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Abstract

This paper presents optimum an one-parameter iteration (OOPI) method and
a multi-parameter iteration direct (MPID) method for efficiently solving linear
algebraic systems with low order matrix A and high order matrix B: ¥ = (A ®
B)Y + ®. On parallel computers (also on serial computer) the former will be
efficient, even very efficient under certain conditions, the latter will be universally
very efficient.
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1. Introduction

It is well known that for IVP of stiff ODEs
v =f(y), to<t<T ylto) =y €R™, f:QeR"ER™, m>0 (1.1)

implicit method with good stability have to be used, e.g., IRK methods!”, implicit
block methods!®12-1718] etc. At each integral step, each of all these methods brings
about solving block nonlinear equation systems

Y=h(AQI,)F(Y)+ &, AcR™, Y, F(Y),®€R™, ms>0, (1.2)

where h is the stepsize, ® kronecker product, I,,, € R™ identity matrix, Y = (y!,¢yJ, .-,
yIT F(Y) = (f(y)Y, -+, fys)T)?. Now, efficiently solving (1.2) become a key of
efficiently solving (1.1).
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Let
fly) =By +y, (1.3)

where B € R™™ is a constant matrix, g € R™ is a constant vector. For the definite

problems of linear evolution equations systems

8_1: = Lu+l(t,$1,$2a"'a$q)v

where L is a linear partial differential operator with respect to the space variables
L1, T2, Tq,

l(t,z1,22, -+, x4) is a known continuous function of the time variable ¢ and space
variable z1, z2, - - -, z4. Using the semi-discrete method, we can obtain (1.1)(1.3). Under
the condition (1.3), (1.2) can be written as a linear equation system

Y = (A® B)Y + @, (1.4)

here B = hB, ® = h((4e)®g) + ®1,e = (1,1,---,1)T € R®.

The research of solution method for (1.2) have had a number of results23:56:17],
We attempt to set up an universal efficient solution method for (1.1), (1.2) by the way
of the construction of efficient solution method for (1.4). This aim have been achieved.
As the space is limited, the paper only discusses solution methods for (1.4). As to
solution methods for (1.2), we shall discuss then in another paper.

In order to set up an universal efficient solution method for (1.1)(1.3)(1.4) which
can be generalized to establish an universal efficient solution method for (1.1)(1.2), we
do some analyses for (1.4) produced from (1.2)(1.3).

Unlike general linear systems, (1.4) produced from (1.1)(1.3) have following features:

i) A in (1.4) is only determined by the method used by solution of (1.1)(1.3), its
orders is lower. Usually, s € [2, 6], about at most doesn’t exceed 10;

ii) To ensure the accuracy of numerical solution, the discrete stepsize h; adopted
in the directions of the space variable z;,7 = 1(1)q are sufficient small, therefore m is
a large number. When m > 0, to solve (1.4) need to use parallel computers(or vector
computer) usually.

iii) For the accurate solution Y = Y™ of (1.4), there is an initial approximation Yj
with good accuracy.

Establishing an efficient solution method for (1.1)(1.2) (or ((1.1)(1.3)(1.4)) we must
consider all of the three points.

For a matrix equation
AAX+XB=Cy, A €R*, Bye R™, (Ci, X e&R", (1.5)
which is equivalent to

X=-(A'eBHX +(A['®1,)C,



Two Iteration Methods for Solving Linear Algebraic Systems With ... 421

as Aj is a regular matrix, where Ay, By and C} are known, X is unknown,

~ T
X = (z11,%12, , T1m; T21, "+, Ts1, Ts2, " s Tom)

_ ) T
Cl - (61170127"' 3 Clm;y €21,y Cs1,Cs2, " " * acsm) )

when the dimensions of matrices A; and By are moderate size (e.g < 500) at the
most and dense, there are very efficient direct solution methods: the Bartels-Stewart
algorithm(B-SA)! and the Hessenberg-Schur algorithm(H-SA)!). The former(later)

requires[g’lo}

) )
10m> + 10s> + §(m2s + ms?) (gm3 + 1053 4 5m?s + 2.5ms?) (1.6)
multiplication operations and
2m? 4 252 + ms (3m? + 2s? + ms) (1.7)

storages. But the two algorithms can not be generlized for solving (1.2) efficiently be-
cause the Schur decomposition or Hessenberg decomposition for matrix B is contained
in the computation formulate. Otherwise, they can not use the good initial approxi-
mate to reduce operation count. [11] presented an iterative method for (1.5), but using
this method, at each iterative step, one has to compute the inverses of both one m *m
matrix and one s * s matrix as well as the products of some matrixes. Therefore, the
operation count is very large.

