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Abstract

In this paper, we develop the cascadic multigrid method for parabolic problems.
The optimal convergence accuracy and computation complexity are obtained.
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1. Introduction

Bornemann and Deuflhard [2][3] have presented a new type of multigrid methods,
the so-called cascadic multigrid. Compared with usual multigrid methods, it requires
no coarse grid corrections at all that may be viewed as a ”one way” multigrid. Another
distinctive feature is performing more iterations on coarser levels so as to obtain less
iterations on finer levels. Numerical experiments show that this method is very effective
for second order elliptic problems.

In the paper, we will consider the cascadic multigrid for parabolic problems. Here
we must treat the effect of the time discrete step. As pointed out in [1], for a small time
step 7 < O(h?), where h is the space mesh size, some standard iterative methods, like
the Richardson iteration can guarantee a good convergence for the discrete system. But
for a relative large time step 7, [1] recommended multigrid methods, see [4] for details.
Now we consider to use the cascadic multigrid. Similar to the second order elliptic
problem, it is proved that the cascadic multigrid with CG iteration as a smoother is
accurate with the optimal complexity in 3D and 2D, and nearly optimal in 1D. As for
other traditional iterative methods, like the Richardson iteration, the cascadic multigrid
still yields the optimal accuracy and complexity in 3D, 2D and in a certain case of 1D.
Notice that for the second order elliptic problem, the cascadic multigrid with these
iterative methods gives the optimal accuracy and computation complexity only in 3D
and nearly optimal in 2D. They cannot be used for 1D.
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2. Model Problem and Its Finite Elment Approximation

Consider the following parabolic problem: to find u(z,t) such that

%—I—Eu =f in Qx][0,T]

u(z,t) =0 in 0Q x[0,T], (2.1)
u(z,0) =up(x),

where Q C R? (d = 1,2,3) is a bounded domain, f € L?(Q). L is an elliptic operator

=3 a2 (2.2
4= — axia”x&:j' ’
i,7=1
Here a;j(x) satisfies
d
€6 < Y aij&it; < CE'E Vo e Q€ € RY, (2.3)
ij=1

where ¢,C' are positive constants.
The variational form of (2.1) is to find u € H}(Q), u(z,0) = ug(x) such that
ou

(E,v) + B(u,v) = (f,v) Vv € H}(Q), te][0,T], (2.4)

where the bilinear form B is

d Ou Ov 1
B(u,v) :/ Z ajj———dx Yu,v € H ()
Q ij—1 Bacj 81‘1

and

(f,v) :/vadx.

We refer the notations of Sobolev space to [5] for details. It is easily seen that the
bilinear form B(u,v) is

(1). bounded, i.e. |B(u,v)| < Clu1jv|y Vu,v € H(Q).

(2). elliptic, i.e. |B(u,u)| > Clulf Vu € H}(Q).

We use the backward Euler scheme and Crank-Nicolson scheme for the time dis-
cretization [8]. Both schemes are absolutely stable [6]. Let At, be the n'® time step
and M the number of steps, then M  At, = T. We lead to the following problem:
for a given function g,_1 € H (), find w € H}(Q) such that

Ar(w,v) = Tﬁl(w,v) + B(w,v) = (gn—1,v) Vv € H&(Q), (2.5)
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where 7 is the time step parameter. For the backward Euler scheme, we have
w=u" —u" L,
T = Atp,
(gn-1,0) = (f,0) = B(u""",0),
and for the Crank-Nicolson scheme, we have
w=u"—u"t,
T = Aty /2,
(gn-1,0) = 2((f,v) = B(u""},v)).
Now we define the 7-norm by

lvl|? = 7 Y(v,v) + B(v,v) VYov € HLD). (2.6)

It is known [5] that if Q is a convex polygon, then for any g € L?((2), there exists a
solution u € H%(Q) N H(Q) of

B(u,v) = (g,v), Yov€ H&(Q)

with
[ull2 < Clgllo- (2.7)
Here and throughout this paper, ¢ and C (with or without subscript) denote generic
positive constants, independent of the time step parameter 7, the mesh parameters L
and hj;, which will be stated below.
Based on the regularity assumption (2.7), we have
Lemma 2.1. For any g € L*(Q), the equation

Ar(u,0) = (g,0) Vo€ HEQ) (28)
has a solution u € H?(Q) N H(Q) which satisfies
lull2 < Cllgllo- (2.9)

Proof. Please refer the proof to [9].

