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Abstract

In this paper, we develop, analyze, and test a new alporithm for nonlinear least—sguares problema,
The algorithm uses a BFGS update of the Ganss—Newton Hessian when some heuristics indicate that
the Gauss-Newton method may not make a good step. Some important elements are that the secant or
quasi—-Newion equations considered are not the obvious ones, and the method does not build up a
Hessian approximation over several steps. The algorithm can be implemented easily as a modification
of any Gauss-Newton code, and it seems to be useful for large residual problems.

§ 1. Introduction

Nonlinear least-squares problems are frequently encountered in practical
optimization, and they are also of interest to the algorist because of their highly
structured nature. In this paper, we suggest another way to use this structure in an
attempt to increase the efficiency of the trust-region—Gauss—Newton or Levenberg—
Marquardt algorithm ([6], [8]).

The algorithm presented here is ingpired by NL2SOL ([3], [4]), in that it
chooses at each iteration whether t0 use a Gauss—Newton quadratic model or a
variable metric augmentation of the Gauss-Newton model to define the next iterate.
The difference is that the variable metrio augmentation used here requires less
storage, less algebra, and less code than NL2SOL. However, it seems to have no
better theoretical justification than the Gauss—Newton method. Still, it seems to use
fewer residual and Jacobian computations than the Gauss—Newion for some large
residual problems and to require little additional arithmetic at each iferation.
Conversation with NL2SOL users encouraged us to undertake this research, and we
publish it now in hopes that they will find it helpful and that our colleagues will
hind it an interesting use of secant updating ideas. |

* Received April 1, 1987
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Section 2 explains the augmented local model in its various forms, and points
out some overlap between our ideas and those of Al-Baali and Fletcher™. Section
8 contains a unified local convergence proof under standard Gauss-Newion-type
assumptions for all combinations of the methods presented here, Section 4 describes
a model-switching sirategy and the resuliing hybrid algorithm that adaptively
decides whether to use the Gauss—Newton model or an augmentation at each
itoration. Section 5 compares an experimental implementation of the algorithms
guggested here to the LMDER implementation of the Ganss—Newton method and the
NL281 routine from NL2SOL.

§ 2. The Augmented Model

Let F: QC R*—>R" be continuously differentiable, and congider the nonlinear
least—squares problem of finding a local minimizer «, for

$(a) =1 F@)F(0) —5 D(fa)™ 2.

The classical algorithm for this problem is the Gauss—Newton method which can be

thought of in two ways:
First, we can linearize #(z)— F (x,) about the current paramefer vector z, 10

obtain the local affine model for F(z),
F(m) ﬁF(fﬂg) +J¢(m*—$¢.),

where J,=J (,) =F'(x,) = ?; ; (m.;}). Then we can seek to improve z, by iaking

the next estimate x, to be the value of the parameter vector that solves the linear
least—squares problem defined by the local affine model.
The sum-of-squares—of-residuals of this model ig

%[F(mg)+Jn(m—mc)]T[F(%) +oJ o(2 o) ], (2.2)

and it can be viewed as a local quadratic model of ¢(z) of the form
b (2) HmP (2) = (20) + Vb () (2 —0) + 5 (@—a) T o(z—2).  (2.8)

A second way is t0 view this local quadratio model ag an approximation to the
Newton model

m; (@) =P (@,) +Vip ()" (@ — ) + %—(m-%) Vi (w,) (2 — ) _(2 4)

where -
V2 (@0) — T o= fi(20) V2 1(20) =8 (o) (2.5)

is approximated by the zero matrix. It is easy to reason from either derivation that

the difference between the two models depends on the size of the residuals F(x,)

and on how nearly affine # is in a neighborhood of . |

| Aside from the obvious advantage that the Gauss-Newton method bas of not
having to compute or make assumptions about the n p X p Hesgiang V2f;(2,), 4 =1,--+,
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n, it also is guaranteed to generate descent direotions as long as J, is of full rank.
This happens because V2*m{¥ (z,) =JIJ, is positive definite, and it means that the
next iterate 41" can be calculated by solving the linear least—squares problem
associated W1th (2.2) for s =a("—a,. This leads t0 a useful simplification over
Newton’s method of the problem of proceeding from a poor initial guess when
V2¢(a,) may not be positive definite even though V¢ (z,) is.

The major disadvantage of (2.3) with respeoct to (2.4) is that neglecting S(z;)
often leads t0 a significantly less accurate local model. It is not surprising that this
would cause slower convergence near a local minimizer of a la.rge_ regidual
nonlinear problem; however far from z,, it results often either in #$* not being an
acceptable next iterate when aof i8, or in a smaller residual reduction than
Newton’s method provides. |

NL2SOL essentially retained the Newton advantages without having to compute
S (a;). It did this by using a variable metric update method and an adaptive
modeling technique 0 switch between the Ganss-Newton model and an angmenied
model of the form

mf(m) =¢’(m¢) —[—Vcﬁ:(mﬂ)T(m—mﬁ) "*"%(m-ms)T[JEJa‘l'Sn] (m_mﬂ)r (2;6)

where §; is a variable metric epprozimaiion to S(=z) and J,=J(x,). Here as in
NL2SOL, the decision is made at the end of the current iteration whether to use the
Gauss-Newton or its variable metric augmentation to make the next step. This
decision is based on a simple comparison of the actual residual redunotion d(x,) —
¢(w,) to the predictions ¢(z,)—mi¥(2,) and ¢(w,) —mi(w,.). The algorithm
suggested here does not attempt t0 build up a good approximation to §(w,) over
several iterations; it temporizes a cheap rank-2 approximation if a given iteration
seems to call for it. |

We complete this section with a description of the way we suggest defining S,
in (2.6) and with some basic faots about this definition, We postpone a discussion of
implementational details until Section 4.

