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Abstract. We develop a domain decomposition Chebyshev spectral collocation method
for the second-kind linear and nonlinear Volterra integral equations with smooth ker-
nel functions. The method is easy to implement and possesses high accuracy. In the
convergence analysis, we derive the spectral convergence order under the L∞-norm
without the Chebyshev weight function, and we also show numerical examples which
coincide with the theoretical analysis.
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1 Introduction

Many problems arising from science, engineering and other fields lead to differential
equations or integral equations. Sometimes a problem can be modeled by either differen-
tial equations or integral equations. Usually a differential equation (set) with boundary
conditions can be correspondingly turned into integral equations, by which both dimen-
sions of the problem considered and the numbers of nodes are reduced. As an advantage
integral equations saves the cost of computing. However, in most of nonlinear cases it is
difficult to get analytic solutions for integral equations. It is always important to develop
numerical approximation techniques with easy-performance, high-accuracy and rapid-
convergence. This is especially useful to integral equations. In recent decades, there are
quite a few works on the numerical approaches of integral equations (see [1,2] and the
references therein).

In recent years, spectral methods are being applied to integral equations. In [3], El-
nagar and Kazemi investigated the Chebyshev spectral method for approximate solu-
tions of the nonlinear Volterra-Hammerstein integral equations. In their treatment the
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integral term of the equation is dealt with by utilizing the Gaussian quadrature with the
Chebyshev-Gauss-Lobatto points, and the integrand function has to be rewritten through
being divided by the Chebyshev weight function in order to get the form with Cheby-
shev weight function. Their numerical experiments coincide with convergence, which
demonstrates the applicability and the accuracy of the Chebyshev spectral method for
integral equations, but no theoretical justification about the spectral rate of convergence
was given in [3]. Tang and his collaborators have contributed a series of works to develop
spectral methods for integral equations (see [4–10]). In [5], a Jacobi-collocation spectral
method was applied to the Volterra integral equations of the second kind with a weakly
singular kernel. The convergence was analyzed by means of the Lebesgue constants cor-
responding to the Lagrange interpolation polynomials, and polynomial approximation
theory for orthogonal polynomials and operator theory. Their method provided the spec-
tral rate of convergence, which was also demonstrated by their numerical results. In [6]
the Legendre spectral collocation method was used to solve the Volterral integral equa-
tions with a smooth kernel function and a rigorous error analysis was given, in which
exponentially decayed numerical errors can be obtained if the kernel function and the
source function are sufficiently smooth.

The Chebyshev spectral collocation method is usually applied into integral equations
with singular kernel [4, 5]. This is due to the fact that the Chebyshev spectral method is
always accompanied with the weak singular weight function. For the spectral method
of integral equations with smooth kernel function the Legendre method can be consid-
ered [6, 7]. Compared with the Legendre collocation method which has high stability
but implicit expressions for collocation points and weights, the Chebyshev collocation
method has explicit collection points and weights. In addition, the Chebyshev method
can save computing time by means of the Fast Fourier Transfer method. Therefore it
might be more convenient in practice and more popular in engineering calculation.

In recent years, along with the development of the technique of domain decomposi-
tion and parallel computing, more and more researchers and engineers begin to study
domain decomposition spectral methods. The methods have been used in many fields.
In the past the methods were mostly used in finding numerical solutions for partial dif-
ferential equations (see [11] and the references therein). As for the domain decomposition
method for the integral equation, one can refer to [10] and [12] for the recent decelopment.
In [10], a parallel in time method to solve Volterra integral equations of second kind with
smooth kernel function was proposed, which follows the spirit of the domain decom-
position Legendre-Gauss spectral collocation method. A rigorous convergence analysis
of the method was also provided in [10]. In [12], a multi-step Legendre-Gauss spectral
collocation method for the nonlinear Volterra integral equations of the second kind was
introduced. The authors also derived the optimal convergence of the hp-version of the
method under the L2-norm, which is confirmed by their numerical experiments.

In this paper, we extend the domain decomposition Chebyshev collocation spectral
method to the second-kind Volterra integral equation. We consider the following Volterra


