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AN EXTREMAL APPROACH TO BIRKHOFF QUADRATURE
FORMULAS*!
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Abstract

As we know, a solution of an extremal problem with Hermite interpolation constraints
is a system of nodes of corresponding Gaussian Hermite quadrature formula (the so-called
Jacobi approach). But this conclusion is violated for a Birkhoff quadrature formula. In
this paper an extremal problem with Birkhoff interpolation constraints is discussed, from
which a large class of Birkhoff quadrature formulas may be derived.

Key words: An extremal approach, Birkhoff quadrature formulas.

1. Introduction and Main Results

In this paper we shall use the definitions and notations of [3]. Let E = (e)5! ", be an

incidence matrix with entries consisting of zeros and ones and satisfying |E| := >, . esx =n+1
(here we allow a zero row ). Furthermore, in what follows we assume that
(A) E satisfies the Pdlya condition

m+1 r

SN ewzr+1, r=0,1,.,n (1.1)

i=0 k=0

(B) all sequences of E in the interior rows, 0 < i < m + 1, are even.
Let S, denote the set of points X = (xo, %1, .., T, Tm+1) for which

O=x0<21 <. <Tpp <Tppy1 =1 (1.2)

and S,, its clousure. If some of the coordinates of X € S,, coincide, E is replaced by its
corresponding coalescence [3, p. 27]. Then by the Atkinson-Sharma Theorem [3, p. 10] the
pair (E, X) is regular for all X € S, and the quadrature formula of the form

| f@at) = 3 anr®ia) (1.3)

eir=1

is exact for all f € P,,, the space of all polynomials of degree at most n, where g(z) is a strictly
increasing function.

Among all quadrature formulas particularly interesting is the one which is derived from the
extremal problem:

/ B, X; 2)|dg(z) = min / (B, Y 2)|dg(a), (1.4)
0 YeS,.Jo
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where Q(z) := Q(F, X;z) = 2" + ... satisfies
Q(k) (:v,) =0, e =1 ey € E. (1.5)

As pointed out in [1], the quantity of the left side in (1.4) is the major term in the estimate of
the error of (1.3). Meanwhile, as we know, a sulution of the extremal problem (1.4) with Her-
mite interpolation constraints must be the system of nodes of corresponding Gaussian Hermite
quadrature formula (1.3) (the so-called Jacobi approach). But this conclusion is not valid for a
Birkhoff quadrature formula, the reason is that the basic condition (1.2) may be violated. An
important question is whether a solution X of (1.4) satisfies (1.2)? Only few papers discuss this
question for a proper Birkhoff quadratrue formula. One of them is given by K. Jetter [2]. The
main aim of this paper will give a sufficient condition that a solution X of (1.4) satisfy (1.2),
from which a class of Birkhoff quadrature formulas may be derived. To state our results, for
each i, 0 <i <m+ 1, let k; denote the smallest index k such that e;;, = 1 (when the i-th row
is a zero row, we assume k; = +00). Put

n

Hi = min{k,-,k,-_,_l}, n; = Z(eik + 6,‘4_17]3), 1= 0, ]., ey, M. (].6)
k=0

The main result in this paper is the following
Theorem. Let an incidence matriz E satisfy the conditions (A) and (B). Assume that
(C) there is an index I, 0 < I <'m, such that

i < pi, 1<,
{”’“—“’ , (1.7)
pi < pigr, 121
(D) for each i, 1 <i<m—1,
pitr
> (e +eiprn)2r+1, r=01,..,n;—1 (1.8)
k=i
and
Cipitni—1 = €itlpi+n;—1 = 0. (19)
Then each solution of (1.4) satisfies (1.2).
Moreover, (1.3) is exact for all f € Py, where
> ap QB X)) =0, i=1,..,m. (1.10)
k=0
eir=1

A specail case of this theorem when each interior row of E contains only one sequence can
be found in [2, Theorem 5.1].

In the next section we derive some auxiliary lemmas. The proof of the theorem is put in
Section 3. In the last section we give a remark. Our proofs use many ideas of [1,2].

2. Auxiliary Lemmas

First we derive some properties of the polynomials Q(x).

Lemma 1. [2, Lemma 2.2] Let E satisfy the conditions (A) and (B).

(a) The polynomials Q(z) depend continuously on X € S,,.