Given @y, @_, Jo, J_, Fo, F_, information at the current and previous iterate,

80t s_ =z,—o_ and O0<a,<min{l, |J7F,{}; (2.7)
set either s
Y. =J; [Jes5. +a(Fo—F_)] (2.8a)
or
/). =JiJ S _FaJiF—JIF ), (2.8b)
or . i
Yo =J i s_+a(Ji —JT) I, (2.8c)
and either : 0Ty, |
EFGEELL_ JoJ 8_8LJ
¥ 3 _51 AT (2 .9a)
or

| QOFP ., (y*—_JgTJoSJSE+?/—(?f—“‘JTJc3-}T Sf(y*—!}:gJﬁ—)?}-ﬂ (2.9b)
: T (sly_)” '
Note that with any pair (2.8), (2.9), we have |
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(JiJo+80)s- =9, (2.10)
and that a, =0 recovers the Gauss—Newion method. If we take o =1, then we obtain
the two methods that Al-Baali and Fletcher™ eall the GN-BFGS and GN-DFF
methods. Qur proof techniques can not support always taking o, ~—1, and so our
analysis does nhot apply to their methods. Our numerieal results suggest that a, =1 is

not always the besgt choice. |
It is tedious, but not difficult, to show that if J, has full rank and sTy_>>0, then

H,=J7J,+8, is positive definite and
( HGHMH) -1 Jg* g A SEBFGE) -3

g7y = I 18 s[5 = (JET0) -]

8Ty
T P -1 T : |

In fact, if any symmetric nonsingular matrix A replaces JoJ,in (2.9), then -
| Bprﬁg s __y_sf x —1 » y_ﬂf s s’ _

(A -+ 8779 [ I -3 ] A [ I —f-—s_y_ ]+—-f.-—3_g_ : (2.12a)
and - - -

DFP _ - 1!/_53 L y_sf ¥ y._yf
A+877P=| T L2 laf 1 EI] + 4L, (2.12D)

§ 3. Local Convergénce

In this section, we will present a local convergence analysis for the quasi-
Newton or Newton—like method based on the augmented local model discussed in
the previous section. Our major result, Theorem 3.4 will be the same as the
standard looal result for the (auss-Newton method (see Dennis™); indeed, if we
always choose a=0, then the new method is easily seen 10 be the (Gauss—Newton
method. It will be convenient to collect some useiul bounds hefore we start the
main proof. We will always use the I3 norm for both vectors and matrices, and for
2ER and e0, Nz 8)={zC€R" |r—z)<s}. For any sob DER", D will denote
the norm olosure of 1), N

Lemma 8.1. If o, y are two vectors of order n such that "y=1, and I is unit
mairiwc of order n, then - | -

| JI—ay’ || =|2)-jy).
Proof. Straightforward. . '_
Lemma 3.2. Let F: R"—>RB™ be continuously differentiable in an open convex set
Dc R, and et J be Lipschitz continuous in D: B,
| |J (@) =J (=) [ <ylo—=], - (3.1a)
for any o, xED. Then, | |

W@T-I@ <y lo—E], T @)
\P(a)-F@-I@@-DI<Llo—al4 . (8.2)
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and if D is compact, then for UH?E%EHJ(E) ||3 ok

T ()7 (&) —J (2)"JT (2) | <7ila—z], (3.3)
J(2)TF (@) —J (2) "F (z) | <yal o — 2], (3.4)
for y1=2y-0x and ys=ck+y-max|F(z)].

Proof. See ([6], p. 76) for (8.2). The Lipschitz condition (3. 1b) follows

directly from the faoct that the I3 norm of a matrix and 1135 transmse are the same.
The Lipschitz condition (3.3) follows because

W (Z)°T (&) —J (2) 7 (2) | < |J (@)*T (&) = (@) 1] -+ | [T (@) —J (2)]"J (@) |
ég?"ﬂ'ﬂfﬂ;ﬁ_m":
whers oy exists because D is compact. Finally, o get (3.4),
llJ(m)TF(fﬁ)“J(E)TF(E) | <|J(2)"[F(2)—F(a)]|+| [J (@) =T (2)]"F(=)]

<ou| 17(i+6(a—))1:1s—FId8+7]s—3]-|F(2)I

“%?nllm—ill-

Lemma 3.8. Let the hypothesis of Lemma 3.2 hold and tet o, € D. If J (@.)*J (@)
is positive definite with smallest eigenvalue A,, then for any p& (0, 1), there ewisfs
8>>0 such that for x, »E N (a,; 8) and s=2—u, |

77 (Z)7[F (5) — F (2)] >-L22- o7, (3.5)
Also, J(2)*J (2) is positive definite with smallest -aigm.:ﬂue greater than p*A, and
satisfies the Lipschiiz condition:

| 7 (2)TT ()] 72— [T (&) (@)1 | <3+ fz—=l, (3.6)
Vi

for some Tgﬁw.

Proof. Because J (2)*J (#) is continuous a} #,, there exists §>>0 such that the
smallest eigenvalue of J(z)*J(s) is larger than pehy for all jo—a|<9. Thus,
J(2)TJ (&) is invertible and

OO -;-l—.?‘ (3.75)

phe
For any z, # € N(w,; 8), by (8.7) and (3.3),
{ T (2)"T (2)] = [J (&) (2) ]|
<L EVENH VOO -T @I @]

<(S5-) mla—al.

