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Abstract. In 2007, T. Hosokawa and S. Ohno gave the sufficient and necessary con-
ditions of the boundedness and compactness of differences of composition operators
on the Bloch space. On this base, this paper will generalize these conditions of the
boundedness and compactness of differences of composition operators on the Bloch
type space.

AMS subject classifications: 52B10, 65D18, 68U05, 68U07

Key words: Bloch type spaces, differences of composition operators, boundedness, compactness.

1 Introduction

Let D= {z : |z|< 1} be the open unit disk in the complex plane C. Let H(D) denote the
set of all analytic functions in D and S(D) the set of analytic self-maps of D. For any
self-map ϕ∈S(D), it induces the composition operator Cϕ defined by

Cϕ f = f ◦ϕ, f ∈H(D).

For 0<α<∞, a function f ∈H(D) is said to belong to the α-Bloch space Bα if

‖ f‖α =sup
z∈D

(1−|z|2)α| f ′(z)|<∞

and to the little α-Bloch space Bα
0 if f ∈Bα and

lim
|z|→1

(1−|z|2)α| f ′(z)|=0.

For z, w∈D, let αw be the Möbius transformation of D defined by

αw(z)=
w−z

1−wz
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and the pseudo-hyperbolic distance between z and w is given by

ρ(z,w)= |αw(z)|.

We also need the following induced distance

dα(z,w)= sup
f∈Bα, ‖ f ‖α≤1

|(1−|z|2)α f ′(z)−(1−|w|2)α f ′(w)|.

For 0<α, β<∞, ϕ∈S(D), we use the short-hand notation

D
α,β ϕ(z)=

(1−|z|2)β

(1−|ϕ(z)|2)α
ϕ′(z), z∈D.

When α=β=1, Dα,β ϕ becomes the Schwarz-Pick type derivative of ϕ.
The difference of composition operators on the Bloch space has been studied in [1]

and [4]. In this paper, we study the problem on the α-Bloch spaces. One important
application of differences of composition operators is to study the topological structure
of the space of composition operators, which will be considered in another paper.

2 Boundedness of Cϕ−Cψ

In this section we give necessary and sufficient conditions for the differences of composi-
tion operators from Bα to Bβ for 0<α, β<∞.

Lemma 2.1. ([8]) For z, w∈D, 0<α<∞, there exists a constant c independent of z,w such that

dα(z,w)≤ cρ(z,w). (2.1)

Theorem 2.1. For 0<α, β<∞ and ϕ, ψ∈S(D), the following statements are equivalent:

(1) Cϕ−Cψ: Bα→Bβ is bounded;

(2) Cϕ−Cψ: Bα
0→Bβ is bounded;

(3)
sup
z∈D

|Dα,β ϕ(z)−D
α,βψ(z)|<∞

and
sup
z∈D

|Dα,β ϕ(z)|ρ(ϕ(z),ψ(z))<∞.

(4)
sup
z∈D

|Dα,β ϕ(z)−D
α,βψ(z)|<∞

and
sup
z∈D

|Dα,βψ(z)|ρ(ϕ(z),ψ(z))<∞.
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Proof. When either ϕ or ψ is constant, by [2] we have the assertion, so we may assume
that both ϕ and ψ are nonconstant.

(1) implies (2) is obvious.

(2) implies (3). For λ∈D with λ 6=0, let

fλ(z)=
1

2α+1

1−|λ|2

αλ(1−λz)α
,

gλ(z)=
1−|λ|2

(α+1)2α+1

(

λ−z

λ(1−λz)α+1
+

1

αλ
2
(1−λz)α

)

.

Then fλ, gλ∈Bα
0 and

‖ fλ‖α=sup
z∈D

(1−|z|2)α

2α+1

1−|λ|2

|1−λz|α+1
≤1,

‖gλ‖α=sup
z∈D

(1−|λ|2)(1−|z|2)α

(α+1)2α+1

∣

∣

∣

(α+1)(λ−z)

(1−λz)α+2

∣

∣

∣
≤1.

