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Abstract

This paper aims to investigate sufficient conditions for the recovery of sparse signals via
the orthogonal matching pursuit (OMP) algorithm. In the noiseless case, we present a novel
sufficient condition for the exact recovery of all k-sparse signals by the OMP algorithm,
and demonstrate that this condition is sharp. In the noisy case, a sufficient condition for
recovering the support of k-sparse signal is also presented. Generally, the computation for
the restricted isometry constant (RIC) in these sufficient conditions is typically difficult,
therefore we provide a new condition which is not only computable but also sufficient for
the exact recovery of all k-sparse signals.

Mathematics subject classification: 90C90, 94A12, 65J22, 15A29.
Key words: Compressed sensing, Sparse signal recovery, Restricted orthogonality constant
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1. Introduction

Recovery of a sparse signal based on a small number of linear measurements is a fundamental
problem in compressed sensing [10]. We consider the following model:

y=®f +e (1.1)

where y € R™ is an observation vector, ® € R™*" is a known sensing matrix and ¢ € R™ is
the measurement error vector. Suppose ® = (¢1, @2, ..., d,) where ¢; denotes the ith column
of ®. Throughout this paper we assume that the columns of ® are normalized, i.e., ||@;|2 = 1
for i = 1,2,...,n. The goal of compressed sensing is to reconstruct the unknown 5 € R" based
on y and ®.

One of the most commonly used frameworks for the recovery of sparse signals is the Mutual
Coherence Property introduced by Donoho and Huo in [11]. For a vector 8 = ((1),...,8(n)) €
R™, the support of § is defined as supp(f) = {i : 8(i) # 0} and S is said to be k-sparse if
|[supp(B)| < k. The mutual coherence is defined by [11].

Definition 1.1. (Mutual Coherence [11]) The mutual coherence p of a matriz ® is defined as

W= rggjx|<¢i,¢j>|~ (1.2)
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The validity of the OMP algorithm was investigated by Tropp [18] and Cai and Xu [4] in
the framework of Mutual Coherence. In the noiseless case, Tropp [18] showed that u < ﬁ is
a sufficient condition for the exact recovery of a k-sparse signal 3, and Cai and Xu [4] showed
that this condition is in fact sharp. When the linear measurement is corrupted by noise, Cai
and Wang [2] considered two types of bounded noise. One is £ bounded noise, i.e., |€]la < 71,
for some constant n; > 0. The other is £, bounded noise, i.e., ||®7 €| < 72, for some constant

72 > 0. In the 5 bounded noise case, if the conditions

| > L)u (i € supp(B))

A 1—(2k 1

g and 180)
are satisfied, then the support of the k-sparse signal 5 can be recovered exactly via OMP. In
the o, bounded noise case, a similar result was given.

In the framework of restricted isometry property (RIP), the validity of the OMP algorithm
was investigated by Mo et al. [14], Wu et al. [17] and Cheng et al. [8]. Their results were related
to the restricted isometry constant (RIC), that is defined by [7].

Definition 1.2. Let ® € R™*" be a matriz, and let 1 < k < n be an integer. The restricted
isometry constant (RIC) of order k is defined as the smallest non-negative number 6 such that
for all k-sparse vectors f € R™,

(L= d)NBII3 < 126115 < (1 +6)IIBI3-

In the noiseless case, Mo and Shen [14] showed that under the condition & 1 < ﬁ, OMP
can exactly recover the k-sparse signal. In the /5 bounded noisy case, Wu et al. [17] showed that

the support of the k-sparse signal 8 can be recovered exactly via OMP under the conditions

(,/1 +0p, + 1) n

1- (VEk+ 1op,,

5ff+1 < and |B(3)| > (z € supp(ﬁ)).

1
1+Vk
In the /-, bounded noise case, a similar result was given.

In this paper, some sufficient conditions based on the restricted orthogonality constant
(ROC) are given. The following definition can be seen, e.g., in [5,15].

Definition 1.3. Let & € R™*" be a matriz, and let 1 < ky,ko < n be two integers. The
restricted orthogonality constant (ROC) of order (ki, kz) is defined as the smallest non-negative
number G,fhkz such that

(@B, ®B2)| < 05, 1, l1B1l2] B2,

for all ky-sparse vector B1 and ko-sparse vector Py with disjoint supports. We set
D D
Hkho - 00,]{:2 - O.