[J (=)' ()17

Now set e<<min {a, zpj‘; } So for any p€ R", 2 C N (z,; &), the inequality
Y JFyr i Gl 2

A |plP<p’ (@) (@)p (3.7b)

holds. Now suppose z, & N (z,; &), then from the prevlous lemmas and the Canchy-
Schwartz—Bunyakovskii inequality, we have o
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| T @7 LF @) —F (@)] = [T @171 @)1 <owlsi 7+ Ist?

<L cuyllz—s.l+lz—a 1 s]"

<youslsl?<-Lox- sl

Therefore,

7 ()87 [T (B)s] — L7 [s}*< LT (®)s)"LF (B) — F (2)]

< [T (@)L (B)s] + L5~ 8|2,

Henoce
T (@)7[F(F) — F(2)]>pdals— L= [s]*= L3 [s]*>0.

Theorem 3.4. Let the hypothesis of Lemma 3.3 hold and assume that o, is the
only local minimizer of ¢ which is covexr in D. Assume that for some y, <A, and
every o< D,

| L (2) —J (@) 17 F (@) | <yel|o—=.]. (8.8)
Let € ( I* ; 1). Then there exisis 8 >0, such that for all ©e € N (,; &), the following
sequence generated by any ocombination of the Qauss—Newton method with ils BFGS
and DFP augmeniations is well defined and converges o o, with | B ya — @ | =7 |2 —%all

2y =wo— (J§J o) S o.Fq

For k=1, 2, 8, -++; Do
$x—1 =Ty — Tx—1, OhOOSE O<a<min{l, |JzF%|};
W isp—1 e (Fx—Fu1)],
oI
i-1=2J oS iSu-1F (T o F — 1 Fy-1),
or
T LT Sp-1t o (JE—J 1) Fi;

g, = §BFGS y_igs—iyki:—-l J %:-Z ksk—lsg—l'}r e 1
| Sk-1Yr—1 St—1 o WSp-1

S‘ s S:?FP (yk—i —J {J J.-,Eu—:t) :UE_T; + -1 ( Ypm1— ‘}; ";.:stn_ .'-!.)_T...
8z ~1Y k-1
i 3?:1 —1 (g;fx-:t —JTT WSe-1) yk_iyg_l_ o
(35—1%:—1) ” :
Hy=J 3w+ 8%

WB+1=%‘“HEIJ£F:=?

End. . |
Furthermore. if v,=0 or | F(=,)| =0, then the convergence is ai least gq—quadratio..
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Proof. First we establish some more useful inequalities. Choose

Y
PE(M, 1),
and take &;>>0 t0 be as chosen by Lemma 3.3. From (3.4) and the fact that
J ()T F (z,) =J%F,=0, we see that if s € N(a,; 81), then
- @TF (@) | <yalz—a]. (3.9)
Furthermore, by (3.2), (3.3), (3.8), |
1 (@) F(z) —JiJ (e—a) | < [T (@) |+ | Fo— F (@) —J () (@s —a) |
+ (| (@)% (@) =T &S | * | — .}
T H (J(‘.'.'E) -—J')TF.

<ou Tlo—al+yilo—al*+7.lo—a.}
= (Yslo— . +70) « |[o—2], (3.10)

where y,=ox %+y1.
Similarly, for z_, #, EN(=,; &1) and s_, &, y_ defined ag in (2.7), (2.8a), we
get from (3.3), (8.9), and the choice of «, < | J: F,|, that for 75=71+73max{a'g, Y},
|y —TrJ s | = | TiT s+l s (Fo—F_) —J1J ,s_|
<|JeTo— T2 |« 8|+ [ S (Fo—F_) |
S| JeTo—T 5]l s [l8]| + [JEFo| « |JE (Fo— F )|
<yifs- |+ l|we—aul +raok s~ - 2o —el| <vs|s-[ + |2 —2.|, (3.11a)
and for y_ defined by (2.8h),
|yy——J 5,8 [|=||JTJos_+a.,(JTF —JTF )—JiJ.s|
<|JeTo=Ted |« 8- |+ | JCFo| « | JoFo—JIF_||
<yils_feloo—au| +vils-{ - | el <ysls-| - [oo—=l, (3.11b)
and for ¢. defined by (2.8¢).
ly-— T s_ || = JeT s+ 0(JT =T ) Fo—JiT s
<|TeTo—J e | = [is-| + [T Fe]| < | (Jo —T D) Fe
<vils-|- |’%—_m*"+'}’"3—" | & o]l +vae | 2e— @]
<71ls-[* |@e— .| +2]s_[ * |e—a | Sysls-] * fwe—am,]. (3.110)
Also, ae<<1; 80 for the three different y_ definitions and ye=cF+max{cy, ya},
ly- | <Y TiT ol « Is- |+ o) Jo [Fo—F_ll <okls-|+okls-[<yels_ll, (3.12a)
M-I < TET ol * 8-l + || JF [Fo—TZF_] | <okls_| +valie_ <vels-l, (3.12D)

and ‘
ly_ V< TZTcll = Is- ||+ o]l (Jo—J D) Fol | <oit|s-[+yals-[| <yels-[. (3.12¢)
Finally, for the three y_ definitions, we have
sTy- =sZJ0J 8-+ asTIT (F F-)?s"JTJ.,s_}ph.Hs-u (3.13a)
from (3.5) and (3.7b), and |
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87y =sTJTJ s_+ost[J; Fo—JLF ] el JET s 2= phe 8- |7 (3.13b)
gince ¢ is convex on D(See Orfega—Rheinboldt (1970)). In the same manner,
sTy_ =TI T s_+ast[J; —J L] Fotas JZF_
=TT T s+t [JiFe—JIF 1 +asiJi(F,—F_)
28T T T 52 ph | 8- ||
Thege, (3.12), and Lemma 3.1 allow us 10 say in either case that