We notice that eigenvalues of A in (1.4) may easily be calculated because A is
a low order matrix. Even, in some cases, e.g., the diagonal and simple implicit R-
K methods!’ and some block metheds!?2:13:16:17] for solving ODEs, they are known.
Based on this fact, this paper presents two iterative methods for solving (1.4). After a
discussion of the convergence of one-parameter iteration method, by means of all dif-
ferent eigenvalues of A (no need any eigenvalue of B!), the paper presents an optimum
one-parameter iteration (OOPI) method (see theorem 3.1) and a multi-parameter iter-
ation direction (MPID) method which are suitable for use on serial computer as well
as parallel computers.

It is not difficult to conclude that (1.4) have a unique solution if and only if

A # 1, k=1(1)s, j=1(1)m, (1.8)

where v, \; denote eigenvalues of A, B, respectively. To ensure the existence and
uniqueness of the solution of (1.4), we assume (1.8) holds throughout.

Section 2 in the paper discusses the convergence of the one-parameter iteration
method. Section 3 set up the OOPI method, and gives calculation method of the opti-
mum parameter fiop;. Section 4 set up the MPID method and gives its implementation
strategy. Finally, section 5 gives a number of numerical tests. The results show that
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the OOPI method is efficient even is very efficient under the certain condition, MPID
method is universally very efficient.

2. Convergence

The one-parameter iteration method for (1.4) is

{W(u)(n—m)zD(m), i=1,2,-, neR, @.1)

W(p) =1L ® (Im — pB), D(Y):=2 = (Imns — A® B)Y,

where I, € R™" is the identical matrix.

Theorem 2.1. let vy =ug+ivg, k=1(1)s, N\j=zj+iy;, j=1(1)m, i*=
L, vy € By L= el By = Il — g, Q0 = (k) By =
0}, Q4 :={(k,j)|Er; >0}, Q_:={(k,j)|Er; <0}. Then (2.1) is convergent iff

i) eigenvalue condition: ||vg| - ||Aj]| < 1,Y(k,5) € Qo (this item would be canceled
if Qo = ¢), and

ii) iteration parameter conditions: p satisfies

ii);. 1— 2px; +M2”>‘j”2 #0, j=1(1)m,
(vall - I D* = 1

N (el - IA1D* =1
11)9. max < pu< min
)2 (ko) ey 2E}, S whea. 2[5,

(the left (right) side inequation would be canceled if Q1 = ¢ (2= = ¢)).
Proof. Error E; =Y —Y; satisfies E; = G(u)Ei—1, G(u) = (A — pls) @ (I, —
uB) 1B) . Eigenvalues of G(u) are

(up — p)xj — vy — i(vpr; + yj(up — p1))
(1 — pxj) — ipy;

Q= (2.2)
|(I)kj| < 1iff

(gll - I = 1< 2y, Wk, d) € 2y UQL US
From definition of Qg, 24, the sufficiency conclusion follows. The proof of necessity is

evident. O
When Qg =Q1 =¢,0or Qo =Q_=¢,0or QL =Q_ = ¢ but

el - Al <1,k =1(1)s,j = 1(1)m (2.3)

hold, there always exists such p that (2.1) is convergent. But, this theorem can’t be
used as the basic of the selection of u because it depend on the eigenvalues of B.

