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Abstract: In this paper, we use Pang-Zalcman lemma to investigate the normal

family of meromorphic functions concerning shared analytic function, which improves

some earlier related results.
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1 Introduction and Main Results

Let D be a domain in C, and F be a family of meromorphic functions defined in the domain

D. F is said to be normal in D if any sequence {fn} ⊂ F contains a subsequence fnj , which

converges spherically locally uniformly in D to a meromorphic function or ∞ (see [1]–[5]).

Let f(z) be a mermorphic function in a domain D and z0 ∈ D. If f(z0) = z0, we say

that z0 is the fixed-point of f(z). Let f(z) and g(z) denote two meromorphic functions in

D. If f(z) − ψ(z) and g(z) − ψ(z) have the same zeros (or ignoring multiplicity), then we

say that f(z) and g(z) share ψ(z) CM (or IM).

In 1998, Wang and Fang[6] proved the following result:

Theorem 1.1 Let k and n ≥ k + 1 be two positive integers, and f be a transcendental

merimorphic function. Then (fn)(k) assumes every finite nonzero value infinitely often.

Corresponding to Theorem 1.1, there are the following theorems about normal families.

Theorem 1.2 [7] Let k and n ≥ k + 3 be two positive integers and F be a family of mero-

morphic functions defined in a domain D. If (fn)(k) ̸= 1 for every function f ∈ F , then F
is normal in D.
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In 2009, Li and Gu[8] proved:

Theorem 1.3 Let F be a family of meromorphic functions defined in a domain D. Let

k, n ≥ k + 2 be positive integers and a ̸= 0 be a finite complex number. For each pair

(f, g) ∈ F , if (fn)(k) and (gn)(k) share a in D, then F is normal in D.

Lately, many authors studied the functions of the form f(f (k))n. Hu and Meng[9] proved:

Theorem 1.4 Take positive integers n and k with n, k ≥ 2, and take a non-zero complex

number a. Let F be a family of meromorphic functions in the plane domain D such that

each f ∈ F has all its zeros of multiplicity at least k. For each pair (f, g) ∈ F , if f(f (k))n

and g(g(k))n share a IM, then F is normal in D.

Recently, Jiang and Gao[10] extended Theorem 1.4 as follows:

Theorem 1.5 Let m ≥ 0, n ≥ 2m + 2 and k ≥ 2 be three positive integers and m be

divisible by n+1. Suppose that a(z)(̸≡ 0) is a holomorphic function with zeros of multiplicity

m in a domain D. Let F be a family of meromorphic functions in a domain D, and for

each f ∈ F , f has all its zeros of multiplicity max{k +m, 2m+ 2} at least. For each pair

(f, g) ∈ F , if f(f (k))n and g(g(k))n share a(z) IM, then F is normal in D.

A natural question is: What can be said if the function f(f (k))n in Theorem 1.5 is

replaced by the function fd(f (k))n? In this paper, we answer this question by proving the

following theorem:

Theorem 1.6 Let F be a family of meromorphic functions defined in a domain D, and

m ≥ 0, n ≥ 2m + 2, k ≥ 2, d ≥ 1, p ≥ 1 be five integers and m be divisible by n + d. Let

ψ(z) ̸≡ 0 be an analytic function with zeros of multiplicity m in a domain D. Suppose that

every f ∈ F has all its zeros of multiplicity at least p ≥ max
{
k +

m

d
, 2m + 2

}
. For each

pair (f, g) ∈ F , if fd(f (k))n and gd(g(k))n share ψ(z) IM, then F is normal in D.

Remark 1.1 Obviously, from Theorem 1.6, we can get Theorem 1.5 when d = 1.

2 Some Lemmas

In order to prove Theorem 1.6, we require the following results.

Lemma 2.1 [11] Let F be a family of meromorphic functions on the unit disc satisfying all

zeros of functions in F have multiplicity ≥ p and all poles of functions in F have multiplicity

≥ q. Let α be a real number satisfying −q < α < p. Then F is not normal at 0 if and only

if there exist

a) a number 0 < r < 1;

b) points zn with |zn| < r;


