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Abstract In this paper, we modify some errors on the definition of fractional
Green’s function in monograph [5], and give the solution of the inhomogenous
equation which satisfies the given inhomogenous initial conditions by fractional
Green’s function.
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1. Introduction

In the last few decades, fractional differential equations have gained considerable
importance and attention due to their applications in science and engineering, such
as control, porous media, electrochemistry, viscoelasticity, and electromagnetism
theory [1-3, 5-6], ect. There are a large number of papers dealing with the fractional
differential equations [7-11]. The Fractional Green’s function is a very powerful tool
for investigating linear fractional differential equations [3-6]. In Chapter 5 of the
monograph [5], the fractional Green’s function is defined as follows:

Consider the following equation

0Lty(t) ≡ f(t), (1.1)

[0D
σk−1
t y(t)]t=0 = 0, (k = 1, · · · , n),

where

aLty(t) ≡a Dσn
t y(t) +

n−1∑
k=1

pk(t)aD
σn−k

t y(t) + pn(t)y(t),

aD
σk
t y(t) ≡a D

αk
t aD

αk−1

t · · ·aDα1
t ,

aD
σk−1
t y(t) ≡ (aD

αk−1
t )(aD

αk−1

t )· · · (aDα1
t ),

σk =

k∑
j=1

αj , (k = 1, 2, · · · , n); 0 ≤ αj ≤ 1, (j = 1, 2, · · · , n). (1.2)
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Definition 1.1 (see [5]). The function G(t, τ) satisfying the following conditions
a) τLtG(t, τ) = 0 for every τ ∈ (0, t);
b) lim

τ→t−0
(τD

σk−1
t G(t, τ)) = δk,n, k = 0, 1, · · · , n,

(δk,n is Kronecker’s delta);
c) lim

τ,t→+0
τ<t

(τD
σk
t G(t, τ)) = 0, k = 0, 1, · · · , n− 1

is called the fractional Green’s function of equation (1.1).
The purpose of our paper is to point out that there exist some errors or con-

tradictions in Definition 1.1, and we will provide some examples to illustrate them
and modify them. The paper has been organized as follows. In Section 2, we give
preliminary facts and provide some basic properties which are needed later. In sec-
tion 3, we shall point out some errors in Definition 1.1. In section 4 we give some
examples to illustrate them and modify Definition 1.1, we also give the solution of
the inhomogeneous equation satisfying given inhomogeneous initial conditions by
the Laplace transform method and fractional Green’s function.

2. Preliminaries and Lemmas

In order to establish our main results we need some preliminary facts and basic
lemmas, which we present in this section.

Definition 2.1. Let f(t) be piecewise continuous on (0,∞) and p > 0, then the
fractional integral of order p of f(t) is defined by

aD
−p
t f(t) =

1

Γ(p)

t∫
a

(t− τ)
p−1

f(τ)dτ.

Definition 2.2 (see [1-3, 5-6]). Let f(t) be piecewise continuous on (0,∞) and
0 ≤ m − 1 ≤ v < m ∈ N , then the Riemann-Liouville fractional derivative of f is
defined by

aD
v
t f(t) =

dm

dtm
[aD

v−m
t f(t)].

In Definitions 2.1 and 2.2, if a = 0, then we denote aD
−p
t f(t) and aD

v
t f(t) by

D−pf(t) and Dvf(t), respectively.
Lemma 2.1 (see [1-3, 5-6]). Let α > 0 and β > 0, then

aD
−α
t [(t− a)β−1] =

Γ(β)

Γ(β + α)
(t− a)β+α−1,

aD
α
t [(t− a)β−1] =

Γ(β)

Γ(β − α)
(t− a)β−α−1.

Lemma 2.2. (see [5-6]). If 0 ≤ m − 1 ≤ v < m ∈ N , and σm is defined
as in (1.2), then we have two classical formulas for the Laplaces transform of the
fractional derivative as follows:

L[0Dt
vf(t)] = svF (s)−

m−1∑
k=0

sm−k−1[0D
k−m+v
t f(t)]t=0
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