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Abstract
In this paper, a dual approximate expression of the exact solution for mixed boundary
value problems of second order elliptic PDE with small periodic coefficients is proposed.
Meanwhile the error estimate of the dual approximate solution is discussed. Finally, a
high-low order coupled two-scale finite element method is given, and its approximate error
is analysed.

Key words: Two-scale FEM, Mixed boundary value, Small periodic coefficients.

1. Introduction

Composite materials have been widely used in high technology engineering as well as or-
dinary industrial products since they have many elegant qualities, such as high strength, high
stiffness, high temperature resistance, corrosion resistance, and fatigue resistance. Most of the
composite materials have small periodic configurations. Thus the static analysis of the struc-
tures of composite materials usually leads to the boundary value problems of elliptic partial
differential equations with small periodic coefficients. Solving these problems by classical fi-
nite element methods is difficult because it usually requires very fine meshes and this lead to
tremendous amount of computer memory and CPU time.

In order to solve this kind problem, many authors have proposed some useful methods, such
as homogenization method, upscaling method, multiscale method, and so on (see [3] [5] [6]
[7] [9] [10] [11] [12], and references therein). The two-scale method couples macroscopic scale
and microscopic scale together, it not only reflects global mechanical and physical properties of
structure, but also the effect of micro-configuration of composite material. Using this method,
we can solve elliptic boundary value problems with small periodic coefficients by solving a
homogenization problem with coarse meshes in whole domain and a periodic problem with fine
meshes only in one small periodic subdomain.

However, most of authors only discussed pure Dirichlet boundary value problems. For mixed
boundary value problems there are some difficulties. The main difficulty is that one can not
obtain an asymptotic expression of the exact solution. It is well-known that mixed boundary
value problems are very important in composite materials and applied mechanics. So we should
study solving methods for the mixed boundary value problems arising from composite materials
and the structures with small periodic configurations.

In this paper, we consider the mixed boundary value problem of second order elliptic equa-
tions with small periodic coefficients. Instead of asymptotic expression, we propose a dual
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approximate expression of the exact solution. The error of dual approximate solution is given.
In order to couple macroscopic and microscopic analysis, we give a high-low order coupled
two-scale finite element method, i.e., using high order finite elements with coarse grid size to
approximate macroscopic problem in whole domain, while using low order finite elements with
fine grid size to approximate microscopic problem in one small periodic subdomain. Based on
this idea, the error of finite element approximate solution is obtained.

The remainder of this paper is outlined as follows: In §2 we introduce the problem and
some notations. In §3 a dual approximate expression of the exact solution and its error are
presented. In §4 a high-low order coupled finite element method is proposed and its error
estimate is discussed.

In this paper, C (with or without subscripts) will denote a generic positive constant with
possibly different values in different contexts. For any domain D, we use Sobolev space W;"(D)
with Sobolev norm [|-[|w»(p) and seminorm |-|wm p) (see [1]). If D = €, we omit D. Moreover
if D = Q and p = 2, we denote the usual L? inner product by (-, -), the Sobolev norm by || - ||,
and seminorm by |- |,,. Also we use Einstein summation notation, i.e., repeated index indicates
to sum.

2. Preliminaries

Assume bounded domain 2 C R? to consist of entirely basic configurations, i.e., Q =

> €(z + Q), where and hereafter € is a small positive number,
zel©

IF={z€ 2% | e(z+Q) C N},
Q={y | 0<y; <1l,i=1,2}
Consider the following problem

Lut=—-v-(a*vus)=f, in Q
ut =0, on Iy, (2.1)
atyJut-n=g, on [y,

where a¢ = (a;; (7)) is a bounded symmetric positive definite matrix of the functions with small
period €, f and g are sufficiently smooth functions, n = (n1,n2) is a unit outer normal vector,
Fl = 6Q\F2 75 @, FQ is defined by

Ty = ] (0e(z+ Q)N 0, I5CI.

z€l5

Let y = £ and a = (ai;(y)) = (aj;(x)), then a;; is a periodic function with period 1. Assume
a;j(y) to be one order smooth. First we introduce periodic function N (y) which is the solution
of the following equation

