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ON THE SENSITIVITY OF SEMISIMPLE MULTIPLE
- EI_GENVALUES"‘” -

Sun Ji-guang
(Computing Cenier, Acadcmm Sinica, Betjing, Chma)

- Abstract

This paper is a supplement to the work in {6] where we investigated the di-
rectional derivatives of semisimple multiple eigenvalues of a complex n X n matrix
analytically dependent on several parameters. The result of this paper can be used
to define the sensitivity of semisimple multiple eigenvalues in a more resonable way

than in [6].

» ) §1. Main Results

 This is a supplement to the work in [6]. We shall use the notation described in [5]
and [6]. ' |
Let p = (p1,+--, pn)T € C~. Suppose that A(p) € C"*" is an analytic function in
a connected open set B € C™. In this paper we consider the eigenproblem

A(p)=(p) = Np)2(p), Mp)EC, z(p)€C", PEB. (11)

Let u(p) be a function defined in B. The directional derivative of pu(p) at p* € B in
the direction v, denoted by D, u(p*), is defined as foliows: |

F“(p )= TIL%#(F _+ ﬂ;) pu(p” ), (1.2)

where v € €V with l¥]iz = 1 and ris a positive parameter.

Without loss of generality, we may investigate the directional derivatives of the
eigenvalues of A(p) at the origin of CV. The following two theorems are the main
results of this paper. |

Theorem 1.1. Let A(p) = lﬂ“"“ be an amlyt:c functton of p= (pl ng, -+ PN)
_ in-some neighbourhood B(D) of the origin of €V, and let M(A(p)) = {A(p)}3=y forp €
B(0), in which 31(0) = ---= A (0) = )Ll Suppo.se that there are matrices X,Y € €"**"

satisfying | | _
. X (XI,XZ), Y = (Yllryz)i "xi:YI € 'G"Kr! XHY = I ' (13)
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and ( ) - | .
A IV 0 ) o : 2

, A Al Aq). 1.4

0 As 1€ ( 2) | | ( )

yHA(0)X = (
Then, for any fized direction v € CN with ||v|l2 = 1, there are a positive scalar
3 and r single-valued continuous functions p1(Tv)," "5 ur(rv) for v € [-8,0] such
that {u,(Tv)}5=, are r of the eigenvalues of A(Tv), the set {ps(TV)}o=y and the set
{As(Tv)}3= are identical, and there is a one-fo-one correspondence between the ele-

ments of the iwo sets. Moreover, we have™ | |

_ p |
' dA(p)
T N H{Z\ET Y
(Do = A L4 (5, )pesXt) (1.5
Theorem 1.2. Let A(p), B(0),\(p), Ar(p), A1, X, Y and v be described as in
Theorem 1.1. Define . ' |
max |AJ(ZV) —'.}tll

{¢) g o . 1<j<r o e sl '
3, (Al)_ll-lﬂa 1:;% 2] . (1.6)
zl=r>0
| dA(p)
(v) e x~H
‘?P ('\1) - p(EVJYI ( 3pj )FGXI), (1'7)

where p(+) denotes the spectral radius of a matriz,

Remark 1.3. The difficulty in investigating the local behaviours of a semisimple
multiple eigenvalue of multiplicity » > 1 lies in that the r eigenvalues, as functions
of some parameters, may have singularity at the intersection point (ref [ 2, p.74-76)).
Even if in the case of one complex parameter z, | the r eigenvalues are in general not
continuous in any neighbourhood of the singular point (ref. | 2, p.125]). Fortunately,
Kato [2, p.125-127) proved that, if the simple parameter z changes over an interval
[a, 8] of the real line, then there exist r single-valued continuous functions, the values
of which constitute the set of r eigenvalues for each z € [a,B]. Therefore we may take
the r single-valued continuous functions as the r eigenvalues for z € [a, B). This fact is
just one of the keys to investigating the directional derivatives of semisimple multiple
eigenvalues In this paper. | - - |

Remark 1.4. M. Ové n and R. Womersley [4] discussed directional derivatives
of semisimple multiple eigenvalues of the matrix - B |
Ao+ Y &Aws
where {Ax} are given real 7 X 1 matrices, and {Eg}a.re real parameters.

We shall give the proofs of Theorem 1.1 and Theorem 1.2 in’ §2 and give some

applications in §3.