We firstly consider a very important case in practice applications for which the
eigenvalues of A satisfy the condition

up >0, k=1(1)s and u=0= v, =0. (2.4)
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If (1.4) is produced from solving stiff ODEs, (2.4) is always satisfied. Write

S S
BE(p): 2zju <1 (Gf JJw #0), 2z <1 (if J[Jw=0), j=1(1)m.
=1 =1

Theorem 2.2. Suppose 1) vi(l < k < s) satisfy (2.4); i) p satisfies E(u) and

p > max v l?/ (2ue), A = {klug > 0,k = 1(1)s}. (2.5)

Then (2.1) is convergent.
Proof.  Using (2.4), E(u), from (2.2) it follows that

< ((p—wp)?+ o) /p® i Tl w #0,05 #0
s (P ey | ST e i 08 2
|q)k;j| = 1_2Hx_+lu2“>\_”2 <((M_Uk) ‘H)k)/ﬂ if Hl:lulZOaAj#O(ZG)
’ ’ =0 if A =0.

From (2.6), the desired conclusion follows.

From (2.5), when (2.4) and E(x) hold, this theorem can be used as the basic of the
selection of p (see section 3).

From the expression for |® ;|%, E(u) and B = hB, we can see that the rate of the
convergence of (2.1) increase as h decrease. This is right what a good solution method
for (1.1)(1.3)(1.4) must possess.

If (1.4) is produced from solving linear stiff ODEs (1.1)(1.3), then E(x) means that
the step length h has a restriction of independent of stiff property ||R||. This is also
what a good solution method for (1.1), (1.3), (1.4) must possess.

3. Optimum One-Parameter Iteration Method

In this section, we always assume that both (2.4) and E(u) hold. All nonzero vy,
are divided into p set Qp = {vg,---},k = 1(1)p, the real parts of all elements in the
every set are equal, the imaginary parts are equal in the absolute value, and satisfy

el el

Uk Uk+1
or 9
AR o |V ”1% V41
- bl 2 2
g, ugy1 vl vkl
or 9
||Vk||2 ||Vk+1||2 U;% Uk+1

= = Coup < uga1, kE=1(1)p —1.
w " un Tl el + F=10)

When all elements in {vy} satisfy (2.4), the paper always assume the number of v
satisfies this rule. Write

Gr() = (=) +o])/u?, @ ={ulu > _max  (l/u))}. (31)
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The solution of problem:

i 2
min max Gr(p) (3.2)

is called the optimum iteration parameter for (2.1), which is denoted by jiep¢. The iter-
ation method (2.1) corresponding to fiy is called the optimum one-parameter iteration
(OOPI) method. It is easily verified that Gy(p) (1 <k < p) has following characters:

i) there is a unique stable (minimum) point. The stable point and minimum value
are ,u,(gl) = || /ug > 0, Gk(u,(cl)) = vZ/|lvk]|* < 1, respectively.

ii) Gi(p) is the monotonic increasing function, monotonic decreasing function and
monotonic increasing function in (—o0,0), (O,MS)) and (,u,(gl),oo) respectively, and
limy, 0+ G () = 00, limy 400 Gi(p) = 1.

iii) Denote uf) = pf/2, then Gg(u) <1 Vu € () 00); Gil(u)) = 1,Gi(p) >
1, Ve (—oo,ul); Grlp) <1, Vu € (uy,0).

iv) In (—o00,00),Gi(p) and Gj(pu) (1 < i < p,i # j) have and only have one
intersecting point. The abscissa of the point is

pig = (lvill* = [v;1%)/(2(ui — ;) (definition pij =co when u; = u;);

and, when j <4, if u; < u; then p;; > uz(o) else p;; < ,ul(o).
By the characters mentioned above, p,,; can be calculated by following steps:
stepl 1r:=p, a:= u,(,o),ﬁ =2«

step 2 purjy 7= min{ 3, prjlprj € lev, 8,5 = 1(1)r — 1}

step 3 if p,j, = B then pep := 3, end

(0)

. 0
step 4 if p,j, > 2uj1 then pops := iy j,, end

step 5« = ppj,, 0= M%)ﬂ" = j1 go to step 2.
It is easily known that if v; =0 (j = 1(1)s) then
Hopt = (félz.lgp U; + lrgza‘gxp U’z)/2
Now we have confirmed:
Theorem 3.1.  Suppose 1) eigenvalues of A, vy = uy + ivg, k = 1(1)s, satisfy
(2.4); i) E(popt) holds. Then the OOPI method