_%(a”%) = Biyia““ in Q; (22)
Nk — 0, on 6@

Then we define a constant matrix a® = (a;) by

ON;
G/?j = /Q(a” + alkﬁ]j)dy
Also we define function u°(x) to be the solution of the following equation
—v-(@vu)=f in Q

uo = 07 on Fl, (23)
a®7ul -n=g, on I's.
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Finally we introduce the notation g;; defined by

ON; 0
9ij = Qij + aika—yk — Q-
From the definition of L¢ we know
0 0 0 0
Lf = — —1_~ \,.. = -1_~
(3.% +6 5y,)a”(y)(5x] +6 6y])
= ¢ 2Ly +e 'Ly + Ls, (2.4)
where variables x and y are independent and
0 0
L= —— (@ ——
! dyi (i dy; )
0 0 0 0
Lo = — — (@is—) — — (s ——
2 8yi (a” 8:n,~ ) 8:61 (a” 8yj )7
82
Ly =—a;;——.
3 i 85618517]

3. Dual Approximate Error Estimate

Define dual approximate expression of the solution u€ of problem (2.1) by

c 0 1—,0 Ou’
ui =u t+eu =u +6Nk8—:vk’ (3.1)
where u’ and Nj are defined by (2.3) and (2.2) respectively. In this section, we discuss the
error ||u¢ — u||;. To this end in view, we first derive the equation satisfied by u® — uS.
Lemma 3.1. Assume u® € H3, then u® —u$ is the solution of the following mized boundary
value problem
L(u —uf) = — v (e v (u —u)) = £, in @

u¢ —uf§ =0, on I,
a7 (uf —uf) -n=g", on I,
where
0*u® 0 0*u® 03u®
* g 4 (4N — N —
f 9ij 8331833] + 8yz (a” k) 8@38% + ij Nk 8xi8x]~8wk ’
. ou®
9 = —Gij a—m]m
Proof. From (2.4) and (3.1) it follows that
Lu$S = (e ?Ly+e 'Ly+ L3)(u® + eu')
= 672L1U0 + 671(L1U1 + LQUO) + (L2U1 + Lguo) + 6L3U1. (32)
Since variables x and y are independent and Ny satisfies (2.2), we have
0 ou®
Liw’ = ——"(a;;—) =0 3.3
1u 5?/@ (a’l] 6y] ) ) ( )
0 ON,, Ou® 0 ou’ 0 ou°
Liv' + Lou® = ——(a;——) — —(a;i —) — — (a;; —
L Bau Jy; (aiy Oy; 6:ck) Jy; (aiy 8xj) ox; (aiy 8yj)

9, 0N, 0 ou®
= _{8_g/i(a” 6—yj) + 6—yi(azk)}a—xk
=0. (3.4)
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Using (3.2)-(3.4) yields
LS = Lou' + Lsu® + eLsut
0 0%u0 0 AN}, Ou®
= _ N, a..
Oy; By, i 8x]8wk) ox; (s
8%u® 83u?
a2 eqiiNe—Z2
ij 8331833] ij Nk 83318517] 8:Uk

0y; Oy

By equality
0 ou®
€ __ f _ ( 0

0x; Wax)

we deduce that

€ € € aN] 0 82U0
Lf(u® —uj) = {ay+an —5yk — aij}@x,-@xj
0 8%u® o3uY
—(ai; N iiNp —————
MG RO v e B s e e

= f* in Q.
From (2.1)-(2.3) it follows that
ou?

u® —uj =uf —u° —eNkaxkzo, on I'.

Finally noting

o} o} Ou®
a*vuin = az‘j(% +6_1—.)(u0 -I-eNka—Zk) o
j
ou® 0*u® oul  ONy Oul
= il =— N _1_
a;(a% t+e kaazjaxk +e 993 + 5 By; &’Uk) n

Ny o ou’

|
S
S
+
<
<
Q
<)
S
+
[0
8
<
=

combining this equality with (2.1)-(2.3) we obtain

ou®
a®vy (Ut —uj)-n g”6 n;=g¢% on Iy

Thus the proof is completed.
Let Ng(x) = Ni(%), we have the following estimate about Ng(x).
Lemma 3.2. ||Ni|lo < Cie|Ni|1 < Cy and [Nf|, < Ce?
Proof. On the one hand, since Nj, € H} (Q), by Poincare inequality we have

