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Abstract: By using the Littlewood-Paley decomposition and the interpolation the-
ory, we prove the boundedness of fractional integral on the product Triebel-Lizorkin
spaces with a rough kernel related to the product block spaces.
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1 Introduction and Main Results

Let SV~ be the unit sphere in RV, N > 2, with the normalized Lebesgue measure do =

do(z'). Define 2’ = % and y’ = % Suppose that a function £2(z’,y’) belongs to L*(S"™* x
4 Y
Sm_l) with n,m > 2 and satisfies the following two conditions:
Q()\lx, )\Qy) = Q(,’L y), A, A2 € R, (11)
/ 202, y)do(x) :/ 22, y)do(y') = 0. (1.2)
gn-1 gm—1
Then the singular integral operator T, ; on the product domain is defined by
2 v
Torf(z, y) = p.v./ %f(z —u, y—v)dudv. (1.3)
Rexrm 2]yl

For the study of Ty ;, one may see [1]-[2] for the boundedness of Ty, ; with 2(z’, y') €
LA(S"~1 x 8™~1) or [3]-[5] with 2(2’, ¢') € L(log™ L)?(S"~! x §™1).

Received date: April 4, 2016.

Foundation item: The NSF (11561057, 11226104) of China, the NSF (20151BAB211002, 20151BAB201007)
of Jiangxi Province, the Science Foundation (GJJ151054, GJJ151061) of Jiangxi Education Department, and the
Scientific Research Project of Shangrao Normal University.

* Corresponding author.

E-mail address: zhanghuihuinb@163.com (Zhang H H), yx2000s@163.com (Yu X).



260 COMM. MATH. RES. VOL. 33

In order to weaken the restriction of 2(z’, y') on 8"~ x 8™~ in 1995, Jiang and Lul®
introduced the block function spaces B4 (8"~ x §™~1).

Definition 1.1 For 1 < ¢ < oo, a g-block on S*~' x S™ ! is an LI(S"~! x S™~1)
unction -, - ) satisfyin,
Jfunction b( ) satisfying
(i) supp(b) C Q, where Q is an interval on S"~1xS™ L i, Q = Q1(¢, §1)xQ2(1, 52),
where
Q1(¢, 61) ={a' €S |a' — &) < 6y for some & € S"! and 6, € (0,1]},
Q2(n, 62) ={y € S™ 1|y — 0| < 8y for somen’ € S™ ! and 53 € (0,1]}.
ii La(Sn—-1xgm-1) < %_1, where |Q| is the volume of Q.
bll ¢ ) =1Q
For 1 > 0 and v € R, a non-negative function @, , is defined by

1
1
/ w1 log” —du, 0<t<;
Puu(t) = t u

0, t>1.
Then the definition of the block space B,’;’”(S"_1 x 8™=1) on the product domain is
B[;;,V(Snfl % Smfl)

{QeLl(S" Lxsm 1.0 chb@ (@', y'), MY ({Cy}) <oo}, (1.4)

where each by(x’', y') is a g-block supported on Qg and the definition of Mt ({Cy}) is defined
by
“({Cep) = Zm {14 ,,,(1Qc))}- (1.5)

Moreover, the norm of 2 € By (8™~ x 8™~1) can be written by

Np() = int { SICA(1+ 2,,0QiD} . (1.6
¢
where the infimum is taken over all g-block decompositions of (2.

Jiang and Lul% proved the following theorem.

Theorem 1.116  Suppose that 2 € Bgv”(S”_1 x S™=1) with some ¢ > 1 and v > 1. Then
the operator Tq 1 is bounded on LQ(R” x R™) form > 2 and n > 2.

However, the proof of Theorem 1.1 mainly based on the Plancherel Theorem. By using
some basic ideas from [7], Fan et al.l®] improved Theorem 1.1 and they proved the following
result.

Theorem 1.2 Suppose that 2 € BY¥ (8"t x 8™~ 1) with some ¢ > 1 and v > 1. Then
the operator T 1 is bounded on LP(R™ x R™) form >2 andn > 2 and 1 < p < 0.

On the other hand, the theory of fractional integral operator also plays important roles
in harmonic analysis and PDE. Denote a@ = (a1, ag) with 0 < ag < n and 0 < ag < m.