For a matrix ® with normalized columns, the mutual coherence is a special case of the ROC,
ie, u = Gfl. Roughly speaking, the RIC ¢ and ROC Gg’hkz measure how far subsets of
cardinality k of columns of ® are to an orthonormal system. It is obvious that §F and 9%’17@
are increasing in each of their indices.
In this paper, we establish some more relaxed conditions for sparse signals recovery via
OMP. We show that the condition
oy + VEOT, <1
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guarantees the exact recovery of all k-sparse signals via OMP in the noiseless case. Furthermore,
the upper bound 1 is sharp in the sense that for any ¢ > 0, the condition &7 + \/Eefk <14¢&is
not sufficient to guarantee such exact recovery by using any recovery method. This is verified
by constructing a specific counterexample. Note that Gfk < 5,&1 and 6 < 6,?“, it is obvious
that o + \/E@fk < 1 is weaker than 0, ; < ﬁ, thus some related results ([14], Theorem
3.1 etc.) are improved. Because the computation of dy is typically difficult [1] but Gfk can be
effectively computed, we give a computable condition

V6T +VE—107,_, <1,

which can guarantee the exact recovery of all k-sparse signals via OMP in the noiseless case.
Furthermore, the condition is proved to be sharp. In the ¢5 bounded noisy case, when the
conditions

. 2m ;
VEOR, +VE—10%, <1 and 1) > 1 € su
1,k 1,k—1 |ﬁ( )| 1— \/mefk_l - \/Eeik ( pp(ﬁ))

are satisfied, we show that the support of the k-sparse signal 5 can be recovered exactly via
OMP. In the /- bounded noisy case, a similar result is given. Since \/E@‘Ek + \/HH?’,%I <1
is weaker than p < 52—, some related results ([2], Theorem 1 etc.) are also improved.

The rest of the paper is organized as follows. In Section 2, we will introduce some notations
and preliminary lemmas. In Section 3, we will give some details on OMP. In Section 4, we focus
on sparse signals recovery via OMP.

2. Notations and Preliminaries

In this section, we introduce some basic notations and preliminary lemmas that will be used
throughout the paper.

For two sets ' and A in {1,...,n},let T\ A = {ili € T',i ¢ A} and T'* = {1,2,...,n} \T.
For any subset A C {1,2,...,n}, denote by ®, a submatrix of ® consisting of the columns ¢;
with ¢ € A, B is a sub-vector of 3 consisting of the components (i) with ¢ € A and

Py = 0, (01 0p) 10T

denotes the projection onto the linear space spanned by the elements of 5. For a matrix &,

d
||(I)‘ 1.1 = max || x”l
220 ||z
is the induced norm, where ||z||; = >0, |z;| for # = (z(1),...,z(n)). e; € R™ is a vector

with 1 in the ith index and zeros elsewhere. We will call ¢ a correct index if the corresponding
B(i) # 0 and call ¢ an incorrect index otherwise. S = {i : §(i) # 0} denotes the support of a
vector f3.

Using the above notations, we state and prove some key technical tools which will be used
in the proof of the main results.

Lemma 2.1. ([3]) For any v > 1 and positive integers ki, ko such that vks is an integer, then

Oy ks < VU0, 1y (2.1)
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Lemma 2.2. If u < ﬁ, then vk — 191%_1 + \/EGfk < 1.

Proof. If k=1, then 91 1 =4u< = 1. Consequently,

2 1
VE—16F,_ + VEoOT, =07, <1

For k > 1, it follows from Lemma 2.1 that Gfk < \/Eﬂfl = Vkp and 0%”,@71 < Vk-—-1pu.
Hence
VEOT, + V=107, <kp+ (k—Dp=(2k—p < 1. 0

The following proposition presents a method to compute 9‘11’7 % in polynomial time.

Proposition 2.1. Let ® € R™*"™ has normalized columns. Then

91 k— 1@,&3{” AC{lm }\{ 3 H A¢Z||2 (2_2)

Proof. Without loss of generality, let & = e; and 3 be a k-sparse vector with unit ¢ norm,

ith disjoint s . Let A = = L dill2. Th
and with disjoint supports. Let supp(B) and C = max Ac{lm‘ X\ |4 @ill2 en

|(@a, @B)| = [(¢i, PaBa)| = (2R, Ba)] < @R il < C. (2:3)
From (2.3) and the definition of Q?k, we have 67, < C.

Conversely, let Sy = M?T#H and Bpe = 0. Then

(o, ®B)| = [|@X¢ill2 < 6T

the inequality is due to the definition of 91 > then it follows that ka > C. To sum up, (2.2) is
proved. O

Remark 2.1. For a = (a(1),...,a(n)) € R” and |a(i1)| > |afiz)] > --- > |a(i,)| with all i
distinct, we define amaxr) = ((i1), a(iz), .. .,oz(ik)). Then from (2 2) we have

91k = max H ||27

< < max

where

= (6] D1, ) Gi1,0,0] Piv1s. ., ] bn)
denotes the ith row of ®7® — I,,. The main cost for calculating G‘Ek is to compute the strict
upper triangular part of the matrix ®7'®. Firstly, we have to calculate n(n—1)/2 inner products
T ¢; for i,j € {1,...,n} with ¢ # j. Since each of the inner product needs 2n — 1 flops, it
takes O(n?) flops to calculate ka. Thus Gfk is indeed computable.