'-.: !.El‘::"l'hl'-' oyt - £ -'
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§2. Proof of Theorems

Proof of Theorem 1.1. The theorem is proved by the. following s_tép 2.1 — step 2.4.
2.1. [6] has proved that there exist analytic functions

Xi(p) € C¥*", Yi(p)' € €77

and
A (p) = (Ya(p)T Xa(p)) Vi (p)" A(P)Xa(P), o
Au(p) = i@)TA@X ()N (p) Xa ()™ - (21
in some neighbgﬁ:hqqd Bo C B(0) of the origin of €V, such that .
LA(P)Xa(p) = X1(p)Ar(p), Y (p)T A(p) = Ai(p)Ya(p)’ (2.2)
il - |
- A1(0) = 31(0) = 311{"), X1(0) = X, Y1(0) = Y. | (2.3)

Here ¥y denotes the complex conjugate matrix of ;. Moreover , by the hypothesis
and the relation (2.2), |

’ A(A1(p)) = {Xs(P)}o=1 € »}(A(p))- | (24)

- Let v € CN be any fixed direction with }jv|l2 = 1. Take p = Tv, where T € -3, 8],
and B is a small positive scalar so that - - - |

rv.E By for T E [—*ﬁ,ﬁ]

By [2, p.125-127], we can number the eigenvalues of Ay (Tv) as p(rv),-- vy e(TV)
such that the functions p,(Tv) are single-valued and continuous on [--8,8]. The set
{ps(Tv)}.=, and the set {X,(Tv)}=, are just the same, and there is one-to-one corre-
spondence between the elements of the two sets. Moreover, from (2.3)

_ O L R
For simplicity, we write ' |
| ﬁ;(r) = [_._t.f(fv)_, 8= 1,0, (2.5)

2.2. Let 2 Pe_a.;%c_qni_plex i'a_.ria.blé. Now we c_onsi&er_the function A;(z) = Ai(2v)

and its eigEnvalﬁé,.wﬁéfé'i)’_ is the fixed direction taken in 2.1, and

r

zeDp={z=7+10€ € : €[-p,hlo € -1l
in which Bi(< B) a.mf ~, are small ﬁbﬁitive!scalars so that -

Lo 4 iz €By - for z € Do.

Obviously,ﬁl(z)" is aﬁ-'aﬂﬂf;tic'functiﬂ;r of z € Do, and by (2.3} A1 18 a.; semisimple

multiple eigenvalue ibf A (0). Therefore, if we let M(A;(2)) = {A(z)}=;, then the

e = a3 @M, b=l

: m>y!
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where the natuﬁral number 7’ < 1. Speci-a]ly, take z = 7 € (0, A1); the eigenvalues it(f)
of the matrix A,(7) are | o
~ 1 mY m/r v , :
}.1(1‘):)\1-_{-(,9& )T-I- Z(pg }T / y f= 1098, r, ' (26)
m>r'! .

2.3. Let 7= 'r{'. Further, let
j‘t(Ti) = it(r{r) ’ .t =1,--+,7T (27)

and
i dr) = fa(rf )y, 8=1r (2.8)

Observe the following facts: |
(i) By (2.6) and (2.7) the functions A(71) are analytic for 71 € (l},ﬂ}/ 1'J]. Since the
zeros of any analytic function of one real variable are isolated!l). we have
- 5(r) # Ml(r), Yne@©Ba], i#k
provided that \;(11) # Mie(m1) for 71 € (0, BY/™") and the positive scalar §, is sufficiently
small. .
(ii) The functions fi1(71),"*" jir(71) are continuous on [0, i" r'].

(iii) The set {ﬁ,(r1)};=1 and {A(r1)}i=, are just the same for each point 1 €
[D,ﬁ}f "], and there i8 a one-to-one correspondence between the elements of the two

sels. - _

Therefore there is a permutation 7y of {1,---, r} dependent on v such that
lfT']
¥

ﬁa(rl) = iwi(s)(rl)a s=1,¢--y7, T € [01;61
and from (2.7}, (2.8),

fis(1) = i.,,i(,)('r), s=1,---,r, T€[0,B]. (2.9)
Hence, from (1.2), (2.5), (2.9) and (2.6) we get |
Dpﬂ;(ﬂ) - hm #H(TV) '" !"’3(0) — lim PJ(T) i #8(0) |
=40 T T—40 T
; 3‘#1(3)(7') e ‘im(a)(ﬂ) d‘iﬂ (,)(T). _ (1) _
_TEIEG T - ( dr )f=u_(Pf1(#]’ B Ay
' (2.10)

2.4. Now we seek the explicit expressions of tpil),t = 1,--,T.

Let £ be an a.rbitrary_ positive number. By the Jor_da_,ﬂ cajz.f:_inicail form theorem there

is a nonsingular matrix @ € €™*" such that

x dA (TV) - “aor e by il | | )
1 1] _ | . | _,
Q ( dr )1'=0Q = . 3 b : Y (2‘11);

