.
Property 3. Ks(z) has symmetry and Ki(x) has anti-symmetry.
Proof. The result is obvious by the representations of K»(z) and Kj(z).
Property 4. Ky(z) and Ki(z) have regularity and their dilatations have fast attenuation .
Proof. In fact when n (n is a positive integer) is large enough, it is obvious that

Ky(x) = (1 + |z))e™ 1 < C,(1 + |z)™™ (C, is a positive coefficient)

=1 =

1
Kj(z) = Z|x|e_|9”| < Dp(1+|z])™™ (D, is a positive coefficient).
Property 5. K}(x)has neighboring region orthogonality, namely

when |b—a| =1, < Ky(x — a), Ky(x — b) >pg2(r)= 0.
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Proof.

I(a,b)
= < Kj(x —a), Kj(x —b) >p2(p)
= < Kj(z—a), Ky(z —b) >r2(r) +2 < Ky (2 — a), K3 (z —b) >12(R)
+ < Ky'(z —a), Ky'(x — b) >12(rR)
R Y i
+% < (iw)zefzawKz( ) (Z(U) zwaZ( ) >L2(R) +
+% < (iw)3€*iaw’K2( )7 (ZW) zbquZ( ) >L2(R)
2 .
= %fR u_ﬁT)zel(b_a)wdw
= Ki(b—a) - Ks(b—a)
= LA —|p—ape ol (K,(z) = Lelol),

thus, when |b—a| =1, I(a,b) = 0.
3. The Case for Single Equation
3.1 Construction of reproducing kernel finite difference method

Considering discontinuous solution to model equation as follows, namely nonlinear convec-
tive equation, since it is the typical model equation of unsteady fluid mechanics equations

ur+uu, =0 (t>0) (3.1)

First, we solve the u(z,t) with = € [0,1], we assume u(z,t) = 0 with z ¢ [0,1]. Then we
have u € H?(R).
By introducing a time step At and a time discretization to (3.1), we obtain

N (3.2)

where u" = u(z,t,) = u(z,nAt), uttt = 3““ , At is a time step.

Setting u"t! = Z bi¢; , where by =< u™t, ¢ >p2 (g, ¢ Z aidr, dor = Kao(x — ).
i=1
ag; is a coefficient of Schmidt’s orthogonalization. In {x}32 ), :Uk are pairwise different knots

and dense in R, applying theorem, we know {¢} is the orthonormal basis on H?(R).
Since u(x,t) is zero on = ¢ [0,1], we may as well set {2 }72, is dense on [0, 1], where x;, are
pairwise different knots. For

1 1 1
by =< u"t, E akiPk >H2(R)= E apu" T (zy) = E apiup
k=1 k=1 k=1

N i
Substituting u"** = 3> Y agup T ¢f into equation (3.2) we get
i=1k=1

u™ + Atu” ZZCL}” nL(gr)! . (3.3)

i=1 k=1
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Calculating the inner product of ¢, = Ka(x — x;) and (3.3), we get

n+1 + Atuy ZZamunH (¢5;) =up. (1=1,2,---,N)
i=1 k=1
namely
( N N )
> ¥ (A (61) + o = up
1= =1
N N
> 3 (Atuban(¢h,) + dai)uftt = up
i=1 k=i (3.4)
N N )
> X (Atufai (@) + Oniui ™ = u
\ =1 k=i
Let
N N
Z_:l Atutair (o)’ k22 Atulasr(df) -+ Atufann(iy)'
N N
N Z tujarg(P3,)’ 1+ kZ Atufaze(93) - Atujann(diy)’
= k=1 =2 ’
N N
S Atugon(i) L Atuken(di) o L+ Atujann (i)
B = (u udt o DT C = (uf,ul - u)T then AB = C, so B = A~'C. Making use
of the initial condition, we can get uj (k=1,2,---,N;n=1,2,---).
3.2 Error analysis
(3.2) follows that
w4+ Atu™ T — " = 0. (3.5)

Taking Taylor expansion of u™*! follows that u"™! = u™ + Atul + O(At?). Substituting into
(3.5) then we have

R u" + Atup + O(At?) + Atu™(ull + Atuf,) — u”
At(up 4+ uul}) + (At)*)u™uf, + O(At?)

