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Abstract. In this paper, Lorentz space of functions of several variables and Besov’s
class are considered. We establish an exact approximation order of Besov’s class by
partial sums of Fourier’s series for multiple trigonometric system.
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1 Introduction

Let x = (x1,··· ,xm) ∈ Im = [0,2π)m and θj,qj ∈ [1,+∞), j = 1,··· ,m. We shall denote by
L∗

q,θ
(Im) the Lorentz space with anisotropic norm of Lebesgue-measurable functions f (x)

of period 2π in each variable, such that the quantity

‖ f‖∗
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is finite, where f ∗1,···,∗m(t1,··· ,tm) is the non-increasing rearrangement of the function
| f (x̄)| in each variable xj whereas the other variables are fixed (see [7, 19]).

Let
◦
L
∗

q,θ(Im) be the set of functions f ∈L∗
q,θ
(Im), such that

∫ 2π

0
f (x)dxj =0, ∀j=1,··· ,m,
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and let an( f ) be the Fourier coefficients of f ∈L1(Im) with respect to the multiple trigono-
metric system. Then we set

δs( f ,x)= ∑
n∈ρ(s)

an( f )ei〈n,x〉,

where 〈ȳ, x̄〉= ∑
m
j=1 yjxj, ρ(s̄) = {k = (k1,··· ,km) ∈ Z

m : 2s j−1 ≤ |kj|< 2s j , j = 1,··· ,m}, s̄ =

(s1,··· ,sm)∈Zm
+ .

A number sequence {an}n∈Zm, belongs to lp if

∥∥{an

}
n∈Zm

∥∥
lp
=
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···

[
∞

∑
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] p2
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···




pm
pm−1





1
pm

<+∞,

where p=(p1,··· ,pm), 1≤ pj <+∞, j=1,2,··· ,m.
By analogy with [15] and [3] consider the Besov class

Sr
p,θ,τ

B=
{

f ∈
◦

L∗
p,θ
(Im)

∥∥∥
{

2〈s,r〉
∥∥δs( f )

∥∥∗
p,θ

}∥∥∥
lτ

≤1
}

,

where p=(p1,··· ,pm), θ=(θ1,··· ,θm), τ=(τ1,··· ,τm), 1<pj<+∞, 1≤θj,τj<+∞, j=1,··· ,m.
For a fixed vector γ̄=(γ1,··· ,γm), with γj>0, j=1,··· ,m, set

Q
γ̄
n =∪

〈s̄,γ̄〉<n
ρ(s̄), T(Qγ̄

n)=
{

t(x̄)= ∑
k̄∈Q

γ̄
n

bk̄ei〈k̄,x̄〉
}

.

E
(γ)
n ( f )p,θ is the best approximation of a function f ∈ L∗

p,θ
(Im) by polynomials in T(Qγ̄

n),

and S
γ̄
n( f , x̄)=∑k̄∈Q

γ̄
n
ak̄( f )·ei〈k̄,x̄〉 is a partial sum of the Fourier series of f .

As pointed out in [28], the difficulty in the theory of approximation of functions
of several variables is the choice of the harmonics of the approximating polynomials.
The first author suggesting approximation of functions of several variables by polyno-
mials with harmonics in hyperbolic crosses was K. I. Babenko [4]. After that, approxi-
mation of various classes of smooth functions by this method was considered by S. A.
Telyakovskii [25], B. S. Mityagin [16], Ya. S. Bugrov [8], N. S. Nikol’skaya [18], E. M.
Galeev [12], V. N. Temlyakov [26, 27], Din Dung [11], N. N. Pustovoitov [20], E. S. Be-
linskii [6], B. S. Kashin and V. N. Temlyakov [14], A. R. DeVore, P. Petrushev and V. N.
Temlyakov [9], A. S. Romanyuk [21, 22].

In particular, A. S. Romanyuk [21] obtained the following result for the Besov classes
in Lebesgue spaces with isotropic norm.

Theorem 1.1 (A. S. Romanyuk). Assume that 1≤ p<q<+∞, 1≤τ<+∞, 1/p−1/q<r1 =
···= rν < rν+1≤···≤ rm. γj= rj/r1, j=1,··· ,m. Then

sup
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