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Abstract: Let v*(D) denote the twin domination number of digraph D and let
D1 ® D2 denote the strong product of D; and D>. In this paper, we obtain that the
twin domination number of strong product of two directed cycles of length at least 2.
Furthermore, we give a lower bound of the twin domination number of strong product
of two digraphs, and prove that the twin domination number of strong product of the
complete digraph and any digraph D equals the twin domination number of D.
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1 Introduction

Let D = (V, A) be a finite digraph without loops and multiple arcs, where V' = V(D) is the
vertex set and A = A(D) is the arc set. For a vertex v € V(D), N (v) and N (v) denote
the set of out-neighbors and in-neighbors of v, d},(v) = [N} (v)| and dj(v) = [N, (v)]
denote the out-degree and in-degree of v in D, respectively. A digraph D is r-regular if
df(v) = dp(v) = r for any vertices v in D. Given two vertices u and v in D, we say u
out-dominates v if u = v or uv € A(D), and we say v in-dominates w if u = v or uv € A(D).
Let Nj[v] = Nj(v) U{v}. A vertex v dominates all vertices in Njj[v]. A set S C V(D)
is a dominating set of D if S dominates V(D). The domination number of D, denoted by
~v(D), is the minimum cardinality of a dominating set of D. The notion of twin domination
in digraphs has been studied in [1]. A set S C V(D) is a twin dominating set of D if each
vertex of D is either in S or both, an out-neighbour of some vertex in .S and an in-neighbour
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of some (possibly distinct) vertex in S. The twin domination number of D, denoted by
~v*(D), is the minimum cardinality of a twin dominating set of D. Clearly, v(D) < v*(D).

Let D; = (Vi, A;) and Dy = (V3, Ay) be two digraphs, which have disjoint vertex
sets Vi = {x1,20,- - ,xp, } and Vo = {y1,¥2, - ,yn,} and disjoint arc sets A; and As,
respectively. The strong product Dy ® Dy has vertex set V = V; x Vo and (z;, y;)(xi, yj/) €
A(D; ® D») if one of the following holds:

(a) xjzy € Ay and y;y;r € Ag;

(b) x; =z and y;y; € Ag;

(c) y; =yj and z;zy € Aj.
The subdigraph D}’ of D; ® D5 has vertex set

VY ={(zj,y:) : for any z; € V1, fixed y; € Vo} =2 V7,
and arc set
AV ={(xj, yi)(zjr, yi) + xjoy € A1} =2 Aq.

It is clear that DY = D;.
Similarly, the subdigraph D3 of D; ® D5 has vertex set
Vo't = {(zs, y;) : for any y; € Va, fixed z; € Vi} = Vs,
and arc set

A= {(wi, y;)(wi, yjr)  yiyy € Ao} = Aa.

It is clear that D3* = Ds.

In recent years, the domination number of the cartesian product of directed cycles and
paths has been discussed in [2]-[7]. There are some related works for strong product of
two digraphs (see, for example, [8]). In [9]-[15], it shows the recent related works of twin
domination number of digraphs. However, to date no research about twin domination num-
ber has been done for strong product of directed cycles. In this paper, we study the twin
domination number of C,, ® C},. We mainly determine the exact values

% if m and n are even;
¥ mn—+n e .
Y(Cm ®Cp) = 1 if n is even and m is odd;
[mn;r n“ if m and n are odd.

Furthermore, we give a lower bound of v*(D; ® Ds) and prove that v*(K,, ® D) = v*(D)
for any digraph D.

2 Main Results

We denote the vertices of a directed cycle C,, by the integers {1,2,--- ,n} considered modulo
n. There is an arc zy from z to y in C, if and only if y = 2 + 1 (mod n). For any vertex
(i,7) e V(Cry @ Cy),

NG, 3) =A{G, j+1), (+1,5), (i+1, j+1)}