Let S = {i: (i) # 0} be the support of the k-sparse vector . Define

M = LD oL . 2.4
. {|(@5®s) 'L} (2.4)
The condition
M<1

is called the Exact Recovery Condition (ERC) in Tropp [18]. It was shown that the ERC is
a sufficient condition for OMP to exact recovery of the support of the signal in the noiseless
case and it is easy to see that the value of M is not computable as it depends on the unknown
support S.
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Lemma 2.3. Let S = supp(8) with |S| < k. If \/E@fk +Vk— 19;%_1 < 1, then

fe .
= <
1- v elk 1

Proof. Without loss of generality, we suppose |S| = k. Apply the usual norm bound

M <

M= (®Ldg) oL < |(@LPg) ! oL
e {l[(@s®s) ' @50l } < [(®5Ps)~ ||11 max || 591

By Proposition 2.1 and noting that ®% 5@ has no more than k nonzero elements, we have

max || ®%¢|1 < jmax VE|@Loll < VEOT, (2.5)

PEDP\ D g

Let ‘I’E‘PS = I, + ¥, each column of V¥ lists the inner products between one atom of ®g and
the remaining (k — 1) atoms. By the property of || - ||1,1,

19 ]11 = max |9, ¢y dill1 < max vk — 1[0, iy ill> < Vi =107,y (2.6)

Since \/Eefk +Vk — wfk,l < 1, we can obtain ||¥||1,; < 1. Thus the Neumann series > (—¥)*
converges to the inverse (I + ¥)~!. In this case, we have

[(@5Ps) " 11 = (I +¥)~ 1||11=||Z: )l
t=0
> . 1 1
= 2R = T S v 0
From (2.5), (2.7) and Vk67, + vk — 167, _, < 1, we have M < % <1 O
1,k—1

Remark 2.2. Suppose S = {s1,$2,...,5;}. We should emphasize that the first equality in
(2.6) only holds for the matrices with normalized columns and does not hold for general matrices.
For example, let &g = 21}, then we have

U =0Log -1, =31,
hence || ¥||1,1 = 3. However, for any sy, s; € S with s; # s;, it holds that
(bz;(bs,- = e{e‘j = 0)

o) <I>§\ {i}@ = 0 for any ¢ € S which implies that the first equality in (2.6) does not hold. In
fact, for general matrix ®g, let

A = diag (65, bs1r gy bszr- -+ Dy Do) »
then the equality in (2.6) is satisfied with ¥ = ®Ldg — A.
Lemma 2.4. Let S = supp(f) with |S| < k. If VE =16, | <1, then

V elk; 1<)\mm<)\max§1+\/ 91]4; 1>

where Amin 6nd Amax are the minimum and maximum eigenvalues of <I>£<I>S.
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Proof. Let ®L®g = I;, + A and A be any eigenvalue of ®L®g. By the Gershgorin Circle
Theorem, we have

A =1 < Al
From (2.6), we can get |A — 1| < Vk — 19%,6_1. O

Lemma 2.5. ([9]) Suppose |S| < k, then the minimum and maximum eigenvalues of ®LPg,
which are denoted by Amin and Amax, satisfy

]‘ _51? S /\min S )\rnax S 1+5](<I;>
In fact, we can prove that

5P = \ max {1 = Anin (X PA), Amax (P PA) — 1} .
TIAl=K

Lemma 2.6. ([6]) Suppose ® € R™*" then
9;?17762 S 6’;{:1-‘1-762'

Lemma 2.7. ([2]) Suppose A C S, then the minimum eigenvalue of ®LPg is less than or equal
to the minimum eigenvalue of @g\A(IfPA)CI)S\A. The mazximum eigenvalue of <I>§<I>S s greater

than or equal to the maximum eigenvalue of <I>§\A(I — Pp)®g\a-

3. The OMP Algorithm

In this section we present a detailed description of the orthogonal matching pursuit (OMP)
algorithm. We assume that the columns of ® are normalized, i.e., ||¢;]l2 =1 fori =1,2,...,n.
The OMP algorithm can be stated as follows [12,16,19].

OMP algorithm.

Step 1. Input: Matrix & € R™*™ y € R™ and the error level n;
Step 2. Initialization: rg := 1y, 8o :=0, Ag:=0, i :=1;

Step 3. Find the index \; such that

[(Px;Tim1)| = argglef%( [(d,7i—1)]

where ¢ is any column of ®;
Step 4. Update the support
Ai = Ai—l U {)\z},

Step 5. Update the residual vector
r,=y—®8; or r,=(I—Pp,)y

where 8; = arg  min |y — ®B|2 and Py, = @4, (®L @p,) 10T ;
supp(B)CA; ' '
Step 6. If the stopping rule is satisfied, stop the algorithm. Otherwise, set i =i + 1 and

return to step 3.
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By step 5, the residual vector r; is orthogonal to the columns of ®,,, i.e., @{iri =0. It is
known, [14,17], that the condition

[@5eri-1lloo < IPE7i—1 oo (3.1)

can guarantee that OMP (step 3) selects a correct index, i.e., A; € S, at ith iteration for
i =1,2,...,k. In this paper, our discussions are based on (3.1), we shall establish a upper
bound of the left hand of (3.1) as well as establish a lower bound of the right hand of (3.1),
and then to get our sufficient conditions.

