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Abstract

Because the nonlinear Schrédinger equation is met in many physical problems and is applied
widely, the research on well-posedness for its solution and numerical methods has aroused more and
more interest. The self-adjoint case has been considered by many authors (-], For a class of

“system of nonlinear and non-self-adjoint Schridinger equations which refers to excitons ocenrring in
one dimensional molecular crystals and in @ spiral biomolscules, Guo Boling studied in [6], the pure
initial and periodic initial value problems of this system and obtained the existence and uniquensss of
its solution. In [7] we discussed the difference solution of this system and obtained its error estimate.
In this paper, we shall study the finite elemont method for the periodie initial value problem of this
system. Just as Guo pointed out in [6], since it has & non-seif-adjeint term, it not only brings about

trouble in mathematics, but also creates more difficulty in numerical analysis.
Qur analysis will show that for this system, in theoretically we can obtain the same resnlts asg

when it has no non-self-adjoint term.

§1. Notations and Statement of the Problem

Write I = [0, 2w]. Let Ly=1ILy(T) denote the set of complex valued functions
‘which are square integrable. The scalar product of f and ¢ in Lo(I) is denoted by
i

(f, ) mL fgdz and the norm of f by IS L.=(L | f Iﬂdm)g; L.=L,(I) denotes the

set of essentially bounded complex value functions, the norm ig defined ag | £l oo =
esssup | f(x)], and Hr(I) denotes the space of complex value periodic functionsg,

which have square integrable generalized derivatives D*f(z) (k<r). Let | fly=
1 o o
(IEE | D*flz,)* denote the norm of f in H"(T). The space L=(0, T; H") oonsists of

complex value functions (=, $) that, as a funotion of @, belong tfo Hr and that
satisfy sup |u(.,#){,<oo, In partionlar, if #=0, it is L= (0, T; T,), where T, is the

0<i<T
set of periodic functions in L,.
Now we consider the following periodio initial value problem for the system of

nonlinear and non-self-adjoint Schrédinger equations

* HReceived June 4, 1985.
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i 2 (4(2) Z)+B L+ B(=)g(|u|)u+K (5 Du

~G(z, t), —oco<w< +oo, 01T, (1.1)
u(os, 0)=u’(s), —ocola+00,
u(z4-2m, 1) =u(z, §), 0<i<T,

where
ﬂ‘i(‘-’“) G
Aley= aq( @) ' B ﬂ:a. :
ax (w) oN
Kii(m: t): Kiﬂ(ﬂ’: t)? Yy K 1x(a, ﬁ)
K 3 t 3 K : 3 y %y K 3 5
K(w, £)=- st (@ ) aa(®, 1) ax (@, ) |
K'm(w t) Kﬂg(m t), Eyy(m t)
u=u(e, t)=(u (z, 1), us(a, ), , ux{o, t))T is an unkpown complex vector value

function, # is the conjugate of 2, [u|ﬂ=5‘_, |2, G(o, t)=(G(w, 1), Gala, ¥),

Gy(w, 1))7, G4{w, t) are known complex value functions; a (), B(=z), q(s), K, (=, t)

are known real value function, #°(z) = (u)(x), ue(w), »-, wf(w))” is a given
complex veotor value function; o; are constants. Besides, these funciions safisfy the

following conditions:
O<m<a(z) <M, |alz)], |a(2)|<K;

Kir=Kr!; iKIr( t)lr 3K;,- QK

(A)
<@G: 1, r=1, 2 - N,

j |Gh(=, 1) |?da<E, ‘aG‘
l'l-::a!u:;T

IQ(S) | <4s, >0, |B(2)| <B.,

where m, M, »--, G are positive constants.
By the results of [6], we know that (1.1) hag solution # (=, ¢). Moreover o (w, &)

cL> (0, T; H, ux, i)EL"“(O T L) and #(w, 1) satisfies
ity ) (@ 22, 21 (B, o)+ (Bla)a(u] D, )+ (Kisty o)

=‘(GI(': t): 1")! ” (1_2)
(ui'('r 0)! 'U) =:(uln1 "U), VWEHE E=1 2 Lz N

In the folldwing, wo write 4;,(u, v) = j & (m) ) d:n and Alu, v) =25A;(u;, V1)