(At)2umul, + O(At?).

So truncation error R = O(At2), when At — 0, ||R|| — 0, it has two order precision with

respect to time. Because u"t! = Z bi¢; is the project of u™*! on span{¢:}¥,, when {z}}32,
i=1
is dense in [0, 1], we have

lu"™t — Pyu"TH| = 0 (N — o)

Namely u™*! is convergent with respect to x.

Thus approximate solution using reproducing kernel finite difference method has higher
precision, at the same time that it is sensitive to the singularity, so that the approximate
solution can approximate perfectly to exact solution at the neighbor of the discontinuous point.
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4. The Case of System of Equations

One-dimension unsteady compressible Euler system of equations is: (4.1)

ou ou
— — =0 4.1
ot ox D
p u P 0
hereU=| u |, A=] 0 u p' |,c= ,/%p, turning Euler system of equations into
P 0 pc® wu

pt + pug +upy =0
U+ uty + plp, =0 (4.2)
Pt + kpug +up, =0

We can get its difference system of equations with respect to ¢

pn+1 + Atpnu;l+1 + Atunpg+l — pn
T+ Atuul T+ At(pn) T ipntl = un
pn+1 + kAtan,;H_l + Atunp;H_l — pn

where At is the time step.

Firstly, we evaluate p, u and p on [—1,1].

We may assume p, v and p equal zero when
x & [-1,1], it follows that p,u,p € H*(R).

N N N
Let p"tt = 3 bigy, u"™ = 3 cipf and p"tt = Y di¢f, where by =< p"t ¢F >y gy =
=1 =1 i=1

> aripp ¢ =<umt ¢F >y (py= Z apuptt, di =< p"t @7 >p2(p)= Z arpp ™, ¢ =
k=1
i
Y ik, O = Koz — xp).
k=1

We may set that in {z}}72,, ) are dense and pairwise different knots in [—1, 1].
Substituting them into difference system of equations, we obtain

N i
Pt 4 Atpn Z Z ”“( o) + Atu E E Gmﬂ”“((ﬁf)’ =p"
i=1 k=1 i=1 k=1
N i N i
W At YD S agup T (0F) + A(p™) Y S awapptH(67) = un
i=1 k=1 i= lk 1
N i
P+ kA" Y Py, agiuy " (9F)' + Atu” >y akipy T (0]) = p"

i=1 k=1

Calculating inner product of ¢ = Ko(x — ;) (I =1,2,--+,N) and above system, it follows

that
N i
pi 4 Atpr Y E aggup H(97;)" + Atuf! E 2 akipy " (8) = pf
lek 1 i= 1’61\1, .
?
w At 3 aiuy T (e5) + At(pp) P X Y arpp () = u
i— lk 1 i= lk 1

Pt + kAtpy Z ) agiuy (7)) + Atuf! Z ) arip " (6;) = pff
i=1k=1 i=1k=1
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Taking k,l =1,2,---, N, we obtain