In this paper, we will consider two types of bounded noise. One is ¢» bounded noise, i.e.,
llell2 < m1 for some constant 7; > 0. The other is £, bounded noise where ||®7¢|/,, < 1 for
some constant 7s > 0.

4. Recovery of Sparse Signals with OMP

We establish in this section the main results of this paper. In the noiseless case, a sharp
condition and a computable condition for the exact recovery of the k-sparse signal via the OMP
algorithm are given. In the noisy case, the support of the k-sparse signal can be recovered
exactly under some assumptions.

4.1. /> Bounded noise

We will consider the ¢3 bounded noise, i.e., ||¢||la < 1 for some constant 7; > 0. A sharp
condition and a computable condition are established.
4.1.1. A sharp condition

We will show that the condition &7 + vkfF, < 1 is sufficient for the exact recovery of all
k-sparse signals in the noiseless case, and the condition is in fact sharp. In the noisy case, the
following Theorem shows that the support of the k-sparse signal 8 can be recovered exactly by

the OMP algorithm under the conditions
(1 +4/1 +5;§) M

1— 68 — VEOP,

Sg+ \/Eefk <1 and |B(3)| > (7 € supp(B)).

Theorem 4.1. Consider the signal recovery model (1.1) with ||e|la2 < n1. Let 8 be a k-sparse
signal and S = supp(B3). If 6 + \/Eﬁfk <1 and

(1+«/1+5,§’)711

)| >

(j €S9,

then the OMP algorithm with the stopping rule ||r;|l2 < m will exactly recover the support S.

Before proving this Theorem, we will provide some technical analysis of the algorithm firstly.
The analysis sheds light on how and when the OMP algorithm works properly. Let S be the
support of a k-sparse signal 5 and suppose the algorithm selects the correct indexes in the first
1 — 1 iteration, i.e., Ay C S for all £k < ¢—1. We will present a condition under which the OMP
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algorithm selects the correct index at the ith iteration, i.e., A; C S. The residual vector r;_;
can be written as

ric1=y—®Bi1 =08 - fi-1) +e
In fact, at the ith iteration, we have
1@5eri-1lloo = @5 2(8 — Bi-1) + Pheello
<05 ®(B = Bi1)lloo + D5l
= (B — Bi1),®
max [((5 — fi—1), ®er)| + max (¢, €)]

<OF LB = Bicallz +m- (4.1)

The second inequality is due to the definition of ROC and the Cauchy-Schwarz inequality.
It is easy to see that there exists a permutation matrix P such that

T . T )
oLy, =P (I)S;Ai—lr“l _p [ PTowaaTio ,
(I)AFsz'—l 0

thereby ®Lr;_1 is a (k — (i — 1))-sparse vector. Without loss of generality, let P = I, then

Ty, L
I8l > s
1
(

S S
T VE=G-D)

—— | P57
= - [PEPs (B — Bi1)s + Phel2

o=
S

-1
—1
= (|25 Ps(B — Bic1)sllz — || @Eell2)- (4.2)

From Lemma 2.5 we have

125 Ps(8 — Bi-1)sllz = (1= 6B — Bi-ll2 (4.3)

[@5ell2 < [|@sllallell < /1 + 0 1. (4.4)

Substituting (4.3), (4.4) into (4.2), yields that

1
057100 > m ((1 — B = Bicill2 — \/ 1+ 6 '771>~ (4.5)

and

If

I8 = Bizillz > VE— (1 —1)- OJFM) = (4.6)

1-62 - VEOD,

then from (4.1) and (4.5) we have
1@5erizilloo < |®5Ti—1]lc0-

Therefore, (4.6) is a sufficient condition for A; C S. Now we are ready to prove Theorem 4.1.

Proof. We first consider the case where |S| = k. Our proof is constituted by three parts.
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Part 1. In this part, we will prove that A; C S (i =1,...,k)if A;—; CS. From A,_1 C S,
we have

18 = Biallz = [1Bs\aizsll2 = VE = (i = 1)5%iglﬁ(j)|

(14 /1488 )m

1— 6% —VkoP,

>Vk—(i—1)

the last inequality is due to

(1+\/1+5,§’)m

| >
B> S

(j €95).

The above inequality shows that (4.6) holds, therefore all the k correct indexes will be selected
in the first & steps, i.e.,
A CS(i=1,...,k).

Part 2. In this part, we will prove ||7k|l2 < n1. Let Pp, denote the projection onto the
linear space spanned by ®g. Then

Irallz = (I = Pay)ella < [lefl2 < -

So when all the k correct indexes are selected, the 2 norm of the residual vector will be be less
than or equal to 7, and hence the algorithm will stop.
Part 3. In this part, we will show that the OMP algorithm does not stop early, i.e.,

Irill2 > m(i=1,....k—1).