§ 2. The Semi-Discrete Finite Element Method and
Its Error Estimation

We adopt the finite element method to find the approximate solution of (1. 2)...
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We take a finite dimensional subspace U,+il/, of H 2 whick is composed of
piecewise polynomialg of degree »—1. Here U, is spanned by real basis functions

{ws}ji;. The finite element solution &, € (Ty-+4l7;) ¥ of (1.2) satisfies

(atwn, 2) + Aing, 2)+ (inier 2)+ (B@7C 8| D, 1) + 33 (K sptas 1)

J=1
4 =(Gt-'r('r t):- 2’);
-Cﬁli(-! 9), X) =('u;}r I)i VIEUJ;'F'E:UJH Z=11 2! G -N-

Lemma 1 (Sobolov estimation) ®1.  Suppose uC H*(1), Then for eny >0 and
integer 1220, there ewists & constant O which depends on T and & such that |

|I-DIuHL|{E||DkMI|LI ,G"u”l}n Z{kr '
| Dul-<e| D), +Ollur, I<k.
Lemma 2, For any u€WL(Q), m=>1 and r=>1, there exisis a constant B(Q)
such that

(2.1)

|[£5_[|L,{g;_£,8(£2) e () o]l 2%,

- .
where nr.==(1 1 )(—1-————-}_-) , m=—T"_ i the dimension of Q.
r D T My i f)

The following two lemmas are similar 10 Lemmas 1 and 3 in 16].
Lemma 8. If the conditions (A) are satisfied, then |t . <E, where E is a

dafinite constant,
Lemma 4. 1f iho conditions (A) are satisfied, then |20

| O%
8 @ definite constant.
From Lemmas 1, 4 and 8, we have the following
Corollary 1. |1, < H..
In order to estimate the error, we firet introduce the elliptic projection of

linear part Py: (ﬁ"}”—-}(U;.*{—fin;.)N guch that if ve (H)?, Pywo=(pivy, -+, plox),
where piv, =phvp+ipke?, 1<h<N , satisfy
Ap(s— v, 1) + (a0 (V~f00)a, 2) + (KO (v— 250, 1)
==0: VKEUM k=1: 2? g N' (2'2)

Beparating the real and imaginary parts, we have
A (Phvk, 1)+ (0i (P5vi)ot o (pivd)s, 2) + ((Kut-O) plivl, 4)
=A(vx, 1)+ (vt oavd, 1)+ (Ku+C)ol 3,
An(pive, 2)+ (0 (Phvi) o — o (Phv) ey 2) + (K4 C)ptod, 5)
=Ay (v}, 1)+ (- vl ) + (Kt+C)oE, 3),

where 0 is a indeterminate and properly large positive number. We define the
differential operators I, as B

Q'Ei, where Ej_

Ls

(2.8)

-9 O\ gt 9_ 5 2_  §o o8
?E(GE oz ) ** am +(Kut0), | % oz s

Ly, = -'3 '3 Y 3 ( 2)
o _“(ﬁk_@_m_ — g+ (K +C)/ \ %

ox’ ' ow
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If we simply denote o by ; and »% by 25, we have

(Lyvy, vy) ='L {ﬂ# [( %ii )2 } ( 6;;2 )2]"‘%' (Ku+C) (’31‘[‘52)}@-’"

Notice
”1 (Kua+C) (03 +2) dm' ?(5—3') 2% |3,

When € is properly large we have
(Lo, 'va)>mllml|§.+(6" —K) |wli,zm]o|i, k=1, 2,.--, N,

From thig we know the elliptic projection Pv exists uniquely.
Lemma b. |v—Pw|.,<Cr|v|, Yoc H")¥,
Proof. We write

T (.A(m) i B g‘; L (Kp+ 0D

where Kp=diag (K). Thus for any %€ (Us+4iU,)¥ we have
m (| (0 —Pav).li,+ |v—Pyo|i)
< | (L{v—-Pyw), v—P,0)
= | A(0— P, v—)) + (B(T—P30),, 0—%) +((Kp+CI)(v—P,v, v—1x)]
<M ([(0—P0)alrat+ |0— P z) (1 (0— R)ellza+ |0 — %] 1)
Eliminating | (© — P50 )|z, + [0 — P |z, on both sides of the ineqguality, we obtain
(0= Pu0)e|nat |O0— P02, <O inf ([(O— X0l + [©—%]1a)-

