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Fractional Differential Equations with Two

Control Parameters∗
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Abstract In this paper, we study the existence of the impulsive fractional
differential equation. Based on a previous paper [2], we give more accurate
condition to guarantee the impulsive fractional differential equation has at
least three solutions under certain assumptions by using variational methods
and critical point theory. Moreover, some recent results are generalized and
significantly improved.
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1. Introduction

In this paper, we will consider the following fractional differential equation with
impulsive effects

d
dt{ 0Dα−1

t (c0Dα
t u(t))− tD

α−1
T (ctD

α
Tu(t))}

+λf(t, u(t)) + µg(t, u(t)) = 0, t ∈ [0, T ], t 6= tk,

∆( Dα
t u)(tk) = Ik(u(tk)), t = tk, k = 1, 2, ...l,

u(0) = u(T ) = 0,

(1.1)

where α ∈ ( 1
2 , 1], 0Dα−1

t and tD
α−1
T represent the left and right Riemann-Liouville

fractional integrals of order 1 − α, c0Dα
t and c

tD
α
T represent the left and right

Caputo fractional derivative of order α, respectively. f, g : [0, T ]×R→ R are given
continuous functions, λ and µ are positive parameters, Ik : R→ R, k = 1, 2, ...l are
continuous functions and

( Dα
t u)(t) =

{
0Dα−1

t (c0Dα
t u)− tD

α−1
T (ctD

α
Tu)

}
(t),
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∆( Dα
t u)(tk) =

{
0Dα−1

t (c0Dα
t u)− tD

α−1
T (ctD

α
Tu)

}
(t+k )

−
{

0Dα−1
t (c0Dα

t u)− tD
α−1
T (ctD

α
Tu)

}
(t−k ),{

0Dα−1
t (c0Dα

t u)− tD
α−1
T (ctD

α
Tu)

}
(t+k ) = lim

t→t+k

{
0Dα−1

t (c0Dα
t u)− tD

α−1
T (ctD

α
Tu)

}
(tk),{

0Dα−1
t (c0Dα

t u)− tD
α−1
T (ctD

α
Tu)

}
(t−k ) = lim

t→t−k

{
0Dα−1

t (c0Dα
t u)− tD

α−1
T (ctD

α
Tu)

}
(tk),

for k = 1, · · · , l.
In recent years, more and more attention have been paid to the fractional dif-

ferential equations have obtained by many authors. By using variational methods
and some critical point theory, some interesting results on fractional differential
equations which have been presented to our vision, see [2–16] and the references
therein.

More precisely, in a recent paper [2], the authors have considered the following
fractional boundary problem without impulsive effects

d
dt{ 0Dα−1

t (c0Dα
t u(t))− tD

α−1
T (ctD

α
Tu(t))}

+λf(t, u(t)) + µg(t, u(t)) = 0, t ∈ [0, T ],

u(0) = u(T ) = 0,

(1.2)

the main result is as follows:

Theorem 1.1. [Theorem 3.1, [2]] Assume that there exist positive constants c, d
with

c < (
4dΩ

TΓ(2− α)
)
√
C(T, α), (1.3)

such that
(A1) F (t, ξ) ≥ 0, for each (t, ξ) ∈ ([0, T4 ]

⋃
[ 3T

4 , T ])× [0, d];

(A2)
∫ T
0

max|ξ|≤c F (t,ξ)dt

c2 <
| cos(πα)|

∫ 3T
4
T
4

F (t,d)dt

Ω2ωα,d
;

(A3) lim sup|ξ|→+∞
supt∈[0,T ] F (t,ξ)

ξ2 <
∫ T
0

max|ξ|≤c F (t,ξ)dt

2c2T .

Then, for every λ ∈ Λ and for every continuous function g : [0, T ]×R→ R such
that

lim sup
|ξ|→+∞

supt∈[0,T ]G(t, ξ)

ξ2
< +∞,

where F (t, ξ) =
∫ ξ

0
f(t, s)ds and G(t, ξ) =

∫ ξ
0
f(t, s)ds. Then there exists δ̄ such

that for each µ ∈ [0, δ̄], problem (1.2) admits at least three solutions.

In fact, Theorem 1.1 is not valid. In [2], the authors fixed c, d > 0 such that

ωα,d∫ 3T
4
T
4

F (t, d)dt
<

| cos(πα)|
Ω2

2
c2∫ T

0
max|u|≤c F (t, u)dt

, (1.4)

holds, where

ωα,d =
16d2

T 2Γ2(2− α)| cos(πα)|
C(T, α)
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