W(:U‘opt)(yvi - Yvi—l) = D(Y;—l)a 1= 17 27 e (33)

converges with the most fast rate; and, after each time iteration, the error component
corresponding to each eigenvector in a linear independent eigenvector system of G(popt)
decrease at least by factor

(Nopt_uk)2+v2
) maxicee, (5T ), vk 0 3.4
P\ maye o (bl g, (3.4)
m . -
SIS 1=2pt0pe; +12,, 1N 112 ’

|
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Now, we compare the OOPI with the B-SA and H-SA. The OOPI require about
2m? 452 +2ms storages, which are less than (1.7). When A have only one eigenvalue u #
0 (e.g., A in single implicit R-K method!” and block @ method[12]), obviously, ftopt = u.
Therefore p = 0. This means that if the maximum order of Jordan blocks is r(r < s),
then that r times iteration at the most are carried accordance with (3.3) can obtain
the accurate solution of (1.4) from any Y;. Therefore, at this case, (3.3) is a iterative
direct method, and needs not more than about 3+ O(m?) +r(2sm? + s*m) (r < s)
multiplication and division operations, where O(m?) is independent of r. When A is a
nonsingular matrix and has multiple difference eigenvalues, then p # 0. If we determine
q so that
loge
logp’
then roughly speaking, that about ¢ times iteration are carried accordance with (3.3)

pl<e== ¢>

can obtain the approximate solution of (1.4) satisfying
V" - Yyl <e

from any Yj. This process needs

1
§m3 + O(m?) + q(2sm? + s%m)
multiplication and division operations, where O(m?) is independent of ¢. It can be seen
from above that for sufficient large m, if 0 < p << 1 then the OOPI is superior to the
B-SA and H-SA.

When A is a nonsingular matrix and vy = 0,k = 1(1)p, it can be seen easily that

_ Up—u1
P=wtu < 1.

4. Multi-Parameter Iteration Direct Method

In this section, we shall set up an iteration solution method of (1.4) for arbitrary A
under (1.8).

Lemma 4.1. et v be a complex number so that W () is a nonsingular matriz;
both Yy and @ be arbitrary real vectors. Then the solution Yo defined by

{ W (v)(Y1 — Yo) = D(Yo)
W (@)(Y2 — Y1) = D(Y1)

s a real vector, and may be obtained by
Wi (1)(Ys — Yo) = (Ins + (A — (v + )1,) & B)D(Y)) (4.1)
by means of real arithmetic, where

Wi(v) = I, ® (I, — (v+7)B +vvB?) = I, ® (I, — vB)(I,, — 7B)).
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Lemma 4.2. Let v; be arbitrary complex numbers so that W (v;) are nonsingular
matriz (1 = 1,2); both Yy and ® be arbitrary real vector. Then Yo = Zy, where Yo and
Zo are defined by

{ W (v1)(Y1 = Yo) = D(Yo)

W(v2)(Y2 — Y1) = D(Y1)
and
W (2)(Z1 — Yy) = D(Yp)
{ W) (Zy — 2Z1) = D(Z),
respectively.
Lemma 4.3. let A have o (a > 0) different real eigenvalues v, ,vj,, -+, v;, (may

contain zero and negative number), B (B > 0) different conjugate complex eigenvalue
PAITS Vi 135 Via s = Viayr ' " s Viaros—19Viasss = Viayos—1s the mazimum of orders of all
Jordan blocks of A corresponding to vj, be ri; 6 = 23:1 rj. Then when vpA; #1 (k=
1(1)s,5 = 1(1)m), for any Yo € R™*, Y5428 obtained by

{ W (v;)(Y; = Yio1) = D(Y;-1), (4.2)

1 =01+ 1(1)5;, [l = 1(1)0( +28, 6 =0

is the accurate solution of (1.4).
Proof. Y5, 0 — Y* = Espios satisfies

a+20
Eppps = (]I (A=v515) @ (I — v, B) ™' B))"") By =
=1
a+20 a+23
(C@ L) [T U =vil)™) @ (I] ((Zm v, B) ' B)"))(C™" ® L) Ey,
=1 =1

where C~'AC = J is the Jordan standard form of A. Note (I,,, — vj, B) are nonsingular
matrices. Because the matrix in the square brackets [ ] is zero, the desired conclusion
follows. O