%€ (Ta+ilig) ¥

According 1o the interpolation theory of Sobolev space [10], we know
" (v_Phﬂ)m“L:_l_ "v"PhU"Ln’QGhr-j'"v”r-
On the other hand, the con juga,té of operator L is

2 esbeas

The charaocteristio polynomla,l of Iy is
— (@) (25)% — 0z (4§)
oz, €)= :

*ﬂk(’l—f), —ﬂ]ﬁ(m)(@g)ﬂ =(“.‘2v) 3 +mﬁ:(m)§ # 0, Y& £0,

(2.4)
8o L is an elliptio 0parator Aceording t0 the regsults of [11], for any @, @€ H "

the solutions of gystem L L1 , k=1, 2, «««. N, have the following estimate
)
lf»’:a tP:a

SHdulda<0 gmiuﬁ,,, m=>0.

(oot (o D)~y 3050
vi—pivi) N /) \\oi—gie2) "\ ¢

Thus from
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- poprra. SRS T

QL {a, [3(%““%‘”#) 3(4& ?:1)_|_ 3(%“%%) (s — xa)]

O ox on 0D
o a(mgf’ﬁ‘”k) F (K +0) (v —pkol) +of a(”’*_f’“wﬁ) JG—2)
5 j—aik 3(% P"M (K +C) (vi— phol) a% 3(%55 £0%) ] (%—xs)}flﬂﬂ

we obtain for any g, xﬂe Us

v—pivi\ o1\

(( vi— phvi ) (% ))

< M| (’ﬂi“ﬁf‘iﬁ)m"m“ (1= x1) el 2o+ M) (Vi — 0500 ] 1all (P2 22) 0 14
+ M| (v — DEv%) el 2l 1 — X1l za+ M5 || (v — D5vi ) ol 2a | P2 — 22|

+ (K'Fé) [" ’U:.:—'Pﬂ’m ||L-.”1,£'1-'2'1”L.+ ||'vk—p?'°@ ||L. IIJ:a—Iﬂ"L.]
+ M| (93— pkvE) ol all ha— 2al 2o+ Ms] (0F —D50%) | rall Y1 — 21 2ae

Hence
ve— Pz \ [ @
(( Jo P: :)! ( 1 )) <OR|P| (o1 2.+ | @all ),
‘Ui-,_'phqjk @5
i. e,

N
lv— Pz, < 2 o —pivi|z, + ; | vk — pivi || 2, <OAY | ©]5.

Now we estimate the error of the semi-digcrete solution .
Theoremi 1. Assume that (o, t) s the solution of (1.1) and u(z, #), ut(m )
el (0, T: H"), r>1, Ifﬂ:.m‘:ﬂ“"2 If |65(0) [z, =10(0) — 2, (0) | ., << CH’, then

e () — 6, (2) | L. <OR", 0<i<T.
Proof. Leb e;=w;— up = — phay+ ey —up = Z— p1. Then o, € Up+ 403 and satisfy

g (—gﬁﬂ, x) +A4;(on, ) + (apie, 2) + (B (@) ¢ (| 3| wen, 1)

— (B@)a(| P Dpias, 1)+ (Kupy, 2)

(33_:;’ ”)“L'A‘(jh 1)+ (D 10, 1)+ (B(@)g(|#]Dew, 2)

2= (B(m)g( IP?I-“ |B)P§cuh x> +§ (KIJ@&‘ x)*.r VIEEU:;‘F@U;;. (2*5)

We put y =p;, take the imaginary part on both sides of equality (2.5) and make
the following estimations

L]

| (eupay 1) | ‘='%r Lﬂi e (Pz)ﬂdﬂ-‘I =0,

| (B(=) [g(|tta]| P um—g (| Patt| ) Dhen], o) |
<|(Bx)lg(|tn|®) —g(| Pstt|®)Jun, o) |+ [ (B@)g({ Patt|Dps, o) ]
<Kylg () o CleenlZ.+ lltan]z | Pate | L) | pll el ot za+ K ol 02|, | Pate |3,

|G el<g (52 + )
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L P

For A,(2, p1), according to property of the elliptic projection, we have
A Dy, ) = — (w(s—-Dh) ey p1) — ((Ku+C) (ws—phns), ).