& €1

where

G g

5

G 61"1 < ﬁl‘.l""l_- T 1"1 +r2 . .
. i aenn— Tale s oet R ¥ L, R L, Ty T = ,u.?
< e 6r1+---+r1_1+1 = Tre = ridetrg—i +rqs (212

e 5

rP+er-trg=71,
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€
and each ¢; is equal to 7 or zero. Let

Q' Ay(rv)Q = (Bri(T) gk, 1<r - g (2.13)
Then by the same a.rgument as used in [6, p.136, 3°], fI‘ﬂIIl (2. 11) and

o (H)y Q= [£@ M),

dr

we have

A1 + o+ 0@ o034 k=1,

2 3) .
= + o} }:+1T + Q}rl}cﬂf e -
or 6], 72+ 0 £31+1r3+ ifk=1-1,

9}:]72 9373 4 . | otherwise.

By the Gerschgorin theorem, from (2. 11)~(2.14) we can prove that (ref. [6. p-137])
( ) = w2(t)> t=1,-+,71, ' (2'15)

where 7 is a permutation of the set {1,---,r}.
From (2.11) it follows that
dAl(TV)

Gonolin =A@ (22) @) =(HA™D) ). o)
Moreover, from (2.1)~(2.3) we get (ref. [6, p-136))

TV T 3 -
(dAdE'_ ))fﬂ-YIH(dA( ), X = (X “i( gg ) o)

N
dA(p
= E v; YIH( ( )
I=
Substituting it into (2.16), and combining with (2. 10) and (2.15), we get (1.5).
This completes the proof.

Proof of Theorem 1.2. By the step 2.1 of the proof of Theorem 1.1, A;(p) (see (2.1))
'is an analytic matrix-valued function of p in some neighbourhood By of the ongm of
dIN Therefore, A1(p) can be expa,nded as a convergent power series

2
7ir) E I(P) 2 o Al(P) (217

;,l.-l

Now we take p = zv for a.ny ﬁxed v € d?” with [|[¥|la = 1, in which z E dZ' z 9& 0 and
|z| is so small that zv E Bo Then from (2.17),

¥ 3A 0*A
e ) 1o 5 G

| 2V € Bo (2.18)

-r
-
£
?"
"
=
o

-
L
i
)

'
]
H
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Let ¢ > 0. It is well known that there exists a nnﬁsiﬁgula,r matrix ¢J(¢) such that

(51 £1
N /84:1(p)
1 1I\P _
Q( ) (g( 3}3} ) _GVJ)Q(E) = B g ’
Oy
in which each ¢} is equal to € or zero, and
N ' N
dA1(p) 0A(p)
6,...151_ =A( =) )=)‘( yH X)
{1 } E( ap] )FUFJ _ j= Yif ( apJ )p:ﬂ 1

Substituting it into (2.18) we get

' . 3 2
Q(e) A1(2v)Q(e) = I + 2 L |+ AT RMRE),
" r—1
here R(») = 3 32‘4’(”)) v+ O 0). By the Gerschgorin th
where (u)—jél(apjapk p=oujﬂ;,+ (|21)(]z] — 0). By the Gerschgorin theorem

ecach eigenvalue A;{zv) of Ay (zv) satisfies

Mj(zﬁl_ < a6+ + o) AE)QE) e

Let |z = r — 0. Then

max |X;(zv) — M|

lim max =257 < max 6]+ (2.19)
r—0 e IEI 1<3<r
|z|l=12>0

Thus we have proved that for any ¢ > 0 the inequality (2.19) holds. Hence by definition
(1.6) we have

' N 8A(p)\
35, )(ll) < P(ng ngIH( 6pf))p=“X1)- (2.20) |

On the other hand, for any fixed v € €N with |||z = 1 and for any £ > 0, by
Theorem 1.1 there are a single-valued continuous function ux(Tv) and a sufficiently

small 7 > 0 such that

|;fk(1'12 — A1l > P(i!’leH (BQIEP))FOXI) _s o (2.21)

Observe that by Theorem 1.1 pi(rv) = M(rv) for some I € {1,--,r}, hence from
- (2.21) and (1.6) - ol 8 | e

3=1

a
r
= r .
x .

S¢N (M) 2 p(E un (Ta';(?ﬂ')p__:nxl). . (2.22) -
L YA Fi i |
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_ §3. Applications

First of all we consider a simple example.

