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Abstract In this present paper we establish space-time estimates of sclutions
for linear parabolic type equations based on classical multipliers theory or operator
semigroup theory., According to space-time estimates we first construct suitable work
space L7(0, T, LP), morecver we study the Cauchy problem and initial boundary value
problem for semilinear parabolic equation in L0, T; L¥) tvpe space.
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1. Introduction

This paper is devoted to the study of Cauchy problem or initial boundary value
(IBV) problem for semilinear parabolic equation

e+ Au = Flu), u(0) = p(z) € D(A) (L.1)

where 4 = — P, (D) denotes the elliptic operator on LP(Q), & = R® or 2 C R™ is
a bounded smooth domain. D(A) = W¥P(R") or D(A) = W2m2(0) N WP ().
Pon(z) (x € R™) is 2m-order polynomial with real part RPom < 0, z € R“"\{E}} Flu)
denotes a nonlinear function such that

{ |Flu) = Flv)| < C(lul® + Ju|*)|u — v

F(0)=0 i1.2)

* This project supported by the Post-doctoral Foundational of China and National Natural Science
Foundation of China, No. 19601005,



302 Miao Changxing and Gu Yonggeng Vol.11

A simple case of (1.1), (1.2) is semilinear heat equation

{ut—.&u:m[ﬂm o >0 T ey e 0, 0a) » R (13)

u(0,2) =p(z), €

with boundary condition
U |an= 0 (1.4)

where {2 is a smooth bounded domain in R™ or 0 = R™ itself; if 2 = R™, we understand
the problem (1.3), (1.4) as (1.3). Weissler [1] established the local solvability of {1.3) in
C([0,T); L (R™)) for ¢(z) € LY(R™) if r = ? > 1 and that T' can be taken as infinity
provided that [l¢o(z) |- is sufficiently small. Similar to wave equation and dispersive wave
equation [2-4] we first show the space-time estimates for linear parabolic equation, and
also construct suitable work-space L9(0, T'; L) for nonlinear parabolic equation. Based
on space-time estimates and Banach contraction principle we establish local solvability
of Cauchy problem or IBV problem for semilinear parabolic equation in L9(0,T; LF)
with w(z) € L7. Moreover we also prove that T can be taken as infinity provided
that |[¢(x)]|; is sufficiently small, where (p, ¢,r) is an admissible triple (See the latter
section).

Our plan in this present paper is as following: In Section 2 we propose the reduction
of problem and state main results. In Section 3 we introduce the concept of admissible
triple (p, g, r) and also obtain space-time estimates and some basic estimates for linear
parabolic equation based on multipliers theory. Section 4 is devoted to the prc:u:-f of the
main results.

We conclude this section with several notations given. R f(z) denotes the real part

of f{z), wn—1 denotes the volume of unit sphere in R™. For 1 < p < oo, let p' =

o=k
be the dual exponent of p, LP(Q) denotes standard Lebesgue space with norm || - |,
W™E(Q) (m € N U{0}) is usual Sobolev space with norm | Eaced | e Z 1% - I,

|| < e
where o denotes n-th index. W*“’P[ﬁ] denotes homogeneous Sobolev space I‘ES[JELE- ko

WP (1) with norm || - ||mp = ‘2: |6% ||z For any v € S(R™), Fv and F~lv denocte
[ex|=m
the Fourier transform and Fourier inverse transform of v in R respectively. Forr € R,

H™ and H™P (1 < p < co) denote Bessel potential space with norm

|- Neme = I = A)2 - Jlp = | 772 [(1 + €2 EF 1,

and Riesz potential space norm

I lgew = N(=2)% - llp = IF 117 F )l