1Nkl 22 (@) < CINklm (@)
From z = ey it follows that
INEll 22(c@) < Ce|Nilmt(eq)-
Summing over all inequalities for e(z + @) with respect to z € I€ yields

INllo < CelNia.
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On the other hand, Nj, satisfies the following equation

ON; _ .
_ai;i (aze'j ax]k) =t 8(0901- (agy,), in €Q,
Ng=0, on 0(eQ).

Then N satisfies the following variational equation

(a ON; Ov v

- =—cYa5, — )
ij Oxj’ 8xi)€Q € (ag, 8:Ui)€Q’ Vo(z) € Hy(eQ)-

Taking v = N in the above variational equation we obtain

. . ON; ONg
i € 0505, 2
_1, . ONg
= —€ 1(aik, 6$f)EQ
2
< e O aslliz o) N B (@)
i=1

Summing over all inequalities for e(z + @) with respect to z € I€ yields
|N]§ |1 S 0671 -

Finally, since a;;(y) is one order smooth, problem (2.2) has H? regularity (see [8]), i.e.,

1Nulleiay < Crllg-aalizg) < C,
which follows that
INEl T2 (eq) < Ce.
Summing over all inequalities for e(z + @) with respect to z € I¢, we obtain
INfla < Ce2.
Let gi;(x) = gij(£), we have the following result.

Lemma 3.3. [|g5;llo < C1 and |g5;|1 < Cae™.
Proof. From the definition of g;; we know

€ _ € € aN; 0
9ij = Gy + eaika—wk - Q-
By Lemma 3.2,
€
oo <l llo + ellagellmll o+ Clady .~
< (.

Using the assumption on a;; and Lemma 3.2 yields

€ ¢
951 < laf;h + €(|a§k|W§o”6—$ZH0 + |az6'k|L°°|_6$]: 1)
< Ciet+ 026(671|N;|1 + |N5|2)
< Ot

Let lf ={y | y; =t,0<y; <1,i#j}, we also have the following result about g;;.
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Lemma 3.4. Function g;; satisfies the following relations
Q

—gik=0, k=12
ayigzlc ) ) &

/_gjkdsz(l, VteR, j,k=1,2.
I

Here in (3.7) there is no summation over j.

Proof. Relations (3.5)-(3.6) follow directly from the definitions of aj; and N;. Next we prove

(3.7). To this end, denote by Q7 ; the set
Le={y | <y <0<y <Li#j}

Multiplying (3.6) by y; — ¢1 and integrating over Q{lt yields

0
0 = —gie(y; — t1)d
/Qj 6yigm(yg 1)dy
tit

/ _ gik(yj_tl)nids_/_ girdy.
Q7. Qiye

Since g;1 is a periodic function with period 1, we derive that

/_ gjk(t — tl)ds = / ) gjkdy.
I Q

J
tyt

Choosing t; =t — 1 and takig into account (3.5) we obtain (3.7).
Lemma 3.5. For any v(z) € H*, the following inequalities hold

|/ gijnivds| < Cel/z|v|1, j=1,2,
s

|/ gijvdz| < Ce|vlr.
Q

Proof. From the definition of [y it follows that I's consists of 1-dimensional surfaces of the
squares €(z + @) for z € I which lie on 9€2. Denote by 0']1~, - ,O';j the 1-dimensional faces of
the squares e(z + Q) for z € I such that a;? is parallel to z; = 0 and lies on 'y, j = 1,2. Thus

2 Uy
— k
SV
j=1k=1

Since the component n; of unit outer normal vector on a}“ equals zero for i # j while

|nj| =1, from (3.7) we get

/k gunids = /k gjmnjds =0,

here there is no summation over ¢ and j.