Let I'y (I > 0) be a quasiuniform triangular partition of 2 with the mesh size
h; = ho2~'. T is obtained by linking the midpoints of three edges of triangle on I';_;.
We assume that Q = U Kepll_( . Let V; denote the P1 conforming finite element space
on I';. Then we obtain the discrete form of (2.8): find u; € V; such that

Az (ug,v) = (g9,v) VYo € V. (2.10)

By Lemma 2.1 and the standard finite element estimate, we can easily verify the fol-
lowing [8]
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Lemma 2.2. Assume that u and u; are the solutions of equations (2.8),(2.10)
respectively, then

1
Ju = wlr < Chy(1+ 7 h3)2||gllo,
lu —wllo < Chi(L+77"h7)llgllo-

Define the operator A4;; : V; — V; as follows:
(Arru, o) = Ar(ug,v)  VYug, v € V.
Then (2.10) can be expressed by
Ay rup = gi, (2.11)
where g € ‘/la (glJIU) = (97,0) v € ‘/l

3. Cascadic Multigrid Method

In this section, we will use the cascadic multigrid to solve (2.11) at each time step.
Define the cascadic algorithm for (2.11) as follows:

Cascadic Multigrid Method
(1) Set u) = uf = uy and let

u) = ul .
(2) Fori =1,...,L

m; my, 0
u ' = Cp g

(3) Set uf = u;",

where Cj ; denote the Richardson iteration procedure, i.e.

up = Cltu) = T77 (w — )
= (I - Rl,TAlﬂ—)(ul - U,?)
Here
R =N+,
where \; = O(h;?).
Following [2], we call a cascadic multigrid method optimal on the level L, if we

obtain both the accuracy

lur = upllr = [lu — Ll

which means that the iterative error is comparable to the approximation error, and the
multigrid complexity
amount of work = O(nrg),

where ny, = dimV7y,.
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Define the operator B; : V; — V; as follows:
(Byug,vi) = B(ug,v)  Yug, v € V. (3.1)

Let {\;};X; and {p;};", be the eigenvalues and corresponding normalized eigenfunc-
tions of By, i.e.
Bipi = Nips, t=1,...,ny

and
(i @5) = 0ij,
where 6;; is Kronecker symbol.
Lemma 3.1. For the operator Tﬂl and any v € Vi, we have

(DT ol < (L4727 7™ o]l
my h/l_l —1y-1\— 2L
@)1 0l- < C %(1+T AC) 2 llo, oy > 2.
my

Proof. We refer the proof of (1) to [1]. We only need to prove (2). It is easy to
check that

Nio+17h
’U—ZCZQO’L _>\l+7_ ) l?

where v = 31" Cip;, ; is the usual nodal basis on I';. Then

)\i-I—T_l
)\1—1-7'71

2my

f:c?()\i -l-Tfl)(l —

=1

177 wlI?

! )\Z'-I-T_l )\Z'-I-T_l

n
= -1 1—
o AT

)ml,1
= A+ 71

x(1— %)m!“(l R Vi I
[
ny

< (N+TT Z(l R V) I Jmax z(l — z)™=t
i=1 BOE

< O+ 2N ™ wllf om > 2.
my
Now we are able to prove the convergence of the cascadic algorithm for the parabolic
problem.
Lemma 3.2. It holds that
h L—l—-1 -

lug —up |- < Cz II @+ )™+ 7)™ Flgle,  (32)

=0 ml 1=0

where we set Hz;lo =0.
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Proof. 1t is easy to check that

lwr = uille = 1T (= w7l
mp—1

<17 (= w1 |- + 1T (wi—r = w7 [l
h; ' —1y-1\—2L

< C T (1 +7 >\l ) 2 “Ul — Ul_1||0
m;

(L TIND) T ey —

Moreover, by Lemma 2.2 we have

Chi/(r ’1h2+1)llgHo
< CRY (A + Dllgllo-

IN

lur — w10

Then combining the above two inequalities yields
* hy —1y—1y=2L 41
lur —ully < C— (@ +77A7)72 " lgllo
m;

+(1 +7—_1>\fl) “Ul 1~ U 11“7

Recurrently, we get

* hL 1+ —
lur, —uill- < C—(1+77"ALN)" gl + (1 4+ 7727 )M lupy —up
mp
hi S LS A
< C—(@+772,7) 72 gllo
mj
—1y—1\—M hr—1 —1y—1 y——L=t
+C(1+77AL7) %—(1+7' ALZ1)” 2 gllo
my_q
HL+ A L) T 2 lug g — u Rl
‘‘‘‘‘ L hy G 1y-1 1y—1\—2l41
< 0 =1 I @+t ™™ (7)™ Mgl
1=0 m} =0
Note that
hy = hp2b1 (3.3)
Consider sequences my, mo, ..., my, of the kind
my = [BL_lmL] (34)

for some fixed 8 > 0, where [-] means the choosing integral function. If 7 satisfies

T <A
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based on the observation in [1], we know that some usual iterative methods, like the
Richadson iteration, can already guarantee good convergence. Therefore, we will only
consider the case
T > )\Zl.
In such case, for any fixed 7, we can find a positive contant 0 < 9 < 1 which satisfies
-1

Tﬁi
Y0

) (3.5)
where g is dependent of 7.
Lemma 3.3. If 7 and 7y satisfy (3.5), then
i hy & 2
lug, = ujll- < C—% > (7

