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Abstract. The porous medium equation (PME) is a typical nonlinear degenerate
parabolic equation. We have studied numerical methods for PME by an energetic vari-
ational approach in [C. Duan et al., J. Comput. Phys., 385 (2019), pp. 13-32], where
the trajectory equation can be obtained and two numerical schemes have been devel-
oped based on different dissipative energy laws. It is also proved that the nonlinear
scheme, based on flog f as the total energy form of the dissipative law, is uniquely solv-
able on an admissible convex set and preserves the corresponding discrete dissipation
law. Moreover, under certain smoothness assumption, we have also obtained the sec-
ond order convergence in space and the first order convergence in time for the scheme.
In this paper, we provide a rigorous proof of the error estimate by a careful higher or-
der asymptotic expansion and two step error estimates. The latter technique contains
a rough estimate to control the highly nonlinear term in a discrete W' norm and a
refined estimate is applied to derive the optimal error order.
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1. Introduction and background

One of the typical nonlinear degenerate parabolic equations is the porous medium
equation (PME):
ouf = N (f™), €O cCRY m > 1,

where f = f(x,t) is a non-negative scalar function of space = € R? (d > 1) and the
time ¢t € R* and m is a constant larger than 1. It has been applied in many physical and
biological models, such as an isentropic gas flow through a porous medium, the viscous
gravity currents, nonlinear heat transfer and image processing [18], etc.

It is well known that the PME is degenerate at points where f = 0. In turn, the PME
has many special features: the finite speed of propagation, the free boundary, a possible
waiting time phenomenon [5,18]. Various numerical methods have been studied for the
PME, such as finite difference approach [8], tracking algorithm method [3], a local dis-
continuous Galerkin finite element method [24], Variational Particle Scheme (VPS) [23]
and an adaptive moving mesh finite element method [13]. Many theoretical analyses have
been derived in the existing literature [1,12,14,16-18], etc.

Relevant detailed descriptions can be found in a recent paper [5], in which the numeri-
cal methods for the PME were constructed by an Energetic Variational Approach (EnVarA)
to naturally keep the physical laws, such as the conservation of mass, energy dissipation
and force balance. Meanwhile, based on different dissipative energy laws, two different nu-
merical schemes have been studied. In more details, based on the total energy form f log f
and %, a fully discrete nonlinear scheme and a linear numerical scheme could be appro-
priately designed for the trajectory equation, respectively. It has also been proved that the
former one is uniquely solvable on an admissible convex set and both schemes preserve
the corresponding discrete dissipation law. Numerical experiments have demonstrated
that both schemes have yielded a good approximation for the solution without oscillation
and the free boundary. The notable advantage is that the waiting time problem could be
naturally treated, which has been a well-known difficult issue for all the existing methods.
In addition, under certain smoothness assumption, the second order convergence in space
and the first order convergence in time have been reported for both schemes in [5]. The
aim of the paper is to provide a rigorous proof of the optimal rate convergence analysis
for the nonlinear scheme. On the other hand, the highly nonlinear nature of the trajectory
equation makes the convergence analysis every challenging. To overcome these difficulties,
we use a higher order expansion technique to ensure a higher order consistency estimate,
which is needed to obtain a discrete W1>° bound of the numerical solution. Similar ideas
have been reported in earlier literature for incompressible fluid equations [6, 7, 15, 21],
while the analysis presented in this work turns out to be more complicated, due to the lack
of a linear diffusion term in the trajectory equation of the PME. In addition, we have to
carry out two step estimates to recover the nonlinear analysis:

Step 1 Arough estimate for the discrete derivative of numerical solution, namely (Dha:’,f‘L“)