(3.8)

Denote by q}“ the square €(z + ) whose surface contains Uf. Define operator P|» = PJ’C,
2

where Pj’c is defined by

1
Pfu:—k/udx, k=1,2,---,1;; j=1,2.
|qj'| ak
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Using scaling argument, trace inequality, and Bramble-Hilbert Lemma, we can prove
k 1/2 _ A
||’U_Pjv||L2((7;“) SCE/ |’U|H1(q;?)7 k_]-727"'7lj) ]_172

By the definition of P, above inequality, equality (3.8), and Lemma 3.3, noting that g;; is a
periodic function, we deduce that

| [ gunivds|? (gt — Pgi)ni(v — Pv)ds|?
T 2

2

< > lgi = Pgallizopllo = Pollizr,)
i=1
2 2
2 5) 3 DT AN
i=1 j=1 k=1 !
2
< 0632|gil|§{1(9)|v|i]1(9)
i=1
2
< Cefoly.

Thus we obtain the first inequality. In order to prove the second inequality, define local L2-
projection operator II by

Il . =1, Mv=-——+— de, Vzel-.
| (24+Q) z 20U (= + 0)] /e(z+Q)v T z

By scaling argument and Bramble-Hilbert Lemma
lv — sz||%2(€(z+Q)) < Ce2|v|%{1(€(z+Q)), Yo e H', Vzel-.
Summing over all z € I¢ yields
lv — || < Celv]y, Vv e H'.
Using (3.5), the definition of II, and Lemma 3.3, we obtain

| / gijvdz] = | / (937 — Tgi;) (v — Thw)da]
Q Q

195 — Wgijllo[lv — Huvl|o
Ce|gijhlvh
Celol..

INININ

Hence the proof is completed.
Now we prove the main result of this section.
Theorem 3.6. Assume u® € W2, then the following inequality holds

Jut — il < C(ellu’llwg, +€/*[[u’llwz,). (3.9)

Proof. From Lemma 3.1 we know u¢ — uf satisfies the following variational equation
(@ (u — ), vo) = (7o) + [ guds, Yo Hip, (@), (3.10)
T2

where and hereafter H&Il(ﬂ) ={ve H' | v|p, =0}.
In (3.10), taking v = u® — u§, using integration by parts yields

Clu —uiff < (a7 (u —uf), v(u - uj))

|/f u—ulda:|—|—|/ *(u® — u)ds|

IN
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8%ul
< i ———(u —ub)d
< | [ gy = i)l

o 0% .,
+€|/az‘ija—$i(W(U —uy))dz|

83 0
+e|/ a;j Ny 5 8:638%19( — uf)dz|

oul
+| gz] a ni(u® —uj)ds|.

By Poincare inequality, Lemma 3.2 and Lemma 3.5 we obtain

lut —uilf < Crefu’lws [Ju® — uillo + Caelu’wz [uf — ufls
+C3e" 2wz [l — usllo + Cae'?|ul [y Jus — us |y
< Clellu’llws, + €2 [lu’llwz))u® = uils.

From this it follows that

Jus =il < O(ellu®llwg, +€/*[lu’llwz).

4. High-low Order Coupled FEM

According to the expression of u, in order to obtain numerical solution of equation (2.1),
we only need to compute u® and N;, by finite element method. u is computed in whole domain
2, while Ny is computed only in one periodic subdomain. The grid size in computing u® is
generally larger than that in computing Ni. To match numerical approximate errors of u? and
Ny, one can use high order finite element method to compute u°, but low order finite element
method to compute Nj. Here we use quadratic Lagrange finite element method to compute u?,
while linear finite element method to compute Ny.

First we consider the finite element approximation of periodic solution Nj. The weak form
of problem (2.2) is to find Ny, € H}(Q) such that

ON, v v
(@ g0 = ~(ask e W0 € Hi(Q). (4.1)
Let T be quasi-uniform partition of @ with grid size h, V;, C H(Q) be linear conforming
finite element space defined on 7. The finite element approximation of problem (4.1) is to find
N[* € Vj, such that

ONJt v ov
Qi 8y 8y ) —(a,-k, 8_y~)Q’ Yv € Vj,. (4.2)
J 2 A

Using standard argument, we can obtain the following result.
Lemma 4.1. Assume Ny and N} to be the solutions of problems (4.1) and (4.2) respectively,
Ni, € W2(Q), then we have