Thug
=1 N i
A(Dh, o)+ (fﬁz-@m P +E(E 5Ly o) “‘E(K vDy, ) —C (D, p1).

Hence

gae N ¥
| A(D, o)+ (D, P:)'i'E(KH@h P:)lﬂfajglu_@ﬂ“m"mﬂm-

Similarly, we have
[ (B(@) [g(| ]| Du— g (| Pae | phan], o1) |

<Kulg &)l Lult+ ol Pals] - 21Dl il
+ K| Pyt | £ 2l 24| 1] zs:

Finally,

N N
,_Zl} (Kups pr) 1-§Kﬁ§1 | sl za | 2] 200

From the CUorollary of Lemma 3 in [6] we obfain |#]. <E and using Sobolev
estimation we have | P, < F; uniformly for A. Now sum up both sides of (2.5)
for 1 from 1 to N and substitute the above estimates into (2.5). After sgimplifi-
d £ 2 £
L lplt<Bilplt+Bi[ 1215 + |

oation we have |
2
o
Using the Gronwall inequality, we obtain
o I5.<e* {1p(@ 12+ BT sup[o*(120)15,+ 22D Y]} o<i<r.

From [ets (0) — P ee(0) ||z, < [2(0) —~ Pru (0) ]z, + |2 (0) —u,, (0) |z, <OR and |u(z) —
2,0 [z, <|Z .+ | o] sy by Lemma b and the conditions of Theorem 1, the theorem
ig egtablished.

§ 3. The Fully Discrete Finite Element Method and

Its Error Estimation

oY
ot

Now we congider the fully discrete scheme of the finite element method.
Suppose ¢ (s) =s. Usmg the improved Euler method, the fully discrete soheme is ag
follows:

5 o ;] L ._ e .
'ir(Ul - UI, x)—l—-%—ﬂ;(U?"'i—[-U?, x}—[—%(m(U?“—l—U?),, %)

+3B@) (| U 24+ | T @ +T7), 1) +5 SEC, ST+, 2)

! 1 _ . - S 2
1 T W - " 3.1
P =u,(0), U z+42x) =Uz), —coLa< 400, .-
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e _-ﬂ

-k o L i R — e

OQHQ[%] —1, Vg €Up+ils, =1, 2, -, N.

Lemma 8. [U*],<FH, O<s< [%—], E, is a definite consians,

Proof. Set x=U7*'+Ut in equality (3.1). We obtain
. U?-IFI "—U“ n+1 n+1 n+1
a( U 4O +—-A;(U + T3 U+ T)

+ (D1 +TD)e U3H+UD +I(B(m) (| U120+ | O7|%) Ui+ U3),
T3+ 0D +5 K, DU +TY), TE+U0)

(G-, £0), U0, 1=1,2, -, N. (3.2)
Notice

k
AT+ T3, Ur+Up) >0,

L@ 4T T1+TD) =5 |, o1 5o @12 40D da=0,

Im 4 Un+1k U; Un+1+U'n =__1_J‘ ‘Un+1‘ﬁdm____j [Ullﬂdw

Im (L g(a) (| U224 U"[2) 0T+ TD), U +T) =0,

and because K=K we have

Im*z' ?(Kuc MO+ T), U+ U =0,

| (G:(o, £ LU | <My+ Mo (1077 3,+ 10015

We take the imaginary part on both sides of equality (8.2) and sum up for I from
1 40 N. Using the above estimates we obtain |
| U2, < | U3+ B M1+ BM(| U2+ U 2).

When % is small enough, we obfain the result of the lemma.