‘] I 3’-5" -5’“3# |1==|\y |- H Z ” "ﬁ%ﬂs < = iy, . (B0

It will also be useful fo ha.ve ’}'5—71'}'1—%1'779(14-'}'7)-
Now we prﬁve the theorem by induction. Let r¢& ( '?}:* : 1) and take

(3.13¢)

£ Vs Vx
" s<<min <8y, . a2 T — ’ L. , ;* ’ i 2_|_?u' f
1’4 +797a %"-+ﬁyﬂyﬂ+75 ""'_'ﬁ":ﬂ* Ay 7% 2.0 x .

Given any @€ N(a,; &), JiJo is nonsingular by the choice of &1; so 2y 18 well
defined and from (3.10), (8.6) and (3.9) we have |
|1 — 2, } = | 20— 2. — (JET o) S0 Fol
<|(JIT) " WG Fo— T (mo—2) | + [ (JoT o) — (Jd )

<?} valdo—2 1) +7.] [20— 0] + 73l 50—, | 7all 00— |

< (-'{i+vm)s+ 7 ]Hwo-—m*il'@fllmn—'m*\l-f.s-

Suppose |o;—u, | <r|z_1—2,] for j=1, 2, +, &, Then by Lemma 3.3, J3.J; is
positive definite and this together with (3. 13) ensures that H, is posifive definite
in either case; S0 oy.1 exists, Since either augmentation gives the Gauss-Newton

stop when a, =0, we can concentrate on the angmented steps. First, we will carry
out the induction step for the BFGS augmentation. By (2.10), (2.11), (2.12),

(3.14), (3.10), (3.9), and (3.11),
g — 2] = |2n— 2, — H TEFy (T — L=y (777,14 1281 g
|

. , . Sk—1Yk-1 Sh—1Yx—1
-l m—a—{( 1- % m—i) (L) (17, 1-Yeestis)
. - v -1?}1:- 3&:—-1%:-1
e Y 3#-—135—1' } JTF |
- TN R ’“_
-=' Ty — Ly, (JEJ*) -:lJTF {( T s 311-5 18;;—1 )T [(J{JH) o (JE'J'*)-i]
¥ Sk —1Y%—1
( ; _ﬂa 1&:-—1) .l 315—13;:-1
Sk—1Yx—1 sk-—lyh—l
- 71— Zetie Y sy 1 3’““5’“’"1) CEAR T
( 3::-1%—1) ( ) ( 33_1?}3_1 ( - ) s
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<|zp—2e— (J¥ J*)-"-"J e Ll
+”( T — Y= 13**“1) (T ) 2= JTT, )-1]( I— 3"""1”“‘1 )M i/ £y

3#—1%-1 Ia—l Ye—1
[Sx_1— (i 9 o %-1] 3:;-4 | St—1lSp_1— (J HY ) "1%:—1] L
o~1Y-1 5‘:;—1?}75-1

%:—13#—1 )
( I= 31,-_.1?};;_
wll Vs
< el T — km [+~ !

By || +viyeyalon—a. |

k[l ol laal , faalplnal-laal
S px.us,,_iuﬂ | Pl 8512
<73lzy—2,] |
Q[%*‘{%+7¥T37’H+Tﬁ_%;_(1_+77)}3]“%_#l“-
<r|op—a.]. (8.1Ba)

To complete the induction, let us congider the case when H y 18 the DFP
angmentation of J3Ji. From (2.12b), (3.3), (3. 12), (3.18), and (3.14),

| H— J.,||=/(( - Yt Nrry, (1o Zasha ) gl

St —1U%_1 St 1Y% Se—1¥x-1
I — _y?t—isk—l )J‘TJ (I ?/’:5—1-‘5';.; 1 )T___ 7 u
31.:-1?!!.:- 8. 14%-1 "
= “( T _ﬂa—lsk.—i )(JTJE_JETJ ) ( 3 y}'ﬁ—lsﬁ:——-l )
Sk—18/%—1 St 1451
(?}k—i—J wef oSy 1)3{;-%1 . _@_ﬂ%_ -{ *S'r.:_i)_i( T ?,fk.-.:lS;a—:l )T
315_13(1.:_1 35_1%:—1 33;-4.%5-1
<Y JeTa—T5].]
_{_m—i” ‘y?ﬁ-— J«»Sm—ill (1 ! ’sk-;l ” "yk—-i" )
3;;—1%- 1 8;2;1_13};;;.-..1
SO+ rrs(L+yn) low— ]| =vs| au—a, |
Thus,
A
N i
[ FET -
and
. | N O |
T 1 __JT A L
S (CLEpaar: BRI RS
Henoce by the Banach Perturbation Lemma ([6], p. 45), .
. KCEC . 1 4+« 9
1)) I | i e
S P (&2 I e ] i Wy e v
Finally,

|2pps — @ || = | % — 2, — H*J L7 |
SH—H |« | JeFy—TET (o — @) =~ (Hy~TET,) (w—,) |
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-a-f—‘-mnmn— N ye) 2= Bel + 76 25— 2l 7]

<L+ (urwal l—al <rla—al ' (3.15b)

This completes the proof of g-linear convergence. If »,=0, then g—quadratio

convergence follows immediately from (8.15). Of course, if | F(=z,) | =0, then 7=
0.

