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Abstract: The concept of finitely continuous topological space is introduced and
the basic properties of the space are given. Several continuous selection theorems
and fixed point theorems for ¢-maps are established, and as applications of the above
fixed point theorems, some section problems are discussed. The results generalize and
improve many corresponding conclusions.
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1 Introduction and Preliminaries

1-2]

Motivated by the well-known works of Horvath 2!, there have appeared many generaliza-

tions of a convex subset of a topological vector space. The most general one seems to be that

of finitely continuous topological space or FC-space introduced by Ding[®4l

, which extends
many topological spaces having generalized convexity structures.

Browderl5 9 showed that any multimap with convex valued and open fibers from a
Hausdorff compact space to a convex space has a continuous selection, and used this fact to
obtain the famous Fan-Browder fixed point theorem. Later it was generalized and applied
by many authors (see, for example, [7-12]).

The concept of ¢-map was introduced by Hovarth!?. In recent years, it has been ex-
tended by many authors. Several continuous selections of ¢-maps were obtained and some
applications were given (see [12-14]).

In this paper, we introduce the concept of finitely continuous topological space (simply,
FC-space), which was given by Ding[® 4 and define the concept of ¢-map in FC-spaces, and
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obtain two basic properties of FC-spaces. And then, we establish some continuous selection
theorems for ¢-maps and give several fixed point theorems for composite of two ¢-maps.
Finally, we discuss the section problems as applications of the above fixed point theorems.

Definition 1.1 (X, D; {®n}) is called a finitely continuous topological space (simply,
FC-space) if D is a nonempty subset of a topological space X, and for each N = {xq, z1,
-+, xp} € (D) (where some elements of N may be same), there exists a continuous map
O : Ap— X, where A, is the standard n-simplez in R"TL.

Definition 1.2 Let (X, D; {®n}) be an FC-space, Y and Z be two subsets of X. Z is
called an FC-subset of X relative to'Y if for each N = {xo, x1, -+, n} € (D) (where some
elements of N may be same) and each J = {z;,, iy, -+, x;,} C NNY, &n(Ar) C Z,
where Ay is the face of A, corresponding to J. If Z =Y, then Z is called an FC-subset of
X.

Definition 1.3  Let X be a nonempty set, and (Y, D; {®n}) be an FC-space. F: X —Y
is called a ¢-map if there exists a map S : X —o D (which is called the companion map of
F) such that

(i) for each x € X, F(x) is an FC-subset of Y relative to S(x);

(i) X =U{IntS (y):y € D}.

Theorem 1.1  Let {(X;, D;; {®n,})}icr be a family of FC-spaces. Then ([[ Xi, [] Ds;

icl i€l
{®dn}) is also an FC-space, where O : Ap— [] X is defined by Oy () = [] Pn, () for
i€l iel
each oo €Ay, with N € ([] D;) and N; = m;(N).
iel
Proof. Let

N ={ag,a1,+- ,an} € (HDQ.

iel
Then
N; :=m(N) ={aoi,a1,i, -+ ,an,i} € (Dy),

and N; has n+1 elements for all 7 € I. Hence there exists a continuous map @y, : Ap— X;
for each i € I. Let &y : Ap,— [] X; be defined by
i€l
On(a) =[] on.(),  a€ ap
iel
Clearly, ®n is continuous. Hence ([] X, [[ Di; {@n}) is an FC-space.
iel iel

Theorem 1.2 Let {(X;, D;; {Pn,})}ier be an family of FC-spaces, and Z; be an FC-

subset of X; relative to Y; for each i € I. Then [] Z; is an FC-subset of the FC-space
il

(IT Xs, TI Ds; {@n}) relative T] Y:, where & = ] @n, is as that in Theorem 1.1.

i€l i€l iel il



