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Abstract. In this paper, we consider the perturbed solutions with polynomial
tail in large velocities for the non-cutoff Boltzmann equation near global Max-
wellians in the whole space. The global in time existence is proved in the
weighted Sobolev spaces and the almost optimal time decay is obtained in
Fourier transform based low-regularity spaces. The result shows a time-velo-
city decay structure of solutions that can be decomposed into two parts. One
part allows the slow polynomial tail in large velocities, carries the initial data
and enjoys the exponential or arbitrarily large polynomial time decay. The
other part, with zero initial data, is dominated by the non-negative definite
symmetric dissipation and has the exponential velocity decay but only the slow
polynomial time decay.

AMS subject classifications: 35Q20, 35B35

Key words: Boltzmann equation, angular non-cutoff, large time behavior.

1 Introduction

We consider the following Cauchy problem on the spatially inhomogeneous non-
cutoff Boltzmann equation in the whole space:

∗Corresponding author. Email addresses: chuqicao@gmail.com (C. Cao), rjduan@math.cuhk.
edu.hk (R.-J. Duan), zgli@math.cuhk.edu.hk (Z.-G. Li)



62 C. Cao, R.-J. Duan and Z.-G. Li / Commun. Math. Anal. Appl., 3 (2024), pp. 61-120

∂tF+v·∇xF=Q(F,F), F(0,x,v)=F0(x,v), (1.1)

where the unknown F(t,x,v)≥ 0 stands for the density distribution function of
rarefied gas particles with velocity v∈R3 at position x∈R3 and time t> 0, and
initial data F0(x,v)≥0 is given. The bilinear Boltzmann collision operator Q(·,·)
which acts only on velocity variable is defined by

Q(G,F)(v)=
∫

R3

∫

§2
B(v−u,σ)[G(u′)F(v′)−G(u)F(v)]dσdu,

where the post-collision velocities (v′,u′) denote

v′=
v+u

2
+
|v−u|

2
σ, u′=

v+u

2
− |v−u|

2
σ, σ∈S

2.

Moreover, we assume that the non-negative Boltzmann collision kernel B(v−u,σ)
takes the form

B(v−u,σ)= |v−u|γb(cosθ), −3<γ≤1,

where

cosθ=
v−u

|v−u| ·σ, 0< θ≤ π

2
,

and
sinθb(cosθ)∼ θ−1−2s as θ → 0, 0< s<1. (1.2)

Define the global Maxwellian µ by

µ=µ(v) :=(2π)−3/2e−|v|2/2.

Under the perturbation near the global Maxwellian, we look for solutions in the
form of

F=µ+g (1.3)

for the unknown function g=g(t,x,v). Substituting (1.3) into (1.1), we can rewrite
the Cauchy problem on the Boltzmann equation in terms of g as

∂tg+v·∇xg=Lg+Q(g,g),

g(0,x,v)= g0(x,v) :=F0(x,v)−µ(v),
(1.4)

where the linearized collision operator L is given by

Lg :=Q(µ,g)+Q(g,µ).