In fact, when i < k
[rilla = [®(8 — Bi) +ell2 > [|2(B = Bi)ll2 — llella > /1 = 618 — Billa —m

(1 +4/1 +5;§) m
>4/1—=6%
16 —VEbT,
Combining above three parts and noting that Ay C S, we have proved that Theorem 4.1 holds
for |S| = k.
Now we consider the case where signal 8 has less than k nonzero elements, i.e., |S| < k. By

the established result above, if
/ P
(1 + 1+5|S\) m (] .
L =0y — VISI8L s

then OMP will exactly recover the support S in |S| iterations, and the algorithm will stop, i.e.,
7151112 < m1.-

Moreover, noting that 6& < 6% and wal < Gfk, it is easy to verify that (4.7) can be
derived from the condition of Theorem 4.1, i.e.,

(1+1/1+5,§’)m

1—6p —Vk6?,

—m=>2m—m=nmn-

1BG)I > S)s (4.7)

1BG)| >

(j €9).
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This complete the proof. O

From Theorem 4.1, we have the following corollary which shows that the condition
5p + VRO, <1
is sufficient for the exact recovery of k-sparse signals in the noiseless case.

Corollary 4.1. Consider the signal recovery model (1.1) with ||e||2 = 0. If §¢ + \/EGfk <1,
then all k-sparse signals can be recovered exactly in k-iterations by the OMP algorithm.

Remark 4.1. From Corollary 4.1, we know that 67 + vk}, < 1is sufficient to recover exactly
all k-sparse signals 8 in k-iterations by the OMP algorithm. Noting that 0;1’) S 6,?+1(Lemma
2.6) and 67 < &y, ,, it is obvious 67 + V6T, < 1 is weaker than &y, < ﬁ Thus Theorem
3.1 in [14] is improved.

The following theorem shows that the upper bound 1 is sharp for the exact recovery in the
noiseless case.

Theorem 4.2. Let k be a positive integer. Then there exists a sensing matrix ® with normal-
ized columns such that §¢ + \/E@fk =1, and for some k-sparse signals u,v € R™ with u # v
satisfying ®u = ®v. In other words, there does not exist any algorithm that can exactly recover
all k-sparse signals 8 based on (®,y) with y = ®8. In particular, the OMP algorithm cannot
recover all k-sparse signals in the noiseless case.

Proof. Let e = (1,1,...,1)T € R?! and

2k
O =4/ )
2k —1

¢(1)

: c R(Qk*l)XQk, (48)
¢(2k—1)

where

‘ — —
o = ,mfm ! “,o,...,o eR?*, i=1,2,...,2k—1.
2+ 244 i+1

are row vectors. It is easy to verify that each column of ® is of length 1 in /5 norm and ®e = 0.
By simple calculation, we get

2k—1 7 T 2k—1
1 1 1
2k—1 2k—1
TP = : . . ;
__1 __1 1
2k—1 2k—1 2k X2k

then for any A C {1,...,2k} with |A| = k, the eigenvalues {\;}}_, of ®1®, are

k—1

— = =1 .
A Ak—1 + 51

and M\, =1-—

2k -1
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Therefore,

6% = max{l — Auin(PX®p), Apax (PEPy) — 1}
k-1

:max{l —)\k,)\k,1 — ].} = 2% — 1.

(4.9)

It follows from Remark 2.1, we have

x/Eeik:x/%K - )2+...+< ! >2r L (4.10)

2% — 1 2% — 1 T 2%k—1
k
Thereby, from (4.9) and (4.10) we have
k-1 k
op + V0T, = —— -1
¢ VoL %k 1 2k 1
Finally, suppose
k k k k
— 7 — 7
vw=(1,...,1,0,...,0)", v=(0,...,0,—1,...,—1)".

Since ®(u — v) = 0, then u, v are both k-sparse such that ®u = ®v. Therefore, it is impossible
to recover both u and v only base on (®u, ®), which finishes the proof. O

One of the most commonly used approaches for sparse signal recovery is the ¢;-minimization,
ie., ming{||8|ly : AB = b} (we consider the noiseless case) and the sufficient conditions in
terms of the RIC or ROC for the exact recovery of k-sparse signals had been extensively
studied [3,5,22]. As was shown in [5,22], 6% + 67, < 1 is a sharp condition for the exact
recovery via ¢;-minimization. From Lemma 2.1, we have Qg’,k < \/EH}I’JC, so if 6F + \/Eka <1
then we can get 57 —1—0,‘3,6 < 1, thus 67 + \/EQ‘II’JC < 1 is a sufficient condition for ¢;-minimization
to exactly recover k-sparse signal. Moreover, from Theorem 4.2 we know that 67 + \/Eﬂf <1
is also a sharp condition for ¢;-minimization. For the OMP algorithm, by simple calculation
we know that the matrix ® constructed as (4.8) satisfies oy +9,‘§’,k =1,s06¢ +9,‘f’7k > 11isnot a
sufficient condition for the exact recovery via OMP. What’s more, other approaches for sparse
signal recovery had been considered as well, e.g., Wen et al. [20] considered the £,-minimization
and Xu [23] studied the orthogonal multi-matching pursuit (OMMP) algorithm.

Recently, Mo [13] and Wen [21] have considered the RIC for the OMP algorithm under the
condition that the columns of the sensing matrix ® are not necessary to being normalized, and
a corresponding sharp condition has been established.

