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Abstract We study the existence of positive solutions for a class of semilinear
elliptic systems in general domains via the blow up argument and degree theory. The
main idea can be used to establish the existence of positive solutions for the Nawvier
problems of polyharmonic semilinear equations in general domains.
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1. Introduction

In this paper we study the existence of positive solutions of the following systermns

— Au = f(z, v, v, w)
— Av=g(r,u,v,w) in (0)
— Aw = hiz,u,v,w)
g=v=w=0"" on €}
where 0 is a bounded domain in RY (N > 2) with smooth boundary and f,g,h :

Q x R* = [0, +00) are given functions which we specify later,
In recent years, the problems of type (0) with two semilinear equations

- Au = flz,u,v]
— Av = g(z,u,v) in 2 (1)
u=v=>0 on i}
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have been studied by several authors by using different approaches. See, for example,
[1-8]. |
In the case when there exists a Hamiltonian function H : @ x R? — R such that

f{-'T!t!S] — Hﬂimnﬁ} 5}1- 5":31 t, 5} — If!':$1f'. 5}

the problem (1) has a variational structure and thus under some suitable hypotheses on
H it can be studied by variational methods. For the results of this type the interested
reader may refer to [2, 7] and the references therein.

The problem (1) was also studied in a quite different method in [8] and [6, 1]. In
[8], a-priori bounds of positive solutions are proved in the case that €2 is a ball and for
a large class of Hamiltonians of the form

Hiu,v) = Flu) + G(v)

while in [6] it is assumed that £ is a convex domain and F" > 0, G" > 0. In both
papers the a-priori bounds are obtained by using the integral identities proved in [9],
[10] and [11]. For the additional results on a-priori bounds for positive solutions of
semilinear elliptic equations and systems, see [12], [13], [3] and the references therein.

In the present paper we shall study (0) in a general bounded domain €2 with smooth
boundary contained in R™. To prove the existence of positive solutions of (0) we first
need to study some non-existence results for positive solutions for (0) in RY, then
establish a-priori bounds for positive solutions for this problem. To deal with the a
priori bounds we extend fo the systems the so called blow up method introduced by
Gidas and Spruck in their fundamental paper [14]. In [14], they used this approach to
obtain a priori bounds of positive solutions for the single semilinear equations. Finally
we use degree theory to obtain the existence. The main result is

Theorem A  Consider the system

— Au = a(z)|v]*~ v
— Av = b(z)|w/’w in O (2)
— Aw = efz)|ul* u

u=v=w=10 on df}
where a, b, ¢ : 2 — (0, +00) are continuous functions such that

é=mina(z) >0, b=minb(z) >0, &é=minc(z)>0
rell rell rell