§4. The Hybrid Algorithm

In thig section, we will deseribe a model gwitching strategy and give dotails of
a hybrid algorithm ihat adaptively decides at each iteration whether to use the
Ganss—Newton model (2.8) or a BFGS augmented model (2 .8), (2.9a). Much of
the implementation follows MINPAOK and NL2SOL. Except for model gwitching,
the basic algorithm is essentially the same as in the subroutine LMDER of
MINPAOK. The model switching decision 18 vorrowed from the ideas in the sub-
routine NL281 of NI2SOL. Among the major differences between our hybrid
algorithm and the one used in NL28OIL are: | '

(1) No doubling of the jrust radius i tried internal to an iteration.

(2) If five unsuccessful steps are attempted in an iteration with the enrrently
preferred model, then the algorithm will start the nexs iteration with the other
model.

Before presenting the algor ithm, we make some preliminary remarks that will
also serve to define the variables in the algorithm, The actual reduction ared, the
predicted reduction pred, and the directional derivative dirder are computfed as in
the subroutine LMDER. Moreover, the npdating strategies for the step bound A,
and the Levenberg-Marquardt parameter A are also taken from that rouiine.

Mhe extra work involved in trying the alternate model in any iteration after
the eurrently preferred model step has been computed is not significant. To see
this, suppose that the aliernative is the BFGS angmented model. 'We would already
have the factorization

J‘M I Q * -Rr
and if we follow Goldfarb™’, Dennis—Schnabel [5] or [6], and define
JBFGH=J;;+HWT,
where " ﬂ
J s (y_—t-JiJ;ﬁs;) N
U= — Y= ,and $ = —=—2m—, 4.1
] T . T T —

then HEFOS = JEioeJ pres, and it is cheap to obtain the QE decomposition of Jpras LY
4he following well known means:

Jepee—=Q+ B+ ur"=Q(R+wo") ~Q-Q-R=Q-R.

'Similarly, in the case that the iteration starts with the BFGS augmented model and
the alternate is the Ganss—Newion model, the QR factorization of J,, can be obtained
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easily from the QR factorization of Jppgg. For complete details, see [6]. In the
algorithm below, we will uge the notation J, and J, t0 denote the Jacobian or Jgpas
as is appropriate depending on which is the alternate and which is the currently
preferred model. We will use m, and m, for the quadratic models themselves.

The Hybrid Algorithm

(1) Initialize p=1, A3=0, so=0=1gs, and 4,
Set Current-model =Ganss—Newton; Alternate-model =BFGS,
Compute Fy=F(z), Fnorm=| |, and phik = | F}|,
{2) Set firgt=TRUL,, ifail=0 and compute Jy=J (m;,,)
Rescale Dy, if neﬁeﬁsary
If Current—-model =Gauss—Newiton Then J,=J;
Else J,=J gpes
End If
{8) Solve for s to minimize | Fy+ Js), subject to | Dys] %‘A;ﬁ
(4) Set al,1~a,+s and pnorm = |Ds].
Compute F(af,.1) and Fnorm 1= |F#(a2,1) |, phikp=| F (28, |2
(6) Compute: ared =1— (Fnorm 1/Fnorm)?
pred = ([ Js|l /Fnorm)?+2+« (A2« pnorm/Fnorm)?
dirder = — [ (/18] /Fnorm)2-- (A2« pnorm /Fnorm )?];
rho=ared /pred.
{6) If rho>>0.25 Then («Probably a good step.)
If rho>=0. 75 or X; =0 Then (xIt was a good step.) d,,+1==2 Ay, ?«.,,=J\.,,/2
Else dyy1=14;, Agp1=2x
End If
Else (#Probably a bad step.)
. If firgt=. TRUE. Then
first=.FALSKE,,
Compute J,(*See the discussion before the algorithm.)
If |my(afes) — —phikp|>1.5- | my(@E;1) —phikp| Then
Solve for s to minimize | Fy+J 8]
~ snbject to | D8] < 4.
Set @i, =a,+s and pnorm 2= .D;s|.
Compute F(zI%,), Fnorm 2= |F (a2 ) 1,
and phikp — | 7 (a£%,) |
If phikpp<<phikp Then
XL 11 =Dhi1,
F(ab) =F(af%1), Jp=4J,
prorm=pnorm 2, Fnorm 1=Fnorm 2,
phikp=phikpp.
Go to (b) (#Check fit of alternate model.)
End If,
End If.
End If,
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If ared>0 Then temp=0.b
Else temp =0.5.dirder/(dirder+0.5+ared)
End If.
If (Fnormil>>10+Fnorm or temp<0.1) Then temp =0,1
End If. |
Ay =temps min{4,, 10+pnorm}
Aps1=Ay/temD
End If,
(7) Check for convergence.
(8) If rho<10~* Then (»Bad step; compute another.)
ifail =ifail+1
If ifail =5 Then
Exchange model preferences for next iferation
Go o (2)
End If,
Go to (3).
End If.
(9) 8ot wypy1=ahe1, Fraa=F(2hs1), Fnorm =Fnorml, phik=phikp.
If {mo(@ye1) —phikp| >1.5¢ | ms(@ps1) —phikp| Then |
Exchange model preferences for next iteration
End If,
(10) Set k=k+1, Go to (2).