Lemma 7. | Uiln.<E;, O<s< [%:I, E, is a definite constant.
Proof. Set x=U;*'—U} in equality (3.1) and we obfain

i(E_:“i_;-EE, Ut U3+ 2 A4(OT+UL, U =T5)
AR @@ T, U =T
+1(8a) (U [+ | D) (@ +UD, U= T)
+ L SR, £ UHTD, U -TD)
(@, D), U -TD), =12, N (3.8)
It is obviouns that -
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Rei( 2 U+ —U7) =0,

Ro 3 [, BTEHTD) 0T gy L[ 0y [| 20127 202,

In order to estimate %(m(ﬁ LU, UPHL-T?), we take z=% (Ui +U}r), in
equality (3.1) and obtain

(=11, 5 @ +T7).)

i

=ik{—1—- A (O3 m(ﬁ?“ﬂtﬁ?)m)+%cm(ﬁ?“+l7?)m oy (U3 +U7))

+L (B) ([T 24 | U718 O+ T2, T +T7).)

5 asl eror T
+ DR, D TTY), a(Tr+TD.)

——%—(Gh(-, 7). m("ﬁ?“%‘f?);)}. (3.4)

We estimate each term of the above equality as follows

= ik AU +T3, a(T7+T1).)

— b | a@@U TN (O3 +T). do

=%- ik L ailaion %[(U?“”I—F U"),]? do

-~ _% ik j e (@) (U +U%) 2 da,

Re '% J-I la;|ﬂ|U?,+1—|—U’f¢lﬂdm=ﬂ,

1% ik [ 38a) (| U254 | DM (U403 (U7 4+ TY) o

SN
<tE. 3 | (U3 P+ | G0 |03+ (U5 |05

+ US| +|U%| |T% ) d.
According to the Hélder inequality, Lemmas 2 and 6, we have

[, o 2o 1o a2
([, i)’ ([, 1oy vanft ([ orivan)
<, Uz 2da+ [ 105 dot [ |07 da
<K (Ui 5+ UL 7)) + Ks.

For other terms we have similar estimates. Hence
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\— ik | @B(a) (| U2+ | U (Ur+UD) (Ur+U5) ol

SEK (| U""‘illr...+ | Uzlz,) +EKs.
In addition

5 i |, 5 2 Kula, & U+ U) O+ U o
<hK (| UE“ |Z.+ [ UZlE,) + kK,
\-—- mj (T +UL) Gi(a, t"*%)czw| <EE (N U+ |3, + | U]2,) + kK.
Using the above estimates in equality (8.4), we ebtain

3| S (T +T3), Up*— Uzt )3, + | U2f2,) +K ).

=1

Suppose K& T =Ky, (2, 1), K =0, G, ﬁ)go. W have
N % :
ReSISYL(Ky(+, *5) (U3 +T7), U~ U3)

-Lx

N
Re| 313 K} 3T5HT do— ok Rej SN K0T do

i=1 =1 2 Ii=1 jmi

1 N R -
+-2—REI > S(K Y K U de

1 Je=1

I

But

1 N N " 1 g3
5 |, ST K DU | <kE ] UL,

=1 i=1
Re j Gz, 47 (T T do
= Re L G4 (=, fp""'f) Urtldsz— Re L G (=, tk_%) U} do
-+ Re J‘I [G;(m, ﬁ“_%) - G; (m, fﬂ+%):| [_]? de.
Moreover, notice

RBE (3(:::)([U"+1|’+|U"|ﬂ)(U“+1+U,), it —=U)

“1 [ By (| U4 | U] da,

We take the real part on both sides of equa,hty (3.3) and sum up for I from 1 to N.
We then obtain

?1::21,!- ,(m)[
1 P\ rTn+1Ta+1 1 o~ n—3
+-;2-RE :EEEH(m’ i 2H)UH U dﬂ?—-—RBLEEKH(m i 2)YUU; da

2 (=1 =1

aUn +1

a 33[1“ .’ﬂ] J‘:'B(m)(l Uwtife_ | U"I*)dm

N a5 g
<EHGLG;(.¢:, t"f%)Ui‘“dw—;ilReL Gz, T do

I=1
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+:2,1 Re j s LG (=, t"_%) — @4, t""’%)]ﬁr do+BE (U2, + | Uz]3,) + K 14k

Again summing up for » from 0 to H —1 on both gides of the above equality, we
obtain . _

1 N

329
"Q—'EJ o (@)