Example 3.1.[¢0 consider the eigenproblem (1.1) with N =2,B = C?, and
| 1+2pm +2p2 P2 ) |
A = ;
») ( 2m 144

The matrix A(p) is an analytic function of p € €2, A(0) has a semisimple multiple
eigenvalue X; = 1, and the eigenvalues of A(p) are

M) =1+p+3p+\/r+ 03, Xa(p)=1+p +3p2- \/p1+p2
It is known that the functmns A1(p) and Az(p) are not differentiable at p = 0 (see [6,
- p.132]).
Let v = (v1,12)F € €2 be any fixed direction with livll2 = 1, and let T be a real
variable. From i |

M(rv) =1+ 7(vn + 3ma) + Iry/vd + v,

da(rv) =14 7(v1 + 312) - ITI\/"‘% +vj

. #

we see that the functions A;(7#) and Ay(rv) are single-valued and continuous for the
real variable 7. Therefore we may take the functions pi,(Tv) described in step 2.1 of §2
as A,(Tv). Straightforward calculations give

Dop1(0) = vy + 3 + /i +v3, Dyu(0)=0n+ 32— \/v-f + V2. (3.1)

On the other hand, applying Theorem 1.1 we have

, /2 Q0 Z2 1
{Dpp.(ﬂ)},-l—{f\ =-"E)‘("l (2 '0‘)+”2(0 4))} _
' _{Vl +31’2+\/V1 +”2!”1+3V2_\/VI+V2}'

This coincides with (3. 1)
Now we give some applications of Theorem 1.1 and Theorem 1.2.

3.1. Sensitivity of semisimple multiple eigenvalues

Let C(v) be a continuous matrix-valued function of v € &, Then it is easy to
prove that the function p (C(v)) is continuous for v € C". Hence according to Theorem
1.1 and Theorem 1.2 we may introduce the following definition:

Deﬁmtmn 3.2. Let p,A(p),B(0),X,Y and Ay be as in Theorem 1.1. Then the
quantity sy )(Al) deﬁned by (1.6)-is called the sensitivity of the semmmple multiple
e:genualue )q in the ihmctton v & CN with ljvflz = 1, and the quantity | -
SP(AI) = IIIE'.X. S(")(Al) : . (32) i

. nun,-i' . E

is mlled the sens:tmty of the semmmﬂe e:genvalue Al of A(p) at p= 0

4
R S-S
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By (1.7), we have

,. 5 9A |
5p(A1) = | max p(E-UjYIH( 8;?));::0}(.1)'
Z ll-"jlizl 3=1 ! |

Recall that the quantity

N | 1/2

A(p)y 2

- H

) = (3 (7 (557),%)] ) (33)

has been defined as the sensitivity of the semisimple eigenvalue A1 (see [6]).
Consider Example 3.1. By (3.2},

N R - N G|

- max {|»|+ 3|+ 1} = max{t+3V1-12+1}

1 2 4 2= 0<t<1

= 10 + 1 ~ 4.16228,
and by (3.3)[6],

sp(A1) = 2v5 = 4.47214.

Since perturbations gf the eigenvalues of A(p) at p = 0 are not only the pertur-
bations caused by the variances of the parameters along the axes p;{7 = 1,-- .
the quantity $,();) defined by (3.2) is a more reasonable measure of the sensitivity of
the semisimple multiple eigenvalue A; of A(p) at p= 0. Let us consider the following
example:

Ap) = ( : m) , p=(p,p2) € C".
p2 1
The matrix A(p) has a semisimple multiple eigenvalue Ay = 1 at p — 0, and the
eigenvalues of A(p) are A1(p) = 1+ /P1P2, A(p) = 1— /Pipz - Let v = (v1, )T € C?
be any fixed direction with [lv|jz = 1, and let™r be a real variable. Simple calculations
show that we may take the functions p1(rv), p2(7v) described in step 2.1 of §2 as

u(tv) = 1+ |r|Vve, pa(rv)=1- IT{\/ V12,

and

{Dvﬂa(ﬂ)}g_:l = {+vy vz},
By (3.2) we have |

S,(A )-—; max (u (Ul 1.)+u (0 0))
A= e P\ 0 0 T AL 0

ks : . _ — max hflflle:- ﬁ, | | ' (3.4)

- nPtalf=r o _
1

and the maximum can be attained at the directions v = '—ﬁ(ém‘ ,e'%2)T, where 6y,62

| é:i':"é1"“.--."1‘3!’_1'~‘?,£|.l scalars. But by (3.3) '. 3

Db @ DTEC T o0
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which can not represent the sensitivity of the semisimple multiple eigenvalue Ay of A(p)
at p=0. ' T e 5

From (3.4) and (3.5) we see that the quantity sp(A1) can not give an upper bound
of 3,(A1), but (3.2) shows that |

9A A o
p(YlH( 3}2(:?)) =gX1) < SP()‘I): J = 1, ony NG

.and so we have

315(}"1) < VN 3(A)-
It follows from (3.2) that . - |
= .
. ‘dA - S
$p(M) < JEIIYIH( 20 xf=s00 0 69
j=1 P; / p=0

for any consistent norm ||-|| on €7*". Hence we may introduce the following definition.

