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Abstract The existence and regularity of the solution for the fully nonlinear sec-
ond order elliptic eguation with gradient constraint are discussed in this paper. We
prove the existence of the strong solution by choice of special penalty function, and ob-
tain the local W5 estimate of the solution by means of the theory of viscosity solution
with the auxiliary function method.
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1. Introduction

Let K = {v € H}(Q) | |Vv] €1 ae. @} For ¥f € H (), there is a function
w € K such that :

f VuV (v — u)dz > f flv—uw)ds, Yve K
Y. 0

This is a simple elliptic variational inequality with a pgradient constraint. The elastic-
plastic torsion is well-known when f =constant (See [II, 2]). A general elliptic or
parabolic equation with gradient constraint also appears in the study of the optimal
stochastic control and differential games (See [3, 4]) and in the references contained in
these papers.

In [3], L.C. Evans considered the problem of solving a second order elliptic equation

subject to a pointwise constraint on the size of the gradient, i.e.
max(Lu — f,(|[Vu| —g)) =0 in £}
=0 on Jf)

where {2 is a bounded domain in R®, f and g are the functions given, Lu = —ay;(x)u; +
bi(x)u; + e(z)u, e(z) > 0 is a linear second order elliptic operator.
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In [3], L.C. Evans proved the existence and uniqueness of the solution under some
conditions, and obtained the H*’]EG':E of the solution under assumption Lu = —Awu or
a;; =constants for 1 <4,j < n.

In [5], M. Wiegner obtained the W2 estimate of the solution when ay; = ai;(x).

In [6], H. Ishii & S.K. Koike discussed the boundary regularity and uniqueness of
the solution, and obtained the W2 estimate of the solution. It is that the W5
astimate is the best estimate one can expect (for the regularity of the solutions to the
obstacle problems).

In [7], (1] and [5], G. Gerhardt, R. Jensen, G.H. Williams et al., considered the
regularity of the solution for quasilinear variational inequality with gradient constraint.

In [2], [8] and [9], T.N. Razhkovskaya considered the existence and regularity of
the solutions for the quasilinear variational inequality and unilateral problem of elliptic
systems with the gradient constraint.

Tn this paper, we will study the full nonlinear second order elliptic equation with

aradient constraint, ie.

—F(z,u, Vu, Viu) <0 in £
|Vul < g in £3

4 ,:, : : (1.1}
Fle,u, Vu, V'u)(|[Vu| —g) =0 inQ

L u=10 on 83

where (1 is a smooth domain in R?, F is a smooth function on I' = £ x R. x R® x M™,
g is an obstacle function given, M™ denotes the space of n * n symmetric matrices, and
Viu and V2u denote respectively the gradient and Hessian matrix of u.

“We show the existence and regularity of the strong solution of (1.1) by choosing
of special penalty functions and obtain the Wlifﬁ estimate of the solution using the

theory of viscosity solution with the auxiliary funetion method.
First, we will assume that Dirichlet’s problem:

Flz,v,Vu,Vu) =0 inQ
(1.2)

=10 on dfl

it has at least one classical solution.
We assume that there are A = Az, z,p) and A = Az, z, p) such that
1° M < (Fy) < ATonT, A >0, A7MA < (=),
2° |F(z,2,p,0)| < ma(|2)(1 + p[2),
3° |F|(1+ [p) ™t + [Fe| + [ Fpl(1 + Ipl) < Apal(lz)(1+ [p* + 7)),
4° F(z,z,p,0) sign z < AE(1 + [pl),