Theorem 4.4. let A have o (o > 0) different real eigenvalues vj, ,vj,,--,vj,
(may contain zero and negative number), 5 (5 > 0) different conjugate complez eigen-
value pairs vj, , V.., = 1(1)B; the mazimum of orders of all Jordan blocks of A
corresponding to v, be iy i = 325y rji = 1(L)a+ 8. Then when vp); #1 (k =
1(1)s,j = 1(1)m), for any Yo € R™*Y;, ., obtained by the MPID method

W(vi)(Yi = Yi1) = D(Yi-1), i=m-1+1(1)m,l=1(1)a, n =0, (4.3)

{ W1 (03 (Y = Yie1) = (s + (A = (05, +73,) 1) © B)D(Y;-1) wa

i=m_1+ 1), = (a+1)(1)(a+p)

is the accurate solution of (1.4).
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Proof. We can prove this theorem from lemma 4.1, 4.2, 4.3. O

When we don’t know some of 7;,i = 1(1)(« + 3), noticing maxi<j<qtg7m; < 7=
s — (e +2p3) + 1, we can rewrite theorem 4.4 as

Theorem 4.5. let A have o (a0 > 0) different real eigenvalues vy, ,vj,, -+, v, B

(B > 0) different conjugate complex eigenvalue pairs, Then when vpX; # 1 (k
1(1)s,5 = 1(1)m), for any Yo € R™, Y, oy obtained by the MPID method

W (v),)(Yeg — Yii—1) = D(Yg-1), =11«

Wi(vj,) Yy = Yi—1) = (Ims + (A = (v, +75,)1s) ® B)D(Yy—1)
l=a+1(1)a+ g,

k= 1(1)’)", YI,O = Y[], Yq+1 = Yq,a-l—,&'

(4.5)

is the accurate solution of (1.3). O

The estimate for r can’t be improved further, e.g., whenr; = 1,7 = 1, s — (a+20) +
1=1.

Since A in theorem 4.4,4.5 is arbitrary under (1.8), the MPID method have wide
application field, provided that eigenvalues of A are known or easily be computed.

Theorem 4.6.  Suppose that oll eigenvalues of A are nonnegative real numbers
and

wp > up/2, i=11p—1, u <uy < <o (4.6)

and E(ur) (k= 1(1)p) hold. Then the MPID method (4.3) make any error component
decrease at each iteration step.

Proof.  The use of (4.3),(2.6) and the characters of G (n)(k = 1(1)p) can prove
the theorem. O

When o« = 1 and 8 = 0, the computation formulae in theorem 4.4,4.5 and 3.1
identify in form. But, vj, = u;, in theorem 4.4 and 4.5 is arbitrary, but we,; = uj, >0
in theorem 3.1.

Suppose the solution of (1.4) are computed on the serial computer. If & = 2 and
6 = 01191 then the LU-decomposition is made only for two matrix (hvj) 'L, —B (I =
1,2). Otherwise the LHL ™! decomposition is made for (hvj,) 11, — B, and

W (vj)=Is ® (hvj, L(((hwj,) =" = (hvj,) ™) Im + H)L™Y)
Wi (vs)=Is @ [h?|vj, [PL(((hvs) =t = (hwj,) ™) I + H) (((h75,) = (hwj, ) ) I+ H) L] (4.7)
[=(a+ D)D)+ p),

where H is the upper Hessenberg matrix, L is the upper triangular matrix. Therefore
multiplication and divison operation count needed by the MPID method is at most

Q1 +Q2+Q3, if (>3 and B=0) or 3#0 by(4.3)(4.4),
Q=4 Q1+Q4+Qs5, if (¢>3 and 8=0) or B#0 by(4.5), (4.8)
2m3 + O(m?) + n2(2sm? + s*m), if =2 and B=0,
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where Q3 = na+ﬂ(0(m2))a Qs = (27704+ﬁ_770¢)(3m2+82m)7 Q4= (a+/6)(0(m2))7 Qs =
(28 + a)(sm? + s*m); Q1 = 2m3 + O(m?) is multiplication and divison operations re-
quired by the LHL ™! -decomposition for an m * m-matrix, sm? + s?m is that required
by the computaion of (I,,s + C ® D)F(Z), O(m?) in Q2 and @y is that required by
the use of (4.7) to compute Y; from Y;_; in accordance with (4.3)(4.5) (or (4.5)).