+7_,R§[ S[G(a, f,"‘f) i, t*f)]Urdm—ERej Gz, )T da

n=] Il=1 =L

N

jl B(m”UHI‘dm—I-A'-ReJ iZK;;(m, #H_%)U?ﬁf?dm

2 1i=1 =1

e jB(m)[U“Pdﬂ:-I—EReLG;(m T da

E=1

3U;

3U;

+h K 3 (10U L+ | Uslf) + K. (3.5)

Notice the conditions (A) and Lemma 2 and we have
L[ BGa) 1UP | as| <2 | | U4 da<B I U7 1) U7,
B'(Il UF o+ | U] | Ur|s,
<e| UZ|3,+0(s) | UR]L.+ B | U%|z,. .
Substituting the above estimates into (8.5) we obtain
H=1
(% m—s—k K1) | UZ |5, <Ku+EKx = 1 Uzl

According to the Gronwall inequality, when ¥ and & are hoth small enough we
have

U< By, 0<s< [%]

Using Lemma 1, we immediately obtain

Corollary 2. | U?*|.. <0, 0%36; [%], where ( is a definite constant.

Finally we estimate the error of the fully discrete finite element solution. At

} =(n+%)k equations (1.2) can be written as

é(“"'ﬂ““? )+—1-A=(u'f+1+u?, x)+l(m:(a’:i‘+1+&??)m x)
—(ﬁ(m)(lu"+1l-“+lu“l’)(u"“ﬂd‘), x)-!- 2<E’u( £ )(u"“w") x)

e (Gier ), )0, 1), VAEUs+iTh, 1=1, 2, +=, N. (3 &)

Let Uy —ut =UT —pisti — (u? —pii ) Hﬁ_ﬂ?i i=1, 2, "_"f.,.!: 'V, From (31) h.]ld.
(3.6), & satisfy - Ok

(B8 N+l a@res D+t @@ B D

+ L8 (| T3 | DO +UD, 1) -
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"% (B(@) (| Pate™*2 |2+ | Pyui® | *) (phest P+ phetl), 1)

+‘1" i(fu(' fﬂ%) (ETREY), o)

(‘??”“  2)+g ACE A, 0+ 5 @G )

1 (B(@) (022 [ |2) (™ +4), 2)

— T (B(@) (| P+ |-+ | Pow[2) (ghes ™+ i), 1)

N " 2§ ;
+% E(Kﬂ('r ? +I) (ﬂ?“fﬂ?), I)'l“(o(ka):x): VIEEUn"[“E'rUh, 3“11 2’"" N.

(8.7)
Lot y=fMH 488 Tl 2, -, N Notice

Im g (ﬂ%‘ﬂ §?+1+§?)=-;15— L Ifi"”l"‘dm.—% L €7 |* do

=2 (lgr* 18— IG15),
A (ST +-EF, TP 4-£7) >0,
L (BB s ¥+ ED) =o.
Becanse ” -
QU2+ [ U2 U+ U) — (1 Pyt |2+ | Py | *) (phe ** +phedf)
= (U [24- | U"|2) (& +&0) + [(| U |2~ [ Pt | D)
+ (| U2 — | Py | 5) ] (phaf ¥+ phad')
‘“(l Un+1|ﬂ‘_]_ I Un‘ﬂ) (5?+1+§ ?)+(Uﬂ+1.2n+1+13h'ﬁn+i_£n+1
+ U g2+ Pyte* - £) (phafs 1 + phed))

and
(lﬂ""'i\‘“"l-lﬂ“'ﬂ) (@™ o) — (| Pae™* |2+ | Py ““I"')(Pa P hpig)
=(I“““|ﬂ+|ﬂ“|“)(n i)
+ (@ gl Pt ”nﬂ'l'w'iﬁ’;'{‘Phi‘—"'ﬂﬁ)(p},‘lﬁ?ﬂ'l'ﬁW)l
we have | | -

F(B(@) (| U (34 | U3 (Ur+T5), &4+6)
——-— (B(w) (| Pa™ {2+ | Py | 2) (p u?+1+m §"+1+$")

-5‘:— Bo([| U"*}3.+ | U“Ilr, JAE™ |z, + (€212, -

2 Bl (1 U™ [+ | Patsm2 ) (€721, BT+ 13+ 1€712)

AU o [P ) (L0 + 167 R+ 1671201 Chphead o+ Rohe 1),
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2(B@) ([ ]2+ 0 ]®) (s +44), €17 +ED)

— L (8(a) (| Paar2[ 2+ | Patr|2) (o +phes), §1414+E0)

-@i Bo( [l 3.+ e 13D (it U2+ [P U2+ 163 12+ €T D 2.)

