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1 Introduction

Rota-Baxter algebras or their corresponding Rota-Baxter relations came from [1], which
are on integral equations of fluctuation theory. After that, many mathematicians paid
attention to this concept, and especially, Rotal?! fundamental papers around 1970 brought
the subject into the areas of combinatorics and algebras. In fact, Rota-Baxter relation
may be regarded as one possible generalization of the standard shuffle relation in [2-3]. In
the case of Lie algebra, when the weight A\ = 0, the Rota-Baxter relation is just the form
of classical Yang-Baxter equation (CYBE) and when the weight A = 1, it corresponds to
the operator form of the modified classical Yang-Baxter equations. The broad connections
of Rota-Baxter algebras with many areas in mathematics and mathematical physics are
remarkable. However, the theoretical study of Rota-Baxter algebras is still in its early
stage of development. In recent years, some articles have been published about Rota-Baxter
algebras in [3-8]. Especially, An and Bail” have not only worked over Rota-Baxter operators
of weight 0 on pre-Lie algebras, but also computed all Rota-Baxter operators of weight 0 on
associative algebras of dimensions < 3; Li and Houl®! have given all Rota-Baxter operators
of weight 1 on associative algebras of dimensions < 3.

In this paper, we study the Rota-Baxter operators of weight 1 on the associative algebra
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M5 (F) consisting of 2 X 2-matrix over an algebraically closed field F. The paper is organized
as follows. In Section 2, we give all Rota-Baxter operators of weight 1 on Ma(FF). In Section
3, we analyze how to prove the previous theorem and establish the corresponding equations.
In Section 4, we give the proof of the main theorem. Throughout this paper, all algebras
are of finite dimensions and over an algebraically closed field F.

2 Main Results

We adopt the following definition from [3].

Definition 2.1 A Rota-Baxter algebra is an associative algebra A over F with a linear
operator R : A — A satisfying the Rota-Baxter relation:

R(z)R(y) + AR(zy) = R(R(z)y + zR(y)), 2,y €A, (2.1)
where A € F is a fized element, which is called the weight of R.

If R is a Rota-Baxter operator of weight A # 0, then %R is a Rota-Baxter operator of
weight 1. Thus, for the Rota-Baxter operators of nonzero weight, it suffices to determine
the ones of weight 1. From now on, RB(A) denotes the set of all Rota-Baxter operators on
A of weight 1.

Theorem 2.1  All the Rota-Bazter operators of weight 1 on 2 x 2-matriz algebra My (TF)
are R; and I — R; € RB(M»(F)), i =1,2,---,31, shown in Table 2.1, where a,b,c € F (any

denominator is nonzero and non-appeared parameters in matrices are zero).

Table 2.1 The Rota-Baxter operators set

Operators . .
b Matrix representations of operators
number
b+b?
1 13 = —T21 =@, T4 = —T22 =b, 733 = =141 =1+ b, 134 = —142 =
a—a?
2 T11 =733 =@, T21 =T43 =b, roo =r4a =1 —a, r12 =134 = b
a—a? a?
3 11 =—T41 =@, 121 = b, r22 =1—a, ri2 = —r42 = —p TR =
a® — a2
r32 =
b
—a? a® —a?
4 T1i1=0,T21 =b, T22 =741 =1 —@a, r12 =731 = —T42 = b » T32 = 2
a
T34 = 3, Taa = 1
2
5 T11 =T22 =@, 713 = T24 = b, 131 = 742 = b ,T33 =Taa=1—a
a+ a?
6 Ti4=-—T33=Q, T =—Ta3=0b, 100 =—ryn=1+4a,r12=—-"31 = b
2
a+a l1+a
7 Tia=—Tag =a, 722 =1+4a, 724 =b, T12 = —T34 = —T42 = p TR =
2
—a(l+a)
r33 =1, r3o = — 2

(to be continued)



