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Abstract. We consider the nonlinear Dirac equation (NLD) with time dependent ex-
ternal electro-magnetic potentials, involving a dimensionless parameter ¢ € (0,1] which
is inversely proportional to the speed of light. In the nonrelativistic limit regime e <1
(speed of light tends to infinity), we decompose the solution into the eigenspaces as-
sociated with the ‘free Dirac operator’ and construct an approximation to the NLD
with O(e?) error. The NLD converges (with a phase factor) to a coupled nonlinear
Schrodinger system (NLS) with external electric potential in the nonrelativistic limit as
¢ — 07, and the error of the NLS approximation is first order O(e). The constructed
O(€?) approximation is well-suited for numerical purposes.
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1 Introduction

In this paper, we consider the nonlinear Dirac equation (NLD) [3, 6,14, 15,23, 31] in the
following dimensionless form:

iop(tx)=|—1 ilajajjt8%/3+V(t,x)14—2]3_1A]-(t,x)aj+F(zp) ¥(t,x),
=

P=0x)=yi(x), xER?,

(1.1)
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where i=+/—1, t is time, x= (X],Xz,Xg)T €R3 is the spatial coordinate vector, d; = aixk (k=
1,2,3), :=(t,x) = (P1(t,x), 2 (£,x),P3(t,x),p4(t,x))T € C* is the complex-valued vector
wave function of the “spinorfield”, V(t,x) and A = (A1(t,x),Az(t,x),A3(t,x))T are the
real-valued external electric potential and magnetic potential, respectively, ¢ € (0,1] is a
dimensionless parameter inversely proportional to the speed of light. F(y) € C*** is the
matrix nonlinearity and one common choice is of the following form

F(p)=A(p*By) B+7[¢[ Ly, A7vER, (1.2)

where ¢* = T denotes the conjugate transpose of . The A # 0,y =0 case is motivated
from the famous Soler model [32], for which the solitary solutions and their dynamics
have been widely studied in the literature [2,24,34]; The A=0,7y#0 case is motivated from
the Bose-Einstein condensates with a chiral confinement and /or spin-orbit coupling [12,
22,29]. The 4 x4 matrices a1, ap, a3 and p are defined as

(0 q (0 o,
“1_< e 0 >/ ‘X2_< o 0 >/ (13a)

a3:<£3 ?) 5:(% _012>, (1.3b)

where 01, 03, 03 are the Pauli matrices given by

(71:<(1) (1)>, (72:<? 6i>, (73:<(1) _01> (1.4)

The Dirac equation (1.1) conserves the total mass

4
(e )I2e= [t Pax= [ 3 Iyt Pax= 90 P =57 ¢20. (15)
j=1

In addition, if the external electromagnetic potentials are time independent, i.e., V (t,x) =
V(x) and Aj(t,x)=A;(x) (j=1,2,3), the NLD (1.1) conserves the energy

TR 1, 3 \ An2 Y4
E<t>:=/ —- LV 0t ¢ PPV I = A () a3 [ Byl S [yl | dx
R\ &5 € =1
=E(0), t>0. (1.6)

There have been many studies on the Dirac equations [1,8,13,16-19,21] including the
well-posedness, dynamics of wave packets, etc. The purpose of this paper is to analyze
the nonrelativistic limit of the nonlinear Dirac equation (1.1), when e—07.

For the linear case, the nonrelativistic limit has been investigated thoroughly in [7,
11, 20, 23, 25, 28, 30, 31, 33]. It has been shown that the Dirac equation is a perturbation