L BoClpea™ In+ It 1) - LI+ ot Ps 1) e,

+ [&r 2, + 16013 + (| o+ | Pager] ) on | 2, + B 2.+ 163120 D

Moreover
1 SU®u-, £ (E LD, D
<E > €3 15+ 17 IR+ DT LR+ 1T 1R,

L SmiCe, 8B @), G|

< S i+ b+ 160 15+ 1815,

(L, arar)|< N G R T

| (O(F), §?+‘+§:)|'€0(k“'+ f&r 2.+ Tl -
Using the elliptic projection (2.2), we have

—A,( g, YD 5 (m(‘n’:‘“'*"n:)m Tk s 1P

'TJ: '-7?:

- L (R +Oyrt + (K3 4Oty 619 +80).
Thus _
| Aot €980+ @D G HED) |

< LB+ (I B+ Do I+ 1T I+ €712,

Taking the imaginary part on both sides of equality (3.%) and substituting the
above estimates into (8.7) and summing up for { from 1 to &, we have

£+ 5, — 1€ 13, <Ok ([€7 318, 1718+ I T+ o+ [

-+ ?.:4).
(3.8)

S
La

Here we have used Lemma 7, Corollary 2 and
| Patt? | o< | Pate” — |, + |07 ] 1. <O.
Now summing up for » from 1 Yo H —1 on both gides of inequality (3.8}, we obtfain
H| 2 o 2 . onlt) 4
g1t <4k 3 1818+ B[ (In@ i+ | TR )as+om

' where A, B and O are constants independent of k. According to the -Gronwall

Ly
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inequality, we have

lg=1z,.<e (B | (10 @) 12,+ ] 222
From (3.9) and noticing

| U — 4 (8 | €+ Il and | 22D | <ow, o<i<T,

:)dﬁ+0k*>, o<H<[T] (3.9

by Lemma b, we obtain

Theorem 2. Suppose g(s)=s in (1.2), the conditions of Theorem 1 are
satisfied, and u,y € L=(0,T; H*), Then we have "

| UE —u(HE) | <O F+k), oqﬂq[%].

For general ¢(s), if |¢(s)|<As, where A is a constant, ¢(8)=0, ¢'(8)>0, s&€
10, o0), the fully disorete scheme shall take the following form

r:+1____ 1t S ey
i( 2 UL )""—A(U““+U x)+—1—(m(U?+1+U?)m x)

-—(B(@Q‘(f U= %) U+ U3, 2) +—2(K;,( , P UATY, 1)

=(@(+, &), 1), Vi EUs+ils, 1=1, 2, -, N. (3.10)
Lot Q(s) =£g(z)d£. Suppose there exists k>0 so that LQ( |t {2 do< oo for O<A<

ho. We can obfain the following estimate

| U% —u(HE) | <O (k+7), OQHQ[%].

We omit its proof because it ig similar to that of Theorem 2.
Finally we disouss the solvability of systems of fully discrete nonlinear
equations,

For given Y& (U,+¢éU,)¥ the continuous map W=F(Y) which maps
(Ur+ilU;) " onto itself 18 defined as

(W;-—-U: )+_ A (W, +U3, %) +—(4r:|=e(Y:+U"‘)mr 2)

+3 B@g(| YD E D), 1 —5 B@e(| ¥1*)(Fi=W), 1)

1 & nb L >
+"2“§(Ku(‘: ¢ (XY +U3), 2)

)

AL :
-(Gi( , 7)), x), VaE€EUy+il,, I=1, 2, «-, N.

Similarly to [12] we can prove that the map W=F(Y) has a fixed point and it is
W= Ur*1 Therefore we obtain the solvability of system (3.10).
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