I
T ) llgllo,  mL > 2.
m? =0 (147082

Proof. First, we consider the following term

L-Il-1
I= J[ @+ tagh) ™=t +7 7 L (3.6)
1=0

It is easy to check that

IN

IN

Inserting (3.7) to (3.2), we obtain

-l < e L)
L—upllr < ————lgllo
L = mz% (1+ )Lt
hy & 2
C—5d (-
m? =0 BZ(1+)
hy & 2
= C—3) (r——

mz =0 B2(1+ )

) lgllo

IN

W=

)'llgllo-

From Lemma 3.3, we obtain the main result of this paper.
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Theorem 3.1. The accuracy of the cascadic multigrid with the Richardson iteration
for the parabolic problem is

hi 1 2
luz —uillr < O g———g—lgllo for ﬁ>(L+%F,
mj, 57 (1+7)

where B and my, are defined in (3.4), and T is in (3.5).
According to Lemma 1.4 in [2], we have
Lemma 3.4. The computational cost of the cascadic multigrid is proportional to

1

L
myng S C

=1 T od

ming,  for (< 2% (3.8)

Theorem 3.1 indicates that a large 8 can yield an optimal accuracy. Meanwhile,
Lemma 3.4 shows that the optimal complexity of the method can be achieved only for
a small 8. Therefore, we have

Theorem 3.2. If 3 in (3.4) satisfies

2
( 14+

2 <p<2d, d=1,2,3, (3.9)

then both the optimal accuracy and complexity of the cascadic multigrid with the Ric-
chardson iteration can be obtained.

Remark 3.1. From Theorem 3.2, it is seen that the cascadic multigrid with the
Richardson iteration gives the optimal accuracy and complexity for 2D and 3D parabolic
problems. But for 1D problem, it requires that the parameter § must be chosen to
satisfy

2
< B <2,

which turns out that the value g in (3.5) should be greater than 21/2 — 1 that prevents
choices of a relatively large time step parameter 7, say of order h in the Crank-Nicolson
scheme.

Remark 3.2. Compared with the parabolic case, for 3D elliptic problems, the
cascadic multigrid with the Richardson iteration gives the optimal accuracy and com-

plexity. But for the problem in 2D, it gives only nearly optimal complexity. It cannot
be used for 1D elliptic problem at all (cf.[2],[7]).

4. Conjugate Gradient Method

Assume that u? is initial value of CG method on the level I. Let C}" u? be the m;
steps of CG iteration. Then the error of CG method can be expressed by

w—C"ul; =  min A ) (uy —u)||-, 4.1
H [ lr l”T PP, p(0)=1 ”p( l,T)( l l)“r ( )

where P, denotes the set of polynomials p with degree p < my (cf. [3]).
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Using a same argument of Theorem 2.2 in [2], we have
Lemma 4.1. There exists a linear operator T ; = ¢x,m,(Air), where ¢xm € Py,
éx,m(0) =1 such that

1

N+717h)?
(D)7 vl < W“W”O Yo, € Vi, (4.2)
@)™ vl < ol Yo € Vi (4.3)

Using Lemma 4.1 and following the same line of Lemma 1.3 in [2], we have
Lemma 4.2. Assume that the time step parameter T > O(h?), then the accuracy
of the cascadic multigrid with CG method as smoother is

1 A
mm—iugﬂo for B>2,
lur, —ull; < h (4.4)
CL—llgllo for B=2.
mr,

Remark 4.1. It should be noticed that the assumption on the time step parameter
T > O(h2) in Lemma 4.2 is not a real restriction since we can always assume T =
O(h?) for the backward Euler scheme and 7 = O(hy) for the Crank-Nicolson Scheme.
Moreover, as pointed out in [1], for a small time step parameter T < O(h%), some
standard iterative methods alone are efficient enough to guarantee a good convergence.

Combining Lemma 4.2 with Lemma 1.4 in [2], we get

Theorem 4.1. (1). For 2D, 3D parabolic problems, the optimal accuracy and
complexity can be obtained for the cascadic multigrid with CG iteration.

(2). For 1D parabolic problems, if we choose 3 = 2 and the number of iterations
on the level L is

my = [m,L],

then the error of the cascadic multigrid method is

hr,
lur, —upll: < C—llgllo
Ty

and the complexity of computation is

L

mel < cmunp(l+ lognL)Q.
=1

Remark 4.2. Besides the P; conforming finite element, the above results are also
valid for other conforming or nonconforming finite elements of the second order problem
(cf. [7]).

Remark 4.3. In practical computation, the right hand term g; in (2.11) is related to
the cascadic multigrid solution of the previous time step. According to [6], the backward
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Euler and Crank-Nicolson schemes are absolutely stable, so the small perturbation of
the right hand term in (2.11) still assure the efficiency of our algorithm.
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