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Abstract: In this paper, the iteration xn+1 = αny + (1 − αn)T
k(n)
i(n) xn for a family

of asymptotically nonexpansive mappings T1, T2, · · · , TN is originally introduced in

an uniformly convex Banach space. Motivated by recent papers, we prove that under

suitable conditions the iteration scheme converges strongly to the nearest common

fixed point of the family of asymptotically nonexpansive mappings. The results pre-

sented in this paper expand and improve correponding ones from Hilbert spaces to

uniformly convex Banach spaces, or from nonexpansive mappings to asymptotically

nonexpansive mappings.
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1 Introduction

In this paper, we are interested in the following iteration for a finite family of asymptotically

nonexpansive mappings {T1, T2, · · · , TN} in the setting of uniformly convex Banach spaces:

xn+1 = αny + (1 − αn)T
k(n)
i(n) xn, n ∈ N, (1.1)

where Tn = Tn(mod N), n = (k − 1)N + i, and i = i(n) ∈ {1, 2, · · · , N}, k = k(n) ∈ N, the

set of natural numbers.

Especially, if N = 1, then (1.1) is reduced to the following iteration

xn+1 = αny + (1 − αn)T nxn, n ∈ N, (1.2)

where T is an asymptotically nonexpansive map. Particularly, if T is a nonexpanive mapping

and if T n is seen as Tn, i.e., if {T, T 2, · · · , T n, · · · } is replaced by an infinite family of

∗
Received date: Oct. 30, 2010.
Foundation item: The Found (2011Z05) of the Key Project of Yibin University.



370 COMM. MATH. RES. VOL. 27

nonexpansive maps {T1, T2, · · · , Tn, · · · }, then (1.2) is reduced to the following iteration

for an infinite family of nonexpansive maps {T, T 2, · · · , T n, · · · }:

xn+1 = αny + (1 − αn)Tnxn, n ∈ N, (1.3)

which is studied by Chang[1] in the setting of Hilbert spaces.

Theorem 1.1[1] Let H be a real Hilbert space, C a nonempty closed convex subset of H,

and {Tn : C → C, n = 1, 2, · · · } an infinite family of nonexpansive mappings such that

F =
∞⋂

n=1
F (Tn) 6= ∅. Assume that {αn} is a real sequence in (0, 1) such that αn → 0 and

∞∑

n=1
αn = ∞. For any given x1, y ∈ C, {xn} ⊂ C is generated by the iteration (1.3). If there

exists a family of nonexpansive mappings {Gγ}γ∈Γ such that

(i)
⋂

γ∈Γ

F (Gγ) 6= ∅ and
⋂

γ∈Γ

F (Gγ) ⊂
∞⋂

n=1
F (Tn);

(ii) lim sup
n→∞

‖Tnxn − Gγ(Tnxn)‖ = 0 for each γ ∈ Γ,

then {xn} converges strongly to Qy ∈ F =
∞⋂

n=1
F (Tn), where Γ is a finite or an infinite

index set, and Q is the nearest point projection of H onto F .

Throughout this paper, we assume that E is a uniformly convex Banach space whose

norm is uniformly Gâteaux differentiable, C is a nonempty closed convex subset of H , I is

the identity mapping, and F (T ) = {x ∈ C : x = Tx} is the set of fixed points of mapping

T . Denote by → and ⇀ the strong convergence and weak convergence, respectively.

A mapping T : C → C is called an asymptotically nonexpansive mapping, if for any

x, y ∈ C, there exists a real sequence {hn} such that

‖T nx − T ny‖ ≤ hn‖x − y‖

with hn ≥ 1 and lim
n→∞

hn = 1. Especially, if hn = 1 for all n ∈ N, then T : C → C is called

a nonexpansive mapping.

A mapping P : E → C is said to be

(1) sunny, if for each x ∈ C and t ∈ [0, 1] we have

P (tx + (1 − t)Px) = Px;

(2) a retraction of E onto C, if Px = x for all x ∈ C;

(3) a sunny nonexpansive retraction, if P is a sunny, nonexpansive mapping and a

retraction of E onto C.

C is said to be a sunny nonexpansive retract of E, if there exists a sunny nonexpansive

retraction of E onto C.

For the sake of the convenience, we may recall the following lemma firstly (see [2] and

[3]):

Lemma 1.1 Let E be a uniformly convex Banach space, C be a nonempty closed convex

subset of E and T : C → C be an asymptotically nonexpansive mapping. Then I − T is

semi-closed at zero, i.e., for each sequence {xn} in C, if {xn} converges weakly to q ∈ C

and {(I − T )xn} converges strongly to 0, then (I − T )q = 0.