§ 5. Numerical Results

In this section, we will fry to compare a preliminary implementation of our
hybrid algorithm NONLSQ with the MINPACK subroutine LMDER and the
NT1,2SOL subroutine NL281. Our implementation is as close as possible 10 LMDER
since we felt that the hybrid algorithm should be viewed as a way 10 modify the
Qanss—Newton method on large residual problems. In fact, we didn’t even tune
any of the constants involved in the LMDER code to find values that gave betier
performance with our hybrid algorithm. All the runs were done in double precision
on the Data General MV-1000 at IMSL using siopping criteria of 1.0D-8 on the
relative stepsize or the relative ehange in the sum of squares. The 26 problems used
in our test are ag followd,

Problems 1-18are the MINPACOK-1 nonlinear leasi-squares test problems.

Problems 19-26 are the NL2SOL test problems that are not included in the
MINPACK test set. They are: 19) Woods' function, 20) Zangwill’s function, 21)
Engvall’s function, 22) Branin’s function, 23) Beale’s function, 24) Cragg’'s and
Levy’s function, 25) the Davidon 1 function, 26) Madsen’s function.

The results for LMDEK and NONLSQ are identical for most of the problems
and so we only present the results for Problems 7.8, 9, 14, 1B, 18, 26, These results
are summarized in Tables 1-——8 where we follow the practice of using the ‘standard’
starting point for the problem the first time the problem is listed, ten times thab
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standard point if the problem is listed again, one hundred fimes the standard
starting point if there is a third listing, efc. For the problems listed, we continue
multiplying the standard initial guess by powers nf ten until the initial point is
too large for us o even be able to compute the initial residuals. Convergence is
never a problem.

These numeriocal results support the conclusions that for poor initial guessos
and nonzero residuals, the method suggested here may enjoy some advantages over
the Levenberg—Marquardts method. Therefore, further invegtigation seems justified;
for example, we do not allow internal doubling, and we have made use of the
freedom in the parameter &, only enough to show that it does affect performance.

The results in Table 7 show that (2.8¢) with o, =min{l, |J7F,|} is probably
the best choice of secant condition. We include o, =1 because of the relationship to
ideag of Al-Baali and Fletcher™ mentioned in Section 2. The comparison of
NONLS@ to NL2S1 is much harder due to the differences in the implementation
details, and so we will just present the NL281 results in Table 2 for completeness.

We hope that refinement of this simple and computationally convenient idea
will lead o improved algorithms for large residual nonlinear least squares.

Table 1 (Gauss-Newton Resulis

NPEOB N b 74 NEFEV NIEV FINAL L2 NORM
7 2 2 14 8 0.6998875E--01
7 2 2 19 12 0.6998875E 401
7 2 2 24 17 0.6G98875E 401
7 2 2 31 25 0.6998875K+01
7 2 2 36 29 0.6998875E 4 01.
8 3 15 6 5 0.9063596H —01
8 3 15 37 36 0.4174769E =01
8 3 15 14 13 0.4174769K 401
& 3 15 5 4 0.4174765E+01
B 3 15 5 4 0.4174769F 401
9 4 11 18 16 0.1753584F — 01
9 4 11 78 70 0.3205219E —01
9 & 11 584 390 0.1753584E—01
9 4 11 804 692 0.1753584E —01
9 4 11 2112 1628 0.3073494F — 01

14 4 20 266 247 0.2829543B 403
14 4 20 56 44 0.2920543K +03
14 4 20 253 236 0.2920543E4-03
14 4 20 226 211 0.20295431 +03
14 4 20 495 | 475 0.2920543E 403
15 1 8 1 1 0.1886238E+01
15 1 8 29 28 0.1884248B 401
15 1 8 47 46 0.1884248K+01
15 1 8 64 63 0.18843248E 401
15 = 8 - 81 80 0.188424884-01
18 11 65 17 13 0.2003440EK+ 00
18 411 65 13 10 0.1337839F4-01
21 3 5 25 15 0.2559996 K 01
21 3 5 31 19 - 0.2559996E 401
21 3 5 2794 2741 0.2559897E 401
26 3 3 29 27 0.8793174E 400
26 2 8 27 a5 0.8793174E - 00
26 3 3 89 37 0.879317T4E4-00
. 26 2 3 27 25 0.8793174E + 00
26 8 3 49 42 0.87931T4E 400
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Table 2 NL2SOL Results

NPROB N M NFEV NJEV FINAL Z8 NORM
7 3 2 10 9 0.6908875E-+01
7 3 2 21 16 0.6098875E 01
7 2 2 37 27 0.6098875E +01
7 2 2 52 39 0.6998875E +01
7 2 2 3 2 0.1131484E+ 14
8 3 15 7 7 0.9063596E—01
8 3 15 43 29 0.4174773E+01
8 3 15 23 15 0.4174769E + 0L
8 3 15 11 7 0.4174769H+01
8 3 15 72 33 0.9063506T —01
9 4 11 11 10 0.1753584F — 01
0 4 11 51 38 0.1753584H8 —01
0 4 11 152 108 0.1753584E —01
9 4 11 228 172 0 1753584E—01
9 4 11 101 135 . 0.3073309E—01

14 4 20 21 15 0.2029543E+03
14 4 20 29 19 0.2020543F+03
14 4 20 83 21 0.2929543H+03
14 4 20 ag 24 0.2920543H +03
14 4 20 3 2 0.6183207E+12
15 1 g 1 | 1 0.1886238E+01
15 1 8 60 48 0.1884248E+01
15 1 8 9 1 0.1180887FK+19
15 1 8 3 1 0.1269793E+27
15 1 3 2 1 0.1278976H 35
18 11 65 20 14 0.2003440E+00
18 11 65 19 13 0.1337839E +01
21 3 5 13 11 0.2559996E+01
21 3 5 30 21 0.2559996E +01
a1 3 5 48 33 0.2559996E +01
28 ) 3 13 11 0.8793174E+00
26 3 3 19 13 0.8793174E +00
26 3 3 34 22 0.8793174E 400
26 2 ;3 35 23 0.8793174E +00
28 2 3 48 30 0.8793174E-+-00



No. 4 A MEMORYLESS AUGMENTHED GAUSS-NEWTON METHOD... 369

o = . — T - .