(b) For all X € S,, we have (—1)Q(z) > 0, = € [0,1], where € is the number of entries
eir. = 1 in the last row of E.
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(c) For X € S,, and k =0, ...,n, we have Q¥ (0) = 0 if and only if eg x, = 1, or equivalently,
QE(H)QFEFD(5) > 0 for small § > 0. Similarly, Q¥ (1) = 0 if and only if €1 = 1, or
equivalently, Q) (1 — §)Q*+HD (1 —6) < 0 for small § > 0.

(d) Property (c) holds true for any X € S, if the members ey, and e, 11,1, are replaced by
the entries in exterior rows of the corresponding coalesced matrixz E'.

As an immediate consequence of Lemma 1 we state

Lemma 2. Let E satisfy the conditions (A) and (B). Then

sgn QO (1) = ()t e =0, |
Lemma 3. Let E satisfy the conditions (A) and (B). Then
19 < +1)!, k=0,1,..,n+1. (2.2)

Here || - || stands for the Chebyshev norm.
Proof. The conditions (A) and (B) imply that for each k, 0 < k < n, there is a & € [0, 1]
such that
QR(g) =0, k=0,1,...,n. (2.3)

Thus

QP (t)dt
Ek—1

which, coupled with Q1 (z) = (n + 1)!, yields (2.2).
Lemma 4. If f € P,, has two adjacent zeros y1 < y> and f' has a unique zero y in (y1,y2)
then

2 ()] = <IQWYl, k=1,.,m+1,

. 1
min{ly —y1], |y — ye|} > W(w - Y1)

Proof. This follows from Markoff’s Inequakity. The details may be found, say, in [2, p.
1087].

Next, we give the main result in this section as follows.

Lemma 5. Let an incidence matriz E satisfy the conditions (A)-(D) and let E' be obtained
from E by coalescing the (j + 1)-th row to the j-th row for a fized j, 0 < j < m. Assume that
fOT’ X' = (.’L'(), sy Lj—1, g, Ljt2,-eny xm—i—l) with

0:$0<...<$j_1 <f<$j+2<...<$m+1:1

we have

/|Q(E',X';fv)|d9($)= min /|Q(E',Y;$)|dg($)- (2.4)
0 YESm-1J0

Then there exists a point X € Sy, such that

/0IQ(E,X;:C)If‘lg(fv)</0 [Q(E", X' 2)|dg(x). (2.5)

Proof. For simplicity we write Qo(z) := Q(E’, X'; z) and denote by Z(f,[a,b]) the number
of zeros of f on [a,b] counting multiplicities.

We distinguish two cases.

Case 1. 0 < 7 <m.

Let z; and x4 satisfy ;1 < z; <& < xj41 < Tj42. We are going to choose z; and z;41
so that (2.5) holds.
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Claim 1. There is a §; > 0 such that for each k, 0 < k < nj, we have

Z(QWit Ay =my —k, 0<k<n; (2.6)
for all § < §;, where
pi+k
Ac=loj,zin], 0=z —zj, me = Y (€ +€jp1n)-
r=p;
In particular, we have
Z(QWitni=k) Ay =k kE=0,1,2. (2.7)

In fact, by (1.8) we have Z(QWi+*) A) > my —k (0 < k < n; — 1). This inequality is also
true for k = nj, because m,; —n; = 0. So to prove Claim 1 it suffices to show that

Z(QWt Ay <my —k, 0<k<n;

holds for all § < §;, where d; > 0 is a certain constant. Suppose to the contrary that for some
k, 0 <k < nj, we have Z(QWitk) A) > my, —k+1forany 6 > 0. If k = n; then this means
Z(QWwitna) JA) > 1. If k < n; then this stipulates at least my, — k Rolle’s zeros of Qi T++1) ()
in (:cj,:cj+1). Thus

Z(QUWTRD A) > my — k4 € ki1 + €tk = i —k = mppn — (k+1) + 1.

That is to say, by induction we can again obtain that Z (Q(”f“‘i), A) > 1, or equivalently, there

is a & € A such that Q#5+7) (&) = 0. Since § > 0 is arbitrary, we get Q(()”j+nj)(§) =0asd =0
by Lemma 1. On the other hand, Condition (C) implies that the sequence of 1’s in the j-th

row of E' is not supported and hence Qé‘”ﬂ”)(f) = 0 would lead to 29 = 0, a contradiction.

