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Abstract. In this paper, we survey some recent progress on analytic theory of partial
differential equations.
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1 Introduction

We [19] studied meromorphic solutions of homogeneous linear partial differential equa-
tions of the second order in two independent complex variables

a0
∂2u

∂t2
+2a1

∂2u

∂t∂z
+a2

∂2u

∂z2
+a3

∂u

∂t
+a4

∂u

∂z
+a6u=0, (1.1)

where ak = ak(t,z) are holomorphic functions for (t,z)∈Σ, where Σ is a region on C2.
When t and z are real variables, Hilbert’s 19-th problem conjectures that if all ak =

ak(t,z) are analytic on t and z, then any solution u= u(t,z) of an elliptic equation of the
form (1.1) also is analytic on its existing region, which was confirmed by S. N. Berns̆teı̆n [3]
provided one knows that u∈C3.

H. Lewy [23], using the solvability of the initial value problem for hyperbolic equa-
tions, gave a simple proof by extending t and z to a domain of C2. Further, I. G. Petro-
vskiı̆ [29] extended this result to general non-linear elliptic systems. It also is known
that all regular solutions of linear elliptic equations of the second order have bounded
derivatives up to order k, provided all coefficients have bounded derivatives up to order
k.

We follow Lewy’s idea to study the Eq. (1.1) on a region Σ⊆C2.
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2 Linear partial differential equations of second order related

to Bessel functions

To explain our idea clearly, here we examine the following special differential equation:
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Theorem 2.1. The differential equation (2.1) has an entire solution f (t,z) on C2 if and only if f
is an entire function expressed by the series
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such that
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where Jn(t) is the first kind of Bessel’s function of order n. Moreover, the order ord( f ) of the
entire function f satisfies

ρ≤ord( f )≤max{1,ρ},

where
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By definition, the order of f is defined by

ord( f )= limsup
r→∞

log+ log+ M(r, f )

logr
,

where

log+x=

{

logx, if x≥1,
0, if x<1,

and
M(r, f )= max

|t|≤r,|z|≤r
| f (t,z)|.

G. Valiron [34] showed that each transcendental entire solution of a homogeneous lin-
ear ordinary differential equation with polynomial coefficients is of finite positive order.
However, Theorem 2.1 shows that Valiron’s theorem is not true for general partial differ-
ential equations. Here we exhibit another example that the following equation
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has an entire solution exp(tez) of infinite order.