 Definition 3.3. Let p, A(p), B(0), X,Y and A, be as in Theorem 1.1, and let || - ||
he a consistent norm on €7*7. Then the quantity 5p,(A1) defined by (3.6) is also culled
the sensitivity of the semisimple mulliple éigenualue')q of A(p) at p=10, |
Consider Example 3.1. Taking ||- 1 = Il - [l2,} - loo and {| - {|1, we have

| ’ gp(}-l)=\n(z g)

2 2
2 1
2+“(0 4)L~5.02998,

—

2 0\[I? 2. 1\[°
EP(A1)=\“(2 0) +_n(0 4)| ~ 4.47214
and |
) 9 0\]* 2 1\ |?
S’”("‘)"\“(z 0),1+H(0 )|, =536,
-respectively.

~ Since the right-hand side of (3.2) is, in general, a constrained non-smooth optimiza-
tion problem, the computation of the quantity Sp(A1) defined by (3.6) is much simpler
than that of 3,(A1)- -
3.2. Condition numbers of semisimple eigenvalues

Let A = (a;x) € €"*". Assume that there are matrices X,Y € €™*" satisfying
YEX =1, X =(X1,X2), Y =(M.Y2), X1,Y1€C"

yHAX = ( 1 ) AT A2).
. . ol

Regarding the elements ﬂik as ‘parameters, by (3.2) we obtain the -gensitivity of the
semisimple multiple eigenvalue A; with respect to A: i

‘. > 3 _ T .. | 7 R t.__ﬁ.,' 'aA . oy _ N :
sa) = mpx  p( 3 v —x). @7
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Write | : 8 |
X{I=(I;*",$L), Yle(yii“'iy:;)i- ﬂ:;,y;ECT V.?
and -
B (I/jk) - et
Then from (3.7) we get
su(0)= max P S visYs) ) = max (YEVX).  (38)

5. lvisl2=1 1,k=1
3 k=1

The quantity 5a(*) expressed by (3. 8) m
number of the eigenvalue Al-

Let
X, YH = AT:Q7

ay be obviously regarded as a condition

Qleﬁnxr PHPl—Q Q1=

where Pl,
., 0 are the singular values of

ue decomposition of X,Y,

be the singular val
.,0,) in which o1,-°-» oy, 0,

7). and ¥, = diag (c.rl
Q1P1H Then from (3.5),

1 1
; = > yH Hy = o) = X, YE ..
5a(A1) "ﬂi{i__lﬂ Xllﬁ V)2 p(X11 lePl) \/—,:P( 1) w—_ll 1Yy |12
(3.9)
On the other hand, we have
34()y) = max p(XlYlHV)C. max uxlyﬂvngqulylﬂng (3.10)
Vilr=1 HVilr=1
Further, observe that
1X,YH ||z = (X3 Y5 Hy, Xf)1/2|l2 = [A Amac( X1 YHVAX/?
[-’«m((l’f’ X )Y HR (X X k)
= |l[(X{”X1)'”2X Yl(YIHYI)—lylﬂxl(X{IX ) 2, - (3.11)
where Amx( ) denotes the maximal elgenvalu e of a Hermltlan matrix. Hence, if we let
Uy = xl(x{*xl) -2, L AE Yl)-'”?

and define B
(X1, Y1).= a.rccns(Ul V1V1H Ul)lf2 >0

then from (3.9)- (3.11) we have
1X1Y7" 1z = | [COS 9(1'111’1)]_1“2

and _
(3.12)

——Hlﬂﬂﬁ G(XhYl)] 1llz < 34(»‘\1) < “[005 B(Xi,Yl)] Hla-

_ The relations (3._12] show that we may alsn use the quantity
. § owoin 1 . § .
[cos G(XhYl)] o

.5'{ )' = “
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2s a condition number of the eigenvalue A;. |
Further discussion on condition numbers of semisimple multiple eigenvalues is given -
in {7]. | | '
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