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Abstract: Schur convexity, Schur geometrical convexity and Schur harmonic convex-
ity of a class of symmetric functions are investigated. As consequences some known
inequalities are generalized. In addition, a class of geometric inequalities involving
n-dimensional simplex in n-dimensional Euclidean space E™ and several matrix in-
equalities are established to show the applications of our results.

Key words: Schur convex function, Schur geometrically convex function, Schur har-
monically convex function, simplex, geometric inequality

2010 MR subject classification: 05E05, 26B25, 52A40

Document code: A

Article ID: 1674-5647(2015)03-0199-12

DOI: 10.13447/j.1674-5647.2015.03.02

1 Introduction

The Schur convex function was introduced by Schurl™ in 1923 and played a key role in
analytic inequalities (see [2-17]). Moreover, the theory of convex functions and Schur convex
functions is one of the most important research fields in modern analysis and geometry. The
following definitions can be found in many references such as [1-3, 14-15].

Definition 1.1 Let & = (z1,22, - ,Zn), Y= (Y1,Y2, - ,yn) € R" be two n-tuples real

k k
numbers. x is said to be majorized by y (in symbols x < y) if Y wp < Yoyp (B =
i=1 i=1

n n
L,2,---,n—1) and Y xp = > yp), where Ty > ) > -+ > Zpy), Yp) > Ypz) > 0 2 Y
=1 =1

1=

are sorts of © and y in descending order.
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Definition 1.2 A real-valued function f : 2 C R™ — R is said to be Schur convex on 2
if
<y on 2 — flz)<[f(y);

f is a Schur concave function on 2 if and only if —f is a Schur convez function.

The following lemma is so-called Schur’s condition for determining whether or not a
given function is Schur convex or Schur concave.

Lemma 1.1[LFP57 et 2 € R™ be a symmetric and convex set with nonempty interior,
and let f : 2 — R be differentiable in the interior of 2. Then [ is Schur convex (Schur
concave) on 2 if and only if [ is symmetric on 2 and

(z1 — x2) <§£ - ;2;) >0 (<0), ze 00 (1.1)

where £2° is the interior of 12.

The multiplicatively convex function was recommended by Niculescul’® | which revealed
an entire new world of graceful inequalities. Zhang!'” stated the Schur geometrically convex
theory as a parallel one to Schur convex theory by defining logarithmic majorization and
using multiplicatively convex function.

Definition 1.3017 P8 Assume that @ and y are two n-tuples of nonnegative numbers.

Then the n-tuple  is called logarithmically magjorized by y (in symbols Inx < Iny) if
k k n n

Hw[i]ﬁljly[i], kE=1,2,---,n—1, Hff[i]:ljly[i]-

=1 1=1

Definition 1.4[7- P07 Suppose that I is a subinterval of (0, 00). A function ¢ : I"™ —
0, 00) is called Schur geometrical convexity i
g Y
nz<Iny onI" = oz <qe(y);

@ is called Schur geometrically concave if —p is Schur geometrically convex.

The following Lemma is basic and plays a fundamental role in the theory of Schur

geometrically convex function.

Lemma 1.2[17 P108]

Let o(x) = o(x1,22, -+ ,x,) be symmetric and have continuously
partial derivatives on I, where I is a subinterval of (0, oo0). Then ¢ : I — (0, o0) is

Schur geometrically convexr (Schur geometrically concave) if and only if

(Inzy — Inzy) <x1§;01—9:286;;> >0 (<0), x el (1.2)
Definition 1.5  Let w(x) = w(x1, 22, -+ ,Z,) be symmetric and have continuously partial

derivatives on I™, where I is a subinterval of (0, 00). Then w : I — (0, ) is a Schur
harmonic convex function if

1 1
z<y onl" = w()ﬁw(),
x Yy