For w∈D with ϕ(w) 6=0, we have

∞>‖Cϕ−Cψ‖≥‖(Cϕ−Cψ) fϕ(w)‖β =sup
z∈D

(1−|z|2)β|((Cϕ−Cψ) fϕ(w))
′(z)|

≥ (1−|w|2)β|((Cϕ−Cψ) fϕ(w))
′(w)|

=
1

2α+1

∣

∣

∣
(1−|w|2)β 1−|ϕ(w)|2

(1−|ϕ(w)|2)α+1
ϕ′(w)−(1−|w|2)β 1−|ϕ(w)|2

(1−ϕ(w)ψ(w))α+1
ψ′(w)

∣

∣

∣

≥
1

2α+1

(

|Dα,β ϕ(w)|−
∣

∣

∣
D

α,βψ(w)
(1−|ϕ(w)|2)(1−|ψ(w)|2)α

(1−ϕ(w)ψ(w))α+1

∣

∣

∣

)

(2.2)
and

∞>‖(Cϕ−Cψ)gϕ(w)‖β =sup
z∈D

(1−|z|2)β|((Cϕ−Cψ)gϕ(w))
′(z)|

≥ (1−|w|2)β|((Cϕ−Cψ)gϕ(w))
′(w)|

=
1

2α+1
(1−|w|2)β 1−|ϕ(w)|2

|1−ϕ(w)ψ(w)|α+1

∣

∣

∣

ϕ(w)−ψ(w)

1−ϕ(w)ψ(w)

∣

∣

∣
|ψ′(w)|

=
1

2α+1

∣

∣

∣
D

α,βψ(w)
(1−|ϕ(w)|2)(1−|ψ(w)|2)α

(1−ϕ(w)ψ(w))α+1

∣

∣

∣
ρ(ϕ(w),ψ(w)).

(2.3)
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Multiplying ρ(ϕ(w),ψ(w)) on (2.2), combining with (2.3), we get

sup
w∈D\D1

|Dα,β ϕ(w)|ρ(ϕ(w),ψ(w))<∞, (2.4)

where D1={w∈D : ϕ(w)=0}.

Since |Dα,β ϕ(w)|ρ(ϕ(w),ψ(w)) is continuous on D and D1 is dense in D, we obtain

sup
w∈D

|Dα,β ϕ(w)|ρ(ϕ(w),ψ(w))<∞. (2.5)

For w∈D with ψ(w) 6=0, using (2.1), we have

∞>‖Cϕ−Cψ‖≥‖(Cϕ−Cψ) fψ(w)‖β =sup
z∈D

(1−|z|2)β|((Cϕ−Cψ) fψ(w))
′(z)|

≥ (1−|w|2)β|((Cϕ−Cψ) fψ(w))
′(w)|

=
1

2α+1

∣

∣

∣
(1−|w|2)β 1−|ψ(w)|2

(1−|ψ(w)|2)α+1
ψ′(w)−(1−|w|2)β 1−|ψ(w)|2

(1−ψ(w)ϕ(w))α+1
ϕ′(w)

∣

∣

∣

≥
1

2α+1
|Dα,β ϕ(w)−D

α,βψ(w)|−|Dα,β ϕ(w)|
∣

∣

∣

1

2α+1
−
(1−|ψ(w)|2)(1−|ϕ(w)|2)α

2α+1(1−ψ(w)ϕ(w))α+1

∣

∣

∣

=
1

2α+1
|Dα,β ϕ(w)−D

α,βψ(w)|

−|Dα,β ϕ(w)||(1−|ϕ(w)|2)α f ′
ψ(w)(ϕ(w))−(1−|ψ(w)|2)α f ′

ψ(w)(ψ(w))|

≥
1

2α+1
|Dα,β ϕ(w)−D

α,βψ(w)|−c|Dα,β ϕ(w)|ρ(ϕ(w),ψ(w)).

(2.6)
Combining this with (2.5), we have

sup
w∈D\D2

|Dα,β ϕ(w)−D
α,βψ(w)|<∞, (2.7)

where D2={w∈D : ψ(w)=0}, so we obtain

sup
w∈D

|Dα,β ϕ(w)−D
α,βψ(w)|<∞.
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(3) implies (4). We have

sup
z∈D

|Dα,βψ(z)|ρ(ϕ(z),ψ(z))

≤sup
z∈D

|Dα,β ϕ(z)−D
α,βψ(z)|ρ(ϕ(z),ψ(z))+sup

z∈D

|Dα,β ϕ(z)|ρ(ϕ(z),ψ(z))

≤sup
z∈D

|Dα,β ϕ(z)−D
α,βψ(z)|+sup

z∈D

|Dα,β ϕ(z)|ρ(ϕ(z),ψ(z))

<∞.