Remark 4.2. Theorem 4.2 is different from the Theorem 2.8 given in Cai and Zhang [5], since
our analysis is based on the matrix ® with normalized columns and their counterexample cannot
be used to prove Theorem 4.2.

Remark 4.3. Theorem 4.2 shows that the upper bound 1 is sharp in the sense that for any
¢ > 0, the condition §F + \/Eﬁf i < 1+ ¢ fails to guarantee the exact recovery of all k-sparse
signals.
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4.1.2. A computable condition

It is shown in [1] that the computation of ¢ can be difficult, while as was already mentioned in
Remark 2.1, Hf . can be efficiently computed, in this section we will give a computable condition

VEOE, +VE—10F,_, < 1.

Theorem 4.3. Consider the signal recovery model (1.1) with ||e|l2 < m. Let 8 be a k-sparse
signal and S = supp(B). If \/E@fk +Vk — Ika_l <1 and

2m
1-— \/Eﬁfk —Vk— 16?’,671

then the OMP algorithm with the stopping rule ||r;||2 < m will exactly recover the support S.

16(0)] >

(i €9),

Similar to the above discussions, we first provide some technical analysis of the algorithm.
The analysis sheds light on how and when the OMP algorithm works properly. Let S be the
support of a k-sparse signal 8 and suppose the algorithm selects the correct indexes at the first
i — 1 iteration, i.e., A;_1 € S. From the OMP algorithm, we know that

PAi—l = ¢A'i—1(¢3\ﬂi,1q>1\i—l)_1¢)£i

—_1?
then
|1 = Px,_ll2<1, Phiy,  (I—Py_,)=0, (I—Py_,)®a,_, =0. (4.11)

Since the residual vector r;_; can be written as r;_1 = (I — Pa,_, )y = (I — Pr,_, )®s8s + (I —
Pa,_,)e and ||€]|2 < n1, we have
1@57i-1lloo = @51 — Pa,_,)@sBs + P51 — Pa,_, )elloo
> |5 (1 — Pa,_)®sBslloc — 95T = Pa,_, el
= [@5(I = Pa,)®sPs]loc — max (g, (I = Pia)e)|
> |95 (I — Pa,_,)®sPslloc — m, (4.12)
and
[@5eri-1lloo = |5 (I — Pa,_,)®sBs + PG (I = Pa,_, )ello
< H‘I)TC(I - PAri71)(I)S/BS”OO + |(I’TC (I - PA171)6H00
< [|®Fe (I — Pa,_,)®sBslloc + 1 (4.13)

In order to present a computable condition, the following lemma is necessary.

Lemma 4.1. ([2]) Let M be defined as in (2.4). Then
|95 (I = Pa,_)®sBslloc < M - [|®5(1 — Pa,_,)®5Ps]|oc-
Suppose \/Eka + vk — 1Ofk_1 < 1, from Lemma 2.3 and Lemma 4.1, we have

VkOT

19E( = P, )PsBs]|o- (4.14)
\/701 k—1

|@&: (I — Pa,_,)®sBs]loc < 1
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From (4.12), (4.13) and (4.14), we know that the condition
1-VE—16%,_, )
L= VEOY, — k107, ,

implies (3.1). In other words, the previous discussion shows that (4.15) is a sufficient condition
under which OMP will make a correct decision. It follows from (4.11) that

15 (I = P, ) ®sBslloc = [@Fa,_, (I = Pa,1)®sBs |l

= ”(I)g\Al,l(I - PAi—l)¢S\A7‘,—1BS\A7‘,—1 HOO

& (I — Pr,_,)®sBs o0 >

(4.15)

1
>——— oL, (I—Py,_,)® - -
= m” S\ ( Aim1)Ps\a; o Bsva ll2
> B
= k—(l—l) min [|FS\A; -1 12
1
z m(l—m‘)im)\lﬁs\m_J\% (4.16)

the last two inequality are due to Lemma 2.7 and Lemma 2.4.

3 27]1
) >\k—(i—1)- , 4.17
1Bs\a, i llz > Ve — (i —1) 1—VEOF, —VE—167,_, o

then (4.15) can be obtained from (4.16), thereby (3.1) holds. Therefore, (4.17) is a sufficient
condition for OMP to select a correct index at the current step. Based on the above discussions,

Suppose

now we will prove Theorem 4.3.

Proof of Theorem 4.3. Similar to the proof of Theorem 4.1, we only consider the case where
signal 8 just has k-nonzero elements, i.e., |S| = k. For |S| < k, the arguments in the proof of
Theorem 4.1 also works.

One can verify that |8(i)| > 1—\/E911’,k371}m9fk_1 ensures that (4.17) holds, thereby the

OMP algorithm selects all the k£ correct indexes in the first & steps, and after all the k correct
indexes are selected the OMP algorithm will stop, i.e., ||rgll2 < n1. It remains to show that

OMP does not stop early.

