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Abstract

In the existing work, the recovery of strictly k-sparse signals with partial support in-
formation was derived in the ¢2 bounded noise setting. In this paper, the recovery of
approximately k-sparse signals with partial support information in two noise settings is in-
vestigated via weighted ¢, (0 < p < 1) minimization method. The restricted isometry con-

stant (RIC) condition 6y, < —z*—— on the measurement matrix for some ¢ € [1+ 22D 9]
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is proved to be sufficient to guarantee the stable and robust recovery of signals under

sparsity defect in noisy cases. Herein, o € [0, 1] is a parameter related to the prior support
information of the original signal, and n > 0 is determined by p, ¢t and o. The new results
not only improve the recent work in [17], but also include the optimal results by weighted
{1 minimization or by standard ¢, minimization as special cases.
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1. Introduction

As a data acquisition paradigm, compressed sensing has been a very active research area
and has abundant applications [2,15,22]. Compressed sensing is particularly promising not only
in applications such as hyperspectral imaging where taking measurements is costly, but also in
applications such as medical and seismic imaging where the ambient dimension of the signal is
very large [18].

In standard compressed sensing theory, one observes

y= Az + z, (1.1)

where © = (21,22, ...,7,)7 € R is an unknown sparse signal, y € R™ is the observed signal,
A € R™*™ is a measurement matrix with m < n, and z € R™ denotes the noise in the
measurement. One of the central goals of compressed sensing is to recover the original high-
dimensional signal z based on the measurement matrix and the observed signal.

For signal recovery, the following noise settings

B (¢) := {z ER™: |2l < e} (1.2)
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and
BPS (¢) := {z eR™: HATZHOO < e} (1.3)

are of particular interest. Herein, ¢ > 0 denotes some known margin. The ¢ bounded noise
setting (1.2) was considered for example in [14], and the DS noise setting (1.3) was motivated
by the Dantzig Selector procedure in [5].

Denote the support of x = (x1,22,...,2,)7 as supp(x) = {i: z; # 0}. x is called k-sparse
if the number of nonzero components in x is k at most, i.e., [|z[|, = [supp(z)| < k.

The constrained £, (0 < p < 1) minimization method estimates the signal « by

7 = arg min{||z||§ : yfA:EEB}, (1.4)
zER™
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is the £, (quasi-)norm of z and B C R™ denotes some noise structure [21,24,28]. When
in particular p = 1, the ¢, minimization model (1.4) becomes the standard ¢; minimization
model [1-3].

The following restricted isometry property (RIP) is a commonly used framework for sparse

where

recovery.

Definition 1.1 ([4]). Suppose A € R™*"™ is a measurement matriz, k is an integer and
1 <k < n. For the measurement matriz A, the restricted isometry constant (RIC) of order k
is defined as the smallest number §; > 0 such that for all k-sparse vectors x € R"™,

(1 =) l=ll5 < - Azll3 < (14 6) el - (1.5)

More generally, when k is not an integer, 6y is defined as oy, where [-] denotes the ceiling
function [2].

In many practical applications, the original signal is not exactly k-sparse. As a consequence,
the stable recovery of approximately sparse signals in noisy settings is of significant interest,
and has been investigated under different sufficient RIC conditions by ¢, minimization model
(1.4) [23,26-28]. When n < 4k, under the assumption p € (0, %5(1 — ba1)] for dor, € (0,1),
Wen, Li and Zhu [26] proved the stable recovery of approximately k-sparse signals in the £
bounded noise case. For p € (0, 1], Zhang and Li [28] derived the sharp condition

n

Sopy < ————
2—p—n

(1.6)
for the stable recovery of exactly k-sparse signals in noisy cases, where n € (1 -p,1— g) is the
unique positive solution of the equation

D 2 p
L —14+==0. 1.
5" +n +2 0 (1.7)

In our previous work [8,24], general condition
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5tk < (S*(p,t) =