Table 83 NONLSQ with (2.8a), a=min(l, |JtF])

NPROB N M NFEV NJEV FINAL L2 NORM
7 2 2 | 14 8 0.6998875E+01
7 2 2 94 16 0.6998875E 401
7 2 2 24 17 0.6098875E +01
7 a 3 81 25 0.6998875K 401
7 2 3 37 29 0.6998875E+01
8 3 15 6 5 0.9063596E — 01
8 3 15 - 37 36 0.417476918 401
8 3 15 13 12 0.4174769E+01
8 3 15 5 i 0.4174769E 4-01
8 3 15 5 4 0.4174769E -+ 01
9 4 i1 18 16 0.1753584E —01
9 ¢ 11 78 70 0.3205219E —01
9 4 11 440 374 0.1753584E — 01
9 4 11 790 686 0,1753584E 01
9 4 11 2038 1578 0.3078404E — 01

14 4 20 328 309 0.2020543E+ 03
14 4 20 66 53 0.2920543E 403
14 4 20 265 247 0.2920543E 403
14 4 20 922 206 0.29295438 + 03
14 4 20 468 439 0.2929543E + 03
15 1 8 1 1 0.1886238H 401
15 1 8 29 28 0.1884248E 401
15 1 8 47 46 0.1884248E + 01
15 1 8 64 63 0.1884248E +01
15 1 8 81 80 0.1884248E +01
18 11, 65 17 13 0.2003440E+00
18 11 65 15 19 0.1337839E+01
31 8 6 24 15 © 0.2559996K4-01
a1 3 5 46 32 0.2559996E+ 01
a1 S 5 2675 2568 0.2559996E+01
26 g 3 29 27 0.8793174E+00
26 g 3 a7 a5 0.8793174E + 00
26 8 3 40 35 0.8793174E+00
26 2 .8 46 40 0.8793174E 00
26 3 8 48 43 0.8793174K+00
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Table 4 NONLSQ with (2.8a) and =1.0

NPROB N | M NFEV NJEV FINAL L2 NORM
7 2 2 17 it s 0.6998875E 401
2 2 92 15 0.6998875K 401

7 2 2 24 17 0.6998875R 01
7 3 2 83 25 0.69988758 401
7 2 2 37 29 0.6398875K+01
8 3 15 6 5 0.9063596E — 01
8 3 15 37 36 0.4174760E+01
8 3 15 13 12 0.4174769E+01
8 3 15 5 4 0.4174769E+01
8 3 15 5 4 0.4174760K 401
9 4 11 12 10 0.1753584EK —01
9 4 11 88 73 0.8205219E —01.
9 - 4 11 895 350 0.17535840 —01
9 4 11 706 639 0.1753584E 01
9 4 11 1946 1533 0.3073494K —01.
14 4 20 328 309 0.2929543E + 03
14 4 20 65 53 0,2929543E -+ 03
14 4 20 265 247 0.2920543E - 03:
14 4 20 223 206 0,2929543F + 03
14 4 20 468 439 0.2929543H + 03
15 1 8 1 1 0.1886238E +01
15 1 8 29 28 0.1884248H + 01
15 1 8 47 46 0,1884248F + 0%
15 1 8 64 63 0.1884248K 401
15 1 8 81 80 0,1884248E 401
18 11 65 18 14 '0,2003440E +00
18 11 65 17 14 0.1337839K+01
21 3. 5 24 15 0.2559996 K +01.
21 3 5 46 83 0.2559996E+01
21 3 5 2675 2568 '0.2559996 B 401
26 a 3 29 a7 ' 0,8793174E 400
26 3 B 27 25 _.0,8793174E+ 00
26 2 3 27 22 0.8793174E+00
26 3 '8 g4 28 0.8798174E +00:
26 2 : 48 43 0.8793174E+ 00«
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Table 8 NONLSQ with (2.8b), o= min (1, |FtF])

NPROB N M NFEV NJEV FINAL 7.2 NORM
7 2 2 15 8 0.6998875E<-01
7 2 2 19 12 0.6098875E+01
7 2 g 25 17 0.6098875E+01
7 2 2 32 25 0.6098875E+01
7 2 2 87 29 0.6998875E40L
8 3 15 6 5 0.9063596E — 0L
8 3 15 37 36 0.4174769E 1-01
8 8 15 14 13 0.4174789E+ 0L
8 3 15 5 4 0.4174760K 401
8 8 15 5 4 0.4174769E+01
2 4 11 18 16 0.1753584K—01
9 4 11 78 70 0.3205219E —01
9 4 11 388 334 0.1753584K — 01
9 4 11 800 693 0.1753584E —01
9 4 11 2113 1628 0.3073494E— 01

14 4 20 121 81 0.292954312+ 03
14 4 20 49 32 0.2029543E+03
14 4 20 233 176 - 0.2929543K 4603
14 4 20 186 141 0.29295438+ 03
14 . 4 20 450 404 0.2929543K + 03
15 1 8 1 1 0.1886238E+ 01
15 1 8 29 28 | (,1884248K-4-01
15 1 8 47 46 0.1884248F -+ 0T,
15 1 8 64 63 0.1884248F + 01
15 1 8 81 80 0.1884248 K +01
18 11 65 17 13 0.2003440E+00:
18 11 65 13 10 ' 0.1337839E 401
a1 3 5 30 17 0.2559996E 01
a1 ‘ 3 5 83 22 0.2559996E 01
21 3 5 2742 3619 0.25599978 401
26 3 8 29 296 0.8793174F4-00
26 2 3 23 31 0.8793174E+00"
26 3 3 36 84 0.8793174E+00
36 3 3 a7 25 0.87¢3174E + 00’
26 2 g 56 49 0.8793L74E + 00
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Table 8 NONLSQ with (2.8b) and a=1.0
v FINAL I2 NORM