( N N
5 S (AtuTau(@i,) + el + 3 3 AtpTan(@i,)ult + ¥ 0-pit = o
i=1 k=i i=1 k=i
N N . N N ) )
E E'(Atu%aik(qﬁ\%) +5Nz) e Z E AtpNalk(géNk)l n+ +EO pn+ =
le kﬁz 1 Z_ ]$_ 1 1
> 3 (Atufau(97,) + ol + 5 3 A (91 P+ D0 =g
=1 k=i i=1 ki
N N ) 1 )
> 3 (Atufan k) + byl 4 & kz AH(pR) (D3PI + T 0- gy =
1= =1 l i
N N
> X (Atutai(gfy) + o)pp T+ Z Z kAL ai(¢7,) ui ™ + 350 pf T = pf
i=1 k=i i=1 k=i
N N ) ) )
> 3 (Atufap($ag) + on)prT + 55 kAtpRai (x,) ui ™ + 350 o7 = pi
i=1 k=i i=1 k=i
Let A =
N . . v .
Iy Nday @) - Mibay)  dNda(g) - Ndag) p )
ki . ) = ' . . . ‘
. . g : L : : ; : :
ZA[ lﬁ@k((/),w) Lo +A”§am{ (/M/ Zmﬁmk(%)’ Al/jféq'm[(/?':w)’ 0 0
K1 o=
N N
0 0 ]+;Alzélalk((qk)f ng’aw((ﬁ;;), Zﬂqk(@;)yg" qu((dw)’/d
. F P = . . N k1 . ] ]
: E : N : ) : 3 N : : ;
¢ 0 ;NWM(%A)’ < DN o) ZA{q‘((/M)’/[f/ e Nap()/
f k1
N .
0 0 Z/‘mq"ﬁll(@k) Lo dagm) +Zﬂlé'a]k(@1} Allé'({m{(/‘}‘/v)l
; . . K7 ' . il ' .
: ) N " . : : : 4
0 0 Z:/\NI)Q(]]A(W’ /\ﬂlgn\\{@w‘/ Zﬂl a ((/)\7/ /+NL/7\I/7V’\,(@:,\)’
=
B = (p?+17pg+l,...7pfji\fr+l u?ﬂ S“,-- n+17p711+1,p2}+1,- ,prﬁrﬂ)

C = (p?apga te ,pnN,U?,’U/g, o 7“%71’?71’37 te 7pnN)T‘
Then AB =C,so B=A"'C.
5. Numerical Results

Example 1. Model equation

up+uu, =0 (¢ >0,z €10,1])
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given initial condition

then its exact solution is

1

T asesl

u(@,t) =9 -5 0<z<3
0 otherwise.

We make use of this paper’s method to solve the above equation. Following figure 1 and 2 gives
the numerical results, taking Az = 0.1 (the step of x)and A¢ = 0.1 (the step of ¢) (compared
with Lax-wendroff scheme).

1 4 T
: 7|
0.5 F . -]
0
o “ -\rw
=3 =3
2 . Peg)
5 O [ 5 ‘
2 5 4
o) ¥ 1‘{ 1 q’ Y
0.5 ‘i L . -6 L .
0 50 100 150 0 50 100 150
discrete point discrete point
Figure 1.Reproducing kernel solution (point) Figure 2. Difference solution (dotted line)
and exact solution(solid line) and exact solution(solid line)

Above results are consistent with preceding analysis, this paper’s method has better behavior
on a neighborhood of the discontinuous points.

Example 2. Considering the exact solution of one-dimension unsteady Euler system of
equations’s initial value problem, that is Riemann Problem’s discontinuous solution.

Let the initial values be constant distributions respectively at ¢ = 0, namely, when x < 0,
the distribution is p1,u1,p1; when > 0, the distribution is py, u2, p2. And it satisfies following
discontinuous conditions on discontinuous line.

pr(ur — Z) = pa(uz — Z)
prui(uy — Z) 4+ p1 = paus(uz — Z) + p2
p1E1(ur — 2Z) + prur = paEa(ug — Z) + paus

where Z is the velocity of discontinuous line = z(¢), E is the energy per unit volume jhence
Euler system of equations (4.1) has exact solution.

We make use of this paper’s method to solve it. Figure 3-8 gives the computing error curves
(compared with difference scheme). From these figures we can find that this paper’s algorithm
discussed is stable for the system.
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Fig 7. When Ax = 0. l,Al =0.1 ,the error of P in Fig8 When Ax = 0.1, Ar = 0.1 ,the crror of P in
reproducing kernel method difference method

All those numerical results above have shown that reproducing kernel finite difference
method given in this paper can capture efficiently shock wave, can approximate the true solution
exactly around the discontinuous points, and its unphysical oscillation is implicit, it possesses
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satisfied resolution ratio, simple scheme, small amount of calculation, so as to be extended and
applied easily.
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