It is easily known that MPID method requires at most about

3m? + 5% + 3ms (4.9)

storages.

Comparing (4.8)(4.9) with (1.6)(1.7) we conclude that MPID method requires slight
more storage but far less operation count for sufficient large m.

From (4.3), (4.4) or (4.5) it can be seen that the MPID method is also a parallel
algorithm. But the B-SA and H-SA are not. On parallel computers with s available
processors, if we compute Y* according to (4.3)(4.4), each processor only need to carry
out at most

Q,(a, B) = %m:" + [%]mz + O(m?) + (3Na+s — Na)m? + (200t — Na)sm, B #0,
o sm? 4+ 0(m?) + 9o (2m? + sm), B =0,

multiplication operations. Similarly, if we compute Y* according to (4.5), each proces-
sor only need to carry out at most

Ty(ap = 37 H[F1m* +00m®) +r((36 — aym® + (26 — a)sm), f#0,
o 3+ O0(m?) +ra(m?+sm), B=0, a<s

multiplication operations. In Q(c,3) and Qy(c,3),[-] denotes the upper integral
number.

5. Numerical Experiment

Using the semi-discrete method for the difinite problem of the linear evolution

equation
2
% = %, w(0,t) = u(l,t) =0, u(z,0) =sin(rz), 0<z<1, 0<t<T, (5.1)
HA

we obtain IVP of stiff ODEs

,

y'(t) = By, y=(y1,y2," " ym)", (m+1)hy =1,
-2 1 sin(mwhy)
1 -2 1 sin(2rhy) (5.2)

1 -2 sin(mmhy)
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The accurate solution of (5.2) is y(t) = exp(—é—%sm2(7r—’2“))y(0). We set m=10 and
use respectively following methods in order that the numericl integration for (5.2)
advance one step (or one block).

1) the 3-point order 3 block 6 method!? (§ = 0.5), 2) the 2-stage order 4 R-K
method[”), 3) the 4-point order 5 method in [17], 4) the 3-stage order 6 R-K method !,
and use respectively the OOPI method in the paper for solving linear equation systems
produced by them. Results obtained are listed in table 1. We also use respectively the
MPID method in the paper for solving the equation sysytem produced by 2), 3) and
4). Results obtained are listed in table 2.

In table 1, 2, A = —In||Y* — Yi|lo/In10, where Y; is the numerical solution
obtained; ¢ = 107Y is the tolerance of iterative error; in (a,b), a is the number of
different real eigenvalues of A, b is the number of the different complex conjugatel
eigenvalues pair of A; in a/b, a is the datum corresponding to h = 0.01, b is the datum
corresponding to A = 0.001; T} is the distance that numerical integration advance one
step or one block.

Table 1 Results obtained by the OOPI method(3.3)

method | order | (a,b) | iterative number A To
1 3 (1,0) 3/3 3.8/7.7 | 0.03/0.003
2 4 101 6/4 7.9/12.9 | 0.01/0.001
3 5 | (40) 6/4 5.4/11.4 | 0.04/0.004
4 6 | (1,1) 9/5 12.0/15.0 | 0.01/0.001

Table 2 Results obtained by the MPID(4.3)(4.4)

method | order | (a,b) | iterative number A To
2 4 |01 1/1 7.9/12.9 | 0.01/0.001
3 5 | (4,0 4/4 5.4/11.6 | 0.04/0.004
4 6 | (1,1) 2/2 12.0/15.0 | 0.01/0.001

The date in table 1 and 2 are consistent completly with the theory. We compute
also some others examples in which matrix B is full. The conclusion is the same, too.
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