(4) implies (1). For f ∈Bα with ‖ f‖α≤1, we have

‖(Cϕ−Cψ) f‖β =sup
z∈D

|(1−|z|2)β f ′(ϕ(z))ϕ′(z)−(1−|z|2)β f ′(ψ(z))ψ′(z)|

=sup
z∈D

∣

∣D
α,β ϕ(z)(1−|ϕ(z)|2)α f ′(ϕ(z))−D

α,βψ(z)(1−|ψ(z)|2)α f ′(ψ(z))
∣

∣

≤sup
z∈D

∣

∣D
α,β ϕ(z)−D

α,βψ(z)
∣

∣(1−|ϕ(z)|2)α| f ′(ϕ(z))|

+sup
z∈D

∣

∣D
α,βψ(z)

∣

∣|(1−|ϕ(z)|2)α f ′(ϕ(z))−(1−|ψ(z)|2)α f ′(ψ(z))|

≤sup
z∈D

∣

∣D
α,β ϕ(z)−D

α,βψ(z)
∣

∣+csup
z∈D

∣

∣D
α,βψ(z)

∣

∣ρ(ϕ(z),ψ(z))

<∞,

where we use Lemma 2.1 in the last second inequality. The proof of Theorem 2.1 is
finished. �

Remark 2.1. Note that when α=β=1,
∣

∣

∣

1−|z|2

1−|ϕ(z)|2
ϕ′(z)

∣

∣

∣
≤1 for ϕ∈S(D) by the Schwarz-Pick

lemma. Then Theorem 2.1 implies that Cϕ−Cψ is bounded on Bloch space B.

3 Compactness of Cϕ−Cψ

In this section, we consider the compactness of Cϕ−Cψ from Bα(Bα
0 ) to Bβ for 0 < α,

β<∞. We first state some known theorems on composition operators on Bα which shall
be used latter.
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Lemma 3.1. ([2, Theorem 3.1]) If 0<α, β<∞ and ϕ∈S(D), then Cϕ: Bα→Bβ is bounded
if and only if

sup
z∈D

|Dα,β ϕ(z)|<∞.

Lemma 3.2. ([2, Theorem 4.2]) If 0<α, β<∞ and ϕ∈S(D), then Cϕ: Bα→Bβ is compact
if and only if

lim
|ϕ(z)|→1

|Dα,β ϕ(z)|=0

and
sup
z∈D

|Dα,β ϕ(z)|<∞.

By a similar proof of Proposition 3.11 in [3] we have the following result.

Lemma 3.3. If 0< α, β<∞ and ϕ,ψ∈S(D), then Cϕ−Cψ: Bα→Bβ is compact if and only
if ‖(Cϕ−Cψ) fn‖β→ 0 for any bounded sequence { fn} in Bα that converges uniformly to 0 on
every compact subset of D.

For ϕ∈S(D), let Γ(ϕ) be the family of sequences in D such that |ϕ(zn)|→1. We denote
by Dα,β(ϕ) the set of {zn} in Γ(ϕ) such that Dα,β ϕ(zn)→ c∈C with c 6= 0. For ψ∈S(D),
similarly we may define Γ(ψ) and Dα,β(ψ).

Theorem 3.1. Let 0<α, β<∞ and ϕ, ψ∈S(D). Suppose that Cϕ, Cψ: Bα→Bβ are bounded
and neither of them are compact. Then the following statements are equivalent:

(1) Cϕ−Cψ: Bα→Bβ is compact;

(2) Cϕ−Cψ: Bα
0→Bβ is compact;

(3) Dα,β(ϕ)=Dα,β(ψ) 6=∅ and for {zn}∈Γ(ϕ)
⋂

Γ(ψ),

lim
n→∞
|Dα,β ϕ(zn)−D

α,βψ(zn)|= lim
n→∞
|Dα,β ϕ(zn)|ρ(ϕ(zn),ψ(zn))

= lim
n→∞
|Dα,βψ(zn)|ρ(ϕ(zn),ψ(zn))=0.