M

'U-l'llt—):halﬂhﬂbﬂbﬂ

& &

11

s 8 8 B 8k B R &

o0 o0 o o W

e b o B oo oo owm B OB

NFEV

17
20
26
33
37
6
37
14
5

5
11
81
175
926
2159
121
49
233
186

29

47

81
¥ |

31
37
2618
15
18

B R

NJHE
9

12
17
25

71

775
1661
81

176
141
404

28
46

63
50

10
16
a5
2531
11
16
21

3

0.6998875HK4-01
0.6998875K401
0.6998875EK4-01
0.6998875E +01
0.6898875H 401
0.9063596H — 01
0. 417;4769E+01
0.4174769H 401
0.4174760H 0L
0.4174769K+01
0,1753584HK —01
0.3205219E — 01
0.3072655H —01
0.1753584K 01
0.3073494F - 01
0.2920543H+ 03
0.2939543K4-03
{,2929543HK 103
0.2929543K+03
0.2929543K -+ 03
0.1886238E 401
0,1884248K 401
0,1884248K4-01
0.1884248 K +01

(,1884248KE4-01

0.2003440KE -+ 00
0.1337839HE+-01

0.2559996E+01

0.2559986H+01
0.2550996 K+ 01
0.8793174H+00
0 .37931’?4E+0ﬁ
0.87931L74H =00
0.879317418-4-00
0.8793174E+00
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15

18
31
31
41
26
26

26
46
26

A

HOD,,,

N

2
2
3
3
2
3
3
3
3
8
4
4
&
4
4
4
4
¢
4
4
1.
1
1
1
1
11
11
3
8
3
3
3
2
3
2
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Table 7 NONLSQ with (2. 8¢, a==min(l, |JtF|)

M
2
3
2
3
2

15
15
15
15
15
11
11
11

11

11
20
20
20
20
20

8
8
8
8
8

65

s
b |

@ . e & Wt o on

NEFEV

18
23
8l
33
e
7
37
14
b

5
18
79
388
801
2113
12
47
189
190
336

29
47

81
17
13
25

46

1587
29

25
37

40

NIEV

10
13
22
26
34
§
36
13
4
4
16
70
384
689
1698
49
33
151
148
303

28
46
63
&0
13
10
14
30
1504
27
24

39
29

FINAL L2 NORM

0.6998875E 401,
0.6998875R+01
0.6898875H 101
0.6998875E+4 01
0,6998875E4-01,
0.9063596E — 01
0.4174769E+01
0.4174769K 401
0,4174769H+01
0.4174769E4-01
0.1753584H —01
0.3205219E—-01
0.1753584FE —01
0.1753584E - 01,
0.3073494E — 01
{.2920543K4-03
0.2039543E+-03
0.2920543E4-03
0.2929543B+4-03
0.2929543E +03
0.1886238E4-01
0.1884248H 401
0.1884248E4-01
0.1884248E+01
0.1884248E+-01
0.2003440E 4+ 00
0.1337839K4-01
0.2559996 B+ 01
0.,25659996E+01
0.2559997E4-01
0.8793174E4-00
0.8793174E4+ 00
G.87931T4E+00
0.8793174E 400
0.8793174E 400

373
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Table 8 NONLSQ with (2.8¢), and a=1.0

NFPROB N M NFEV NJEV FINAL L2 NORM
7 2 2 19 10 0,6998875E+01
7 3 2 25 13 0.6698875E 401
T 2 2 32 24 0.6998875H 401
T 2 2 33 26 0,6998875E+-01
7 2 2 47 34 0.6938875E-+01
8 3 15 7 6 0.9063596 K — 01
8 3 15 37 36 0.4174769F+01
8 3 15 14 13 0.4174769T+01
£ 3 15 o 4 0.4174769H4-01
8 3 15 5 4 0.4174769E+01
9 4 i1 13 11 0.1753584KE—01
9 4 11 101 84 0.3205219E —-01
9 4 11 510 434 0.1753584F — 0l
g 4 11 B6S 742 0.1753584E —01
g 4 i1 4126 1637 0.3073494K —01

14 4. 20 74 0 0.2929543K 103
14 4 20 47 33 0.2029543K 403
14 4 20 184 151 0.2929543K4-03
14 4 20 190 148 0.99295423 K403
14 % 20 336 303 0.2929543H 403
15 1 8 1 1 0.1886238H+ 01
15 1 3 29 28 0.1884248K4-01
15 1 8 47 46 0.1884248K+01
15 1 8 64 63 0.1884248H 401
15 X 8 51 &0 0.1884248KE+01
18 il 65 18 14 0,20034405 400
18 14 65 13 10 0.1337839HE--01
a1 3 5 27 16 0.2559996K+01
21 3 5 46 30 0.2559%96H 01
21. 3 5 1442 1366 D.2556006 K4 0L
26 2 =5 29 27 0.8793174E+00
26 2 3 16 15 0.8793174K4-00
26 2 3 37 35 0.8793174E 500
26 4 3 30 a7 0,879317414-00
26 3 3 28 a7 0.8793174K 400
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