7ille = [[(I = Pa,)®sBs + (I — Pa,)ell2
> |[(I = Pr,)®sBsll2 — [|(1 — Pa, )ell2
> (I = Pr,)®s\a, Bs\a,ll2 — mi-

It follows from Lemma 2.7 and Lemma 2.4 that
1
(I = Pa,)®s\a, B\, ll2 = A2 (PEPs) | Bs\a,
> (1= VE=167,_1)?[|Bs\a,

> 27’]1

2

2

So [|rill2 > [|( — Pa,)®s\a,Bs\a,ll2 — 71 > m1. Thus we complete the proof. O
Remark 4.4. The nonzero coefficients §(i) are required to satisfy

(1+,/1+5;§) m

1—6F —Vkb},

16@0)] >
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in Theorem 4.1 and the nonzero coeflicients (i) are required to satisfy

. 2m
)| >
A 1—Vkof, —VE =108, _,

in Theorem 4.3. Since

<1 + \/@) m =2 and 1-07 = VEOT, > 1 VEOT, — VE 107, .

(1—1—“14—5,‘?)771 4 2m
an
168 — VEO?, 1—VEO, — VE=167,

cannot immediately be told to be one larger than the other, or vice-versa. Therefore, Theorem
4.1 and Theorem 4.3 are independent of each other.

the size of

From Theorem 4.3, we have the following corollary.

Corollary 4.2. Consider the signal recovery model (1.1) with |le||s = 0. If
VEOT +VE =107, <1,
then all k-sparse signals can be recovered exactly in k-iterations by the OMP algorithm.

From Lemma 2.2, we know that vVk07, + vk — 167, _; < 1 is weaker than p < 57—, so
some related results ([2], Theorem 1 etc.) are also improved. In fact, the upper bound 1 is

sharp for the exact recovery in the noiseless case.

Remark 4.5. The upper bound 1 is in fact sharp in the sense that for any £ > 0,
V0T +VE =107,y <1+¢

does not ensure such exact recovery. The specific counterexample which was constructed in the
proof of Theorem 4.2 is useful as well, since

k-1

VE—160%, = ——
LE=1 7 9k —1

and \/Eka = T]il lead to \/E@fk +Vk— 193k_1 =1.

4.2. /,, Bounded noise

We now turn to the case where the noise ¢ is assumed to satisfy ||®T¢|lo, < n2 for some
constant 72 > 0. Let S be the support of k-sparse signal 5 and suppose the algorithm selects
the correct indexes at the first 4 — 1 iteration, i.e., A;_1 C S. We will provide some technical
analysis of the algorithm. The analysis sheds light on how and when the OMP algorithm works
properly.

Similar to the analysis of £5 bounded noise, (4.1) is satisfied(where 7 is replaced by 72).

Since
T
(I)'};Flri_l 0
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is a (k — (i — 1))-sparse vector, therefore
1

||(I)IJS—'T'L71 ||oo > \/ﬁ ||¢£ri71 ||2

(i—1
1
= m”q’g‘bs(ﬂ — Bi—1)s + @Lell»
1
> \/ﬁ(llég%(ﬁ — Bi—1)sll2 — | %ell2)
1
> \/ﬁ Amin (@5 5)[18 — Bill2 — \/EH‘I’ZSF*GHoo]
> L (1 VTIOR8 Bt - —2 (1.13)
T VE-G-1 F—(i—1)
the last inequality is due to Lemma 2.4.
Suppose
18— Bicille > VE— (1) (1 + Vi (4.19)

1-VE=162,_, — VE62,’
from (4.1) and (4.18), we know that (3.1) holds. Therefore, (4.19) is a sufficient condition for
OMP selects a correct index at the current step.

Theorem 4.4. Consider the signal recovery model (1.1) with | ®T¢||oo < 2. Let B be a k-sparse
signal and S = supp(pB). If \/Eﬁfk +Vk— 1Gfk_1 <1 and

S 2vEne
1— \/Eafk - VE—10%,_,

then the OMP algorithm with the stopping rule |®Tr;||oo < 1o will return the support S.

16(0)]

(i €9),

Proof. We only consider the case where signal 8 just has k-nonzero elements, i.e., |S| = k.
For the case where |S| < k, the argument in the proof of Theorem 4.1 also works. One can

verify that
S 2VEny
1= VkoP, — VE— 107,
ensures that (4.19) holds, thereby the OMP algorithm selects all the k correct indexes in the
first k steps.
We now turn to the stopping rule. It remains to prove that the OMP algorithm does not
stop early, i.e., |®Tr;||oo > 12 for i < k. In fact

1B(2)]

(i€ )

197 7illoo = |27 R(5 — i) + ® el
> (|07 ®5(5 — Bi)slloo — 27 €lloo
> |25 @s(8 — Bi)slloc — n2- (4.20)
Since ®LPg (8 — B;)s € RIS and |S| = k, we have

1
ﬁH‘I’g‘I’s(ﬁ — Bi)sll2

1—VEk—160%, |
> , — Bill2 > 22, 4.21
> NG 18 = Bill2 > 2n2 (4.21)

25D (B — Bi)slloe >
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the second inequality is due to Lemma 2.4. So
1277l > |@5P5(B = Bi)slloc — 12 > 202 — 2 = 1.

