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Abstract. In this paper, the authors prove that the multilinear fractional integral operator

T
A1,A2

Ω,α and the relevant maximal operator M
A1,A2
Ω,α with rough kernel are both bounded from

Lp(1 < p < ∞) to Lq and from Lp to Ln/(n−α),∞ with power weight, respectively, where

T
A1,A2

Ω,α ( f )(x) =

∫

Rn

Rm1
(A1;x,y)Rm2

(A2;x,y)

|x− y|n−α+m1+m2−2
Ω(x− y) f(y)dy

and

M
A1,A2
Ω,α ( f )(x) = sup

r>0

1

rn−α+m1+m2−2

∫

|x−y|<r

2

∏
i=1

Rmi
(Ai;x,y)Ω(x− y) f(y)|dy,

and 0 < α < n, Ω ∈ Ls(Sn−1)(s ≥ 1) is a homogeneous function of degree zero in Rn, Ai

is a function defined on Rn and Rmi
(Ai;x,y) denotes the mi − th remainder of Taylor series

of Ai at x about y. More precisely, Rmi
(Ai;x,y) = Ai(x)− ∑

|γ|<mi

1

γ!
DγAi(y)(x− y)r, where

Dγ (Ai) ∈ BMO(Rn) for |γ| = mi −1(mi > 1), i = 1,2.
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1 Introduction

As two of the most important operators in harmonic analysis, the fractional integral operator

TΩ,α and the corresponding maximal operator MΩ,α are defined by

TΩ,α f (x) :=

∫

Rn

Ω(x− y)

|x− y|n−α
f (y)dy, (1.1)

∗ Supported in part by the NNSF of China under Grant #10771110 and # 11171306 and by the ZNSF of China under

Grant LY12A01024.



Anal. Theory Appl., Vol. 28, No.3 (2012) 225

MΩ,α f (x) := sup
h>0

∫

|x−y|<h
|Ω(x− y) f (y)|dy, (1.2)

where 0 < α < n, 1/q = 1/p−α/n and Ω ∈ Ls(Sn−1)(s ≥ n/(n−α)) is homogeneous of degree

zero in Rn. In 1993 and 1998, Chanillo [1] and Ding [7] proved that TΩ,α and MΩ,α are bounded

from Lp(1 < p < ∞) to Lq respectively. In 1997, Ding [2] gave that if −1 < β < 0 and f ∈
L1(|x|β(n−α)/n), then TΩ,α and MΩ,α are both bounded from L1(|x|β(n−α)/n) to Ln/(n−α),∞.

It is well known that the study of multilinear fractional integral operators are received in-

creasing attentions. Let γ = (γ1,γ2, · · · ,γn), and γi(i = 1,2, · · · ,n) be nonnegtive integers. Denote

|γ | =
n

∑
i=1

γi, γ! = γ1!γ2! · · ·γn!, xγ = x
γ1

1 x
γ2

2 · · ·xγn
n

Dγ =
∂ |γ |

∂ γ1 x1∂ γ2 x2 · · ·∂ γnxn

.

Suppose that A is a function defined on Rn. Denote by Rm(A;x,y) the m-th order remainder of

the Taylor series of A at x about y, that is, Rm(A;x,y) = A(x)− ∑
|γ |<m

1

γ!
DγA(y)(x− y)r, m ≥ 1.

Then the multilinear fractional integral operator T A
Ω,α is defined by

T A
Ω,α f (x) :=

∫

Rn

Ω(x− y)Rm(A;x,y)

|x− y|n−α+m−1
f (y)dy (1.3)

and the relevant maximal operator MA
Ω,α is given by

MA
Ω,α f (x) := sup

r>0

1

rn−α+m−1

∫

|x−y|<r
|Ω(x− y)Rm(A;x,y) f (y)|dy. (1.4)

In 2001, Ding[3] proved that if DγA ∈ Lr(Rn)(1 < r ≤ ∞, |γ | = m − 1), then T A
Ω,α , MA

Ω,α are

both weighted bounded operators from Lp(wp) to Lq(wq) with the weight w ∈ A(p,q) and from

Lp(1 ≤ p < n/α) to Ln/(n−α),∞ with the power weight. Obviously, when m = 1, T A
Ω,α reduces to

the commutator generated by the fractional integral TΩ,α and the function A. In 2002, Yang and

Wu [9] proved that if DγA ∈ BMO(Rn), then T A
Ω,α and MA

Ω,α are bounded from Lp(1 < p < ∞)

to Lq. In 2003, Lu and Zhang[5] proved that if DγA ∈ ∧̇β , s >
n

n− (α + 2β )
, 0 < β < 1, 1/q =

1/p− (α + β )/n, then T A
Ω,α and MA

Ω,α are bounded from Lp(1 < p <
n

α + β
) to Lq and from L1

to Ln/n−α−β ,∞. In 2001, Lu and Ding[4] showed that if DγA j ∈ BMO(Rn), than the operator

T
A1,A2,··· ,Ak

Ω,α f (x) :=
∫

Rn

Ω(x− y)

|x− y|n−α+N

k

∏
j=1

Rm j
(A j;x,y) f (y)dy (1.5)

with N =
k

∑
j=1

(m j −1)(m j ≥ 2) and the relevant maximal operator

M
A1,A2,··· ,Ak

Ω,α f (x) := sup
r>0

1

rn−α+N

∫

|x−y|<r
|Ω(x− y)

k

∏
j=1

Rm j
(A j;x,y) f (y)|dy (1.6)