Nk = N llz2(@) + BINE — Nl @) < Ch?|Nilm2(0),
Nk = Nl (@) + BNk = Nitlwe (@) < Ch®|Inh||Ni|wz (q)-

(a

Next we consider finite element approximation of the homogenization solution u°. The weak
form of problem (2.3) is to find u® € Hg . (Q) such that

(@ v, vv) = (f,0) + / guds, Vo e Hbp (9. (43)



Two-Scale FEM for Elliptic Mixed Boundary Value Problems with Small Periodic Coefficients 957

According to the definition of a°, a® can be computed by a and N;. Unfortunately, N;
is unknown. But we can use Njh to approximate N;. Based on this idea, approximate a° is
defined as follows.

ON
! )d

Y.

Oy )

Lemma 4.2. If N; € W1 (Q), then the matriz a® is bounded symmetric positive definite,
moreover if N; € H?(Q), then for sufficiently small h, a) is also bounded symmetric positive
definite.

Proof. First we show a° is symmetric. In (4.1) taking v = N;, we obtain

aj, = (a?}h)a a?jh = / (aij + aik
Q

ON; ONy 8Nl
J Gy + Gy =
From this equality, it follows that
(N, + O(Ny +
I, = / (Vi yl)aij ( g yk)dy

Yi

ON; ON ON; ONy,

= /Q(a—yllaljﬁf + ay azjék] +5ha” a +5ha”6k])

/(%a“—aNkwLaNla +a ONi + a)d
o 3yi ij 63}]’ 3yi ik l]a k)Y

ON,
= /(alk"‘al] By k)dy
Q

= alka
where d;; and d;; are Kronecker symbols. This implies
0 0
ap = I = i = ay,
0

ie., a’ is symmetric. Similarly we can show a) is symmetric.
Next we prove that there exist positive constants 7; (1 < i < 4), such that

m (& + &) < &ad; <m(Ed +63), (4.4)
(&8 +65) < Gia"& < ma(& + &) (4.5)
Noting
0 0
Liagi&; = / 6—[§i(Ni + yi)]akla_yl[fj(Nj + y;)ldy
> CZII fz (Ni +y)lll72(q)

if fia?jﬁj = 0, then we have
& (N; + y;) = constant.

Since NV; is a periodic function, we must have & = 0, i.e., a® is positive definite.
Using the hypothesis N; € W1 (Q), we obtain

ON;
a6 = /(fz’azjfj +§iaikﬁkjfj)dy
C(& + &) max, |N lw (@)
c(& +fz)-

IN

IN
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Thus (4.4) holds. To prove (4.5), taking v = NJ* — N, in (4.1) yields
ONy O(N!' —=N),  _ ON/ — Ny)
(alj ayj ’ ayz )Q - (alkH ayz )Q
= ay — azlh. (4.6)
Subtracting (4.1) from (4.2) and taking v = N/*, we obtain
(a”a(zv,g — Ni) ON}
Y dy; " Oyi
From (4.6) and (4.7) it follows that

) =0. (4.7)

d(NM —N;)  O(Nh— Nj)
0,h _ i J J
|aij - ij| = | / : Akl a1 dy|
< CIN}' = Nilg )|V} = Nilu (@)
< CRW|Nilu2(0)|Njlu2(q)- (4.8)

For sufficiently small h, from (4.4) and (4.8), we know (4.5) holds.
Substituting a® by af in problm (4.3), we obtain the following problem: find @® € Hg . ()
such that

(ﬁvwwwzmw+ﬁmm,w6%ﬂm» (4.9)

From Lemma 4.2 we know that problem (4.3) or (4.9) has a unique solution.

Let Ty, be quasi-uniform partition of Q with grid size hg, V3, C H&Il (©) be usual quadratic
Lagrange finite element space defined on 7, . The finite element approximation of problem (4.9)
is to find @} € Vj, such that

(ap 7 uy,, 7v) = (f,0) +/F guds, Vv € Vp,. (4.10)

Obviously, (4.10) has a unique solution. Using standard argument, we can show the following
result.

Lemma 4.3. Assume u® and ) to be the solutions of problems (4.9) and (4.10) respec-
tively, u° € H3, then we have

18° — @y llo + hola® — afy |1 < ChE|a’ls.