Thus we complete the proof. O

Remark 4.6. Let S be the support set that obtained by the OMP algorithm with certain
stopping rules being satisfied. Theorem 4.3 presents that under certain conditions the OMP
can exactly recover the support S in the ¢5 bounded noise case, i.e., S = S. In the /., bounded

noise case, Theorem 4.4 only shows that the OMP can return the support under some conditions,
ie,SCS.

Acknowledgments. The authors are very grateful to the anonymous referees for their valuable
comments and suggestions. We want to thank Mr. Liang Chen at Hunan University for many
useful comments. This work was supported by the National Natural Science Foundation of
China under Grant 11271117.

References

[1] A.S. Bandeira, E. Dobriban, D.G. Mixon and W.F. Sawin, Certifying the restricted isometry
property is hard, IEEE Trans. Inf. Theory, 59 (2013), 3448-3450.

[2] T. Cai and L. Wang, Orthogonal matching pursuit for sparse signal recovery with noise, IEEE
Trans. Inf. Theory, 57 (2011), 4680-4688.

[3] T. Cai, L. Wang, and G. Xu, Shifting inequality and recovery of sparse signals, IEEE Trans.
Signal Process., 58 (2010), 1300-1308.

[4] T. Cai, L. Wang, and G. Xu, Stable recovery of sparse signals and an oracle inequality, I[EFE
Trans. Inf. Theory, 56 (2010), 3516-3522.

[5] T. Cai and A. Zhang, Compressed sensing and affine rank minimization under restricted isometry,
IEEE Trans. Signal Process., 62 (2013), 3279-3290.

[6] E. Candés and Y. Plan, Tight oracle inequalities for low-rank matrix recovery from a minimal
number of noisy random measurements, IEEE Trans. Inf. Theory, 57 (2009), 2342-2359.

[7] E. Candeés and T. Tao, Decoding by linear programming, IEEE Trans. Inf. Theory, 51 (2005),
4203-4215.

[8] L. Chang and J. Wu, An improved RIP-based performance guarantee for sparse signal recovery
via orthogonal matching pursuit, IJEEE Trans. Inf. Theory, 60 (2014), 5702-5715.

[9] W. Dai and O. Milenkovic, Subspace pursuit for compressive sensing signal reconstruction, IEEE
Trans. Inf. Theory, 55 (2009), 2230-2249.

[10] D. Donoho, Compressed sensing, IEEE Trans. Inf. Theory, 52 (2006), 1289-1306.

[11] D. Donoho and X. Huo, Uncertainty principles and ideal atomic decomposition, IEEE Trans. Inf.
Theory, 47 (2001), 2845-2862.

[12] E.D. Livshitz and V.N. Temlyakov, Sparse approximation and recovery by greedy algorithms,
IEEE Trans. Inf. Theory, 60 (2014), 3989-4000.

[13] Q. Mo, A sharp restricted isometry constant bound of orthogonal matching pursuit, arXiv:
1501.0178 (2015).

[14] Q. Mo and Y. Shen, A remark on the restricted isometry property in orthogonal matching pursuit,
IEEE Trans. Inf. Theory, 58 (2012), 3654-3656.

[15] K. Mohan and M. Fazel, New restricted isometry results for noisy low-rank recovery, In Proc. Intl.
Symp. Inf. Theory (ISIT), (2010), 1573-1577.



86

[16]

[17]
18]
[19]
[20]
[21]
[22]

23]

A.P. LIAO, J.X. XIE, X.B. YANG AND P. WANG

Y.C. Pati, R. Rezaiifar, and P.S. Krishaprasad, Orthogonal matching pursuit: recursive function
approximation with applications to mavelet decomposition, In 1993 Conf. Rec. Twenty-Seventh
Asilomar Conf. on Signals, Systems and Computers, 1 (1993), 40-44.

W. Rui, W. Huang, and D. Chen, The exact support recovery of sparse signals with noise via
orthogonal matching pursuit, IEEE Signal Process. Letters, 20 (2013), 403—406.

J. Tropp, Greed is good: algorithmic results for sparse approximation, IEEE Trans. Inf. Theory,
50 (2004), 2231-2242.

J. Tropp and A. Gilbert, Signal recovery from random measurements via orthogonal matching
pursuit, JEEE Trans. Inf. Theory, 53 (2007), 4655—4666.

J. Wen, D. Li and F. Zhu, Stable recovery of sparse signals via ¢,-minimization, Appl. Comput.
Harmon. Anal., 38 (2015), 161-176.

J. Wen, Z. Xiao and D. Li, Improved bounds on restricted isometry constant for orthogonal
matching pursuit, Electronics Letters, 49 (2013), 1487-1489.

G. Xu and Z. Xu, On the ¢1-norm invariant convex k-sparse decomposition of signals, J. Oper.
Res. Soc. China, 1 (2013), 537-541.

Z. Xu, The performance of orthogonal multi-matching pursuit under the restricted isometry prop-
erty, J. Comp. Math., 33 (2015), 495-516.