(2.7) follows directly from (2.6), (1.8), and (1.9).

This proves Claim 1.

For an arbitrary but fixed §, 0 < § < min{d1,& — ;1,242 — &}, when z; moves from & —§
to £ by Lemmas 1 and 4 the unique zero of Q(“J’“‘”J’_l)(x) in A must move from the left side of
€ to the right. So we can choose x; and i1, zj—1 < @; <& < ®jp1 < Tjy2, such that

Qitni=1)(¢) = 0. (2.8)
By Claim 1 we have that for small § > 0
Q(mitn;—2) (g)g(uﬁm)(f) <0

and hence
QUi =2 ()0 ) () < 0. (2.9)
Applying the quadrature formula for the pair (E', X') to the polynomial @ — Qg yields

pjtmng—2

/0 12(a)|dg () - / 12 ()| dg () = / (100~ @)dglr) = 3 MP(e). (2.10)

k=p;

Since the sequence of 1’s in the j-th row of E' is not supported, by the same arguments as in
[2, p. 1088] we conclude

sgn Q27 (€) = sgn Ay ny —2(6) = €5, (2.11)
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(_1)“]-7 .] < I:
6]' = .
L J=>1
According to Claim 1 let &y < &op < ... <&k (ik := my — k) be the zeros of Qitk) on

A, OSkgn]—l
Claim 2. If iy > 2 and i > 2 for k£ > 1 then

(2.12)

Cir ke — S1k 2 5 [Cix 1 k=1 — &1 k—1]- (2.13)

1
(n+1)2
In fact, from &1 k-1, .+, §ip_y k—1 We get i1 — 1 Rolle’s zeros &) ,...,&; | ;, which satisfy

Sk <& <&r1 <o <&y 1k <& 1k < il ko1

Of course {};, ...,f;k_rl’,c} C {&k, s Cin k)
By means of Lemma 4 we obtain

1
!
— _ > - 1 = _
€15 — Eoe—1] > 2(n+1)2|51,k 1= & k-1l

€101 — &Gy 1] > m%ik_rmfl — &y k1]

Adding these two inequalities and then adding &;, , 1x-1 — &,k—1 to the both sides of the
resulting inequality yields

1
Sy 1k — 1kl 2 mk.ikfhk—l — & k—1]-
Since &k — &1k > &, 1 5 — &1y, the claim follows.
As an immediate consequence of Claim 1 we state the following
Claim 3. If r is the largest index k < nj—2 such that iy, = 1,thenej ;4,11 = €j11 4 4741 =
land i > 2, r+1<k<n; -2
Combining Claims 2 and 3 directly yields

Claim 4. We have 5

o — > 2.14
§2,n;—2 — E1ny—2 2 Bt D (2.14)
Claim 5. There exists a 62 > 0 such that for all § < §> we have
QTR ()] < ¢ |QFTRI=D (g)|gmi—h 2 £ =0,1,...,n; — 3. (2.15)
Here ¢; is a constant depending only on n.
Indeed, using Q®itk) (£,) =0, 0<k < n; — 1, and the Taylor expression for Q(x)
n+1 1
Uz) = ;ﬂ(’") (ICERIL (2.16)
r=0 '
we obtain
(i +h) S 1 (r)
Qith(6) = — —b - kg =0,1,.n; — 1. (217
(6) Z (T — i — k)' (f)(flk f) ) y Lyl ( )
r=p;+k+1
Hence
n+1
QU< ST jQWElem T, k=0,1,.m5 - 1. (2.18)

r=p;+k+1
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It follows from (2.2), (2.8), and (2.18) by induction that
|QWTR) ()] < 0™k k=0,1,..n; — 1. (2.19)
On the other hand, by Lemma 4 it follows from (2.17) and (2.14) that for small § > 0
|Qki+ni=2) (¢))|

1 s ()
_ (nj+n;j) _ _
> 5 1)) (€1,n;—2 — €)° > Y

—pi—ni+2
o (§iny—2 —§"THIT
r=pj+n;+1

> 7005 (€)| (€1, 2 — €1

1 5
> e e T Ol 2 = o)’

1

> = 1omitng) 2

which, coupled with (2.19), gives (2.15).