Now we estimate [lu® —af) ||:.

Lemma 4.4. Assume u° and E?LO to be the solutions of problems (4.3) and (4.10) respec-
tively, @° € H® and Ny € H?(Q) to be the solutions of problems (4.9) and (4.1) respectively,
then we have

[lu® = up, |l < C(Rgla’ls + 12[a°)y).

Proof. From (4.3) and (4.9) it follows that

(a® v (u* = a%),wv) = ((ah —a®) v @°, vv), Vv € Hyp, ().

Taking v = u® — 4 in the above inequality, using Lemma 4.2, inequality (4.8), and H? regularity
of problem (4.1), we obtain
Gl - < (v W — @), v — %)
= ((a —a®) va°,v(u’ —u”))
< Ool? max, N[22y [u” 1 ]u® — a1
< Coh? max |6 aij|3- Q)|u |1|u® — a@°|;

S C’gh2|u0|1|u —U0|1,
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which implies
|u® — @’y < Ch*|a’|;.
By Lemma 4.3 we get
[u® — @’y + |a° - |x
C(hgla®ls + 1?|a’f).

An application of Poincare inequality completes the proof.
Finally we give a numerical computational formula of u¢ as follows.

=0
oty
6$k

<
<

eh =0 h
Uho = uho + CNk

For any v|, € HY(7), T € Th,, define
ol = (Y [olfne)'*
TETh,

The main result of this section is the following Theorem.

959

Theorem 4.5. Assume u® € W3, to be the solution of problem (4.3), @’ € H? to be the
solution of problem (4.9), and Ny, (y) € W2 (Q) to be the solution of problem (4.1), for simplicity

we also assume € < hg. Then

e = lny < Clellullws, + €720l + (B[as + h?[aLs

0 0
+h|u’lwz + €eholu |3)1I£,?§2|Nk|WEO(Q)}-

Proof. Let f/ho be linear conforming finite element space defined on 7p,. Assume Il :
H? — V},, to be usual interpolation operator. According to the definitions of u$ and uif, using
inverse inequality, Lemma 4.1, Lemma 4.4, and the estimates of interpolation errors (see [4]),

we deduce that
0 0 90

eh 0_ 70 hy OU n, Ou y,
5 = w10 10 = o + el (Ve = NS N (5 = G

_ h
< |u0 _ u%0|1 + 61?1?%(2“]\[]“ - N, |1|u0|Wolo
h h _
+|Ni = N lolu’|wz, } + € max, INgw [u® = @y, 1y
ou® ou® ou®,  dup,

h M, (2 ~1 dUy_
eV =l = T (Gl + Chg My (55) = o)

0 =0 —1 h 0
< |u —uh0|1 +61I£I?%{2{6 |Nk A |H1(Q)|u |W01o

Ny, — N} 0 NI — N,
+|Ne — Ni|22(@)lu |W§O}+1I£]?%(2(| k klwi (@)

+HINklw @) u® = @, i+ (N = Ni|roo @) + [Nklo=(q))
ou® Ou® 1
S, (2 -1, (2
{|8xk ho(awk)|1+0h0 (I h°(axk)
< Cllélgé{hgwoh + h2|a@®]1 + R[Nyl g2 () [u’lw,

+€h?|Ni| 2o [u’lwz, + (B Inh||Nilwz (@) + [Nelwe (@)
-(hg|a®ls + h?|a°[1) + e(h*| In h||Nk|wz, (@) + INklL= (@)
{holuls + ho t (g1l s + hgla®|s + B|a’]1)}

< C(h3|a’|s + h?|a’|y + hlu’|wz + eholu’|s) max, |Nklwz, (q)-

1<k

ol Ou’ ou®  Oup,

~ o e B,
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For simplicity, many terms have been enlarged in the last estimate. Combining the above
estimate with (3.9), we complete the proof.

Remark. From Theorem 4.5 we know that the final error order is O(e*/? + h + h3). Since
ho is greater than h, one can see the error of u® matches that of N in part. That is the reason
why we use high order finite elements to compute u°.
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