Proof. It’s obvious that (1) imples (2).
(2) implies (3). Since Cϕ: Bα→Bβ is bounded and noncompact, by Lemmas 3.1 and

3.2 we have Dα,β(ϕ) 6=∅. To show Dα,β(ϕ)⊂Dα,β(ψ), let {zn}∈Dα,β(ϕ). Since |ϕ(zn)|→1,
we may assume that ϕ(zn) 6= 0 for every n. For λ∈D with λ 6= 0, define fλ, gλ as in the
proof of Theorem 2.1. We know that fλ, gλ∈Bα

0 and the sequences { fϕ(zn)} and { fψ(zn)}
are bounded in Bα and converge to 0 uniformly on every compact subset of D as n→∞.
From Lemma 3.3,

0←‖(Cϕ−Cψ) fϕ(zn)‖β≥ (1−|zn|
2)β|((Cϕ−Cψ) fϕ(zn))

′(zn)|

≥
1

2α+1

(

|Dα,β ϕ(zn)|−
∣

∣

∣
D

α,βψ(zn)
(1−|ϕ(zn)|2)(1−|ψ(zn)|2)α

(1−ϕ(zn)ψ(zn))α+1

∣

∣

∣

)

,
(3.1)
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0←‖(Cϕ−Cψ)gϕ(zn)‖β≥ (1−|zn|
2)β|((Cϕ−Cψ)gϕ(zn))

′(zn)|

=
1

2α+1

∣

∣

∣
D

α,βψ(zn)
(1−|ϕ(zn)|2)(1−|ψ(zn)|2)α

(1−ϕ(zn)ψ(zn))α+1

∣

∣

∣
ρ(ϕ(zn),ψ(zn))

(3.2)

Multiplying ρ(ϕ(zn),ψ(zn)) on (3.1), noting that (3.2), we get

lim
n→∞

∣

∣D
α,β ϕ(zn)

∣

∣ρ(ϕ(zn),ψ(zn))=0. (3.3)

Since {zn}∈Dα,β(ϕ), ρ(ϕ(zn),ψ(zn))→0. Since |ϕ(zn)|→1, we have {zn}∈Γ(ψ) and
may assume that ψ(zn) 6=0 for every n.

Similar to (2.6), we have

0←‖(Cϕ−Cψ) fψ(zn)‖β

≥
1

2α+1
|Dα,β ϕ(zn)−D

α,βψ(zn)|−c
∣

∣D
α,β ϕ(zn)

∣

∣ρ(ϕ(zn),ψ(zn)).

(3.4)

Hence by (3.3), we get

lim
n→∞

∣

∣D
α,βϕ(zn)−D

α,βψ(zn)
∣

∣=0. (3.5)

and

lim
n→∞

∣

∣D
α,βψ(zn)

∣

∣ρ(ϕ(zn),ψ(zn))= lim
n→∞

∣

∣D
α,βϕ(zn)

∣

∣ρ(ϕ(zn),ψ(zn))=0 (3.6)

Since Dα,β ϕ(zn)→ c 6= 0, we have Dα,βψ(zn)→ c. Then {zn}∈Dα,β(ψ), so Dα,β(ϕ)⊂
Dα,β(ψ). Similarly, Dα,β(ψ)⊂Dα,β(ϕ). Hence Dα,β(ϕ)=Dα,β(ψ).

Let {zn}∈Γ(ϕ)
⋂

Γ(ψ) such that Dα,β ϕ(zn)→0. We have

lim
n→∞

∣

∣D
α,β ϕ(zn)

∣

∣ρ(ϕ(zn),ψ(zn))=0

and by (3.4),we obtain

lim
n→∞
|Dα,β ϕ(zn)−D

α,βψ(zn)|=0.

Thus

lim
n→∞
|Dα,βψ(zn)|= lim

n→∞
|Dα,β ϕ(zn)|=0

and

lim
n→∞
|Dα,βψ(zn)|ρ(ϕ(zn),ψ(zn))=0.

Combing this with(3.5)and(3.6),we get (3).

(3) implies (1). This can be proved by a similar way to the proof of Theorem 3.2 in [4].
From (3.3) and the fact that |Dα,β ϕ(zn)|90. we obtain.
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