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Abstract. In this paper, we discuss the Fourier collocation and Chebyshev collocation
schemes coupled with two specific high order explicit-implicit-null (EIN) time-marching
methods for solving the convection-diffusion and convection-dispersion equations. The
basic idea of the EIN method discussed in this paper is to add and subtract an appropriate
large linear highest derivative term on one side of the considered equation, and then
apply the implicit-explicit time-marching method to the equivalent equation. The EIN
method so designed does not need any nonlinear iterative solver, and the severe time
step restriction for explicit methods can be removed. We give stability analysis for the
proposed EIN Fourier collocation schemes on simplified linear equations by the aid of
the Fourier method. We show rigorously that the resulting schemes are stable with
particular emphasis on the use of large time steps if appropriate stabilization parameters
are chosen. Even though the analysis is only performed on the EIN Fourier collocation
schemes, numerical results show that the stability criteria can also be extended to the
EIN Chebyshev collocation schemes. Numerical experiments are given to demonstrate
the stability, accuracy and performance of the EIN schemes for both one-dimensional
and two-dimensional linear and nonlinear equations.
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1. Introduction

In this paper, we will discuss the Fourier collocation and Chebyshev collocation meth-
ods coupled with two different explicit-implicit-null (EIN) time-marching methods for the
convection-diffusion and convection-dispersion equations, respectively, with an eye to basic
questions of accuracy and stability of the schemes. We restrict the description to problems
in one dimension for symbolic simplicity, although the conclusions are verified to hold also
for two-dimensional equations in the numerical experiment sections.

The convection-diffusion equation

U
op +f(U)x - @(U)xx =0, 2U)= J d(s)ds, (1.1

where d(s) = 0 is smooth and bounded, has been used in many areas of science and tech-
nology; e.g., fluid dynamics, heat transfer and environmental protection. For an extensive
literature devoted to the above equation let us mention the papers [21,40], and the refer-
ences therein. Here and below, we use the capital letter U to denote the exact solution of
the considered equation.

The convection-dispersion equation

Ut +f(U)x + %(Ux)xx =0 (12)

is a special KdV-type equation typified by the Korteweg-de Vries (KdV) equation [26] and
its generalizations. The KdV-type equations, whose travelling-wave solutions called solitary
waves play an important role in the long-term evolution of initial data [6], have especially
important applications as a widely used model of nonlinear dispersion in fluid dynamics
and plasma physics.

For the above two equations, the Fourier collocation method is a popular numerical
method, which grants the use of the fast Fourier transform. However, a disadvantage of
the use of the Fourier basis is the confinement to periodic boundary condition. In some
situations, one may want to consider problems involving non-periodic boundary condi-
tions. In this case, we can turn to the pseudo-spectral Chebyshev method, i.e., a collo-
cation method at the Chebyshev Gauss nodes. There is an extensive body of bibliogra-
phy[1,7,8,13,23,34] on the numerical simulation and analysis of the convection-diffusion
and convection-dispersion equations in conjunction with the Fourier collocation or Cheby-
shev collocation method for spatial discretization. We refer to [1,13,34] for the convection-
dispersion equation, and to [7, 8, 23] for the convection-diffusion equation. Limited by
the time-marching method, to our knowledge, no high order numerical schemes can effi-
ciently simulate the above two kinds of time-dependent equations with nonlinear highest
derivative terms at large time steps whilst keeping stability, especially when the Chebyshev
collocation method is used for spatial discretization.

Time discretization is a very important issue for time-dependent partial differential
equations (PDE). The explicit time-marching methods are easy to implement, however,
they become unfeasible with growing spatial order due to the worsening stiffness of the