Now in this case the lemma follows from (2.9)-(2.11) and (2.15).

Case 2. j=0orj=m

We give the proof for the case j = 0 only, the one for the case j = m being similar.

In this case X' = (xg, 2, .., Tm+1) € Sm—1- We apply the quadrature formula for the pair
(E', X") to 2 — Qg to get

n+1

/ 12()|dg(a / Qo@ldgl) = 3 MM (0 (2.20)
k=po
66k21
Let ep, = ... = €;,, = 1 be an arbitrary sequence of 1’s in the O-th row of E', i.e., p =0 or

€op1 =0aswellasr =norep, ., =0, which satisfies Q(¥)(0) # 0 for some k, p < k < 7.
Put ¢ = max{k: Q®(0) #0, p <k <r}. Then it is easy to see that

D et =Y (eok + err)-

k<q k<q

Since } ;. eir is even, 3o, o (e, + €ox) is even and hence 3, (e, + €ox) is odd.
Let E¥ be obtained from E’ by replacing the 1 in position (0,q) by 0 and let Qy(z) :=
Q(E*, X';x). Then by Lemma 2

sgn [29(0 )Q(q (0)] = (=1)Zr<alconteor) = _1

On the other hand, we see that the polynomial Ql(w)/ﬂg(n (0) of degree n is the fundamental
function for the pair (E*, X') corresponding to position (0, ¢) and does not change sign on [0, 1].

Hence
0(9) ()
sgn A, = (—1)“sgn { } =sgn 2;7(0).
i (0)

Thus
A,09(0) < 0.

This shows that

q
> 0™ (0) <0
k=p
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for small ¢ > 0. Then the right term of (2.20) is negative for small § > 0, which proves (2.5).

3. Proof of Theorem

Suppose to contrary that (1.2) does not hold for a solution X of (1.4). If we discard
multiplicities in the coordinates of X, we get the point

X* = (25,27, %py), 0=z <] <..<mpyy =1, p<m, (3.1)

in which, say, 2 = 2p = 2p11 = ... =24, 0<p<g<m+1 Let E* be the corresponding
coalescence of E and let E be obtained from E* by decoalescing the j-th row into two rows:
the first one corresponding to the p-th row of E and the other corresponding to coalescence of
rows i = p+1,...,q of E. Clearly, we have

1 1
|19 X ia)dg(a) = min [ 100", Vo) dy(a). (32)
0 veS, Jo

We note that any coalescence of E again satisfies the conditions (A)-(D). According to Lemma
5 we conclude that there must exist a point

X ={z5, .., zj_p, 2 2", 2}, .5} € Su
such that ) )

| 10E.Toldgo) < [ 108", X5 0)ldg(o), (33)

0 0

which contradicts the assumption. This proves the first conclusion of the theorem.

As an immediate consequence of the above proved result, using necessary conditions for a
solution of (1.4) satisfying (1.2) which are derived by Jetter in [2] with the method of Lagrangian
multipliers, we can conclude that (1.3) is exact for all f € P, and (1.10) holds.

4. A Remark

The following example shows that the condition (1.9) may not be omitted in general, even
if the two subsequent rows of E have a common column of entries e;;, = 1.
Example. Let g(z) = = and

110011
E= 11000 0]
Then z; = x = 1 is the unique solution of (1.4).

In fact, it is easy to check that (y := z2 — 1)

Q(z) =3yt (x — 1) — 4 (x — 21)% + (x — 21)5,
1
/ Q(x)dr =y*(32? — 321 + 1) + y3(4a? — 627 + 42, — 1)
0

2
+ 28 — 323 + 527 — 52 + 32 — 2y + =

7
::f(xlay)'

o _

5oy = 0 gives

3yt(2z; — 1) + 4y%(327 — 32y + 1) + (22, — 1)(32] — 623 + 72 —da; +1) = 0; (4.1)
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g—£ = 0 gives

4y* (323 — 3wy + 1) + 3y* (27, — 1)(22% — 221 + 1) = 0. (4.2)
(4.1) minus (4.2) yields

1
2z — D[12(y* — 22 + 21 — 5)2 + (2z; — 1)’] =0.

This, coupled with (4.2), shows that z; = %, y = 0 is the unique solution of the system of
equations.
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