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LOCAL BOUNDEDNESS OF MINIMIZERS OF ANISOTROPIC
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Abstract Using the theory of anisotropic Sobolev spaces, we discuss in this paper
the relation between the growth conditions and the local boundedness of minimizers of
an anisotropic variational problem. This thoroughly explains the counterexample due
to Giaquinta (1987). In the sense of local boundedness, we point out a critical index.
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0. Introduction

For the relation between the growth conditions and the local boundedness of min-
imizers of a variational problem, Giaquinta M, [1] proposed an interesting counterex-
ample on finding minimizer for

n—=1
A= [, X (52) +2(5a)

=1

dr (0.1)

where B is a unit sphere in R™ with center at 0. Obviously, the integrand in (0.1)
satisfies :
co(lp|™ — 1) £ F(z,u,p) < a(lp/™ +1), co,e1 >0, m > 1 (0.2)

But it can be verified that function

) i Pl =(§z§*)m m._an.

i=1

is a minimizer for n > 6 which is not locally bounded in B.
In fact, this is a special anisotropic variational problem. Hong Minchun [2] explained
this phenomenon to certain extent; he proved that if F(x,u, p) satisfies

co([pI™ + [BI™ = 1) < Flz,u,p) < ca (™ + 3™ + 1) (0.4)

TPresent Address: Suzhou University, Suzhou 215006.




No.3 Local Boundedness of Minimizers of Anisotropic Functionals 243

where p and p denote, respectively, (p1,+ -, Pn,) and (Prys1s - 2 Pn)i 1 < T 1<m <

M7 e
my < M1 = !  my < n, then for the local mimimizer u e WE™ Q) of Flu], v
=] loc

must be locally bounded in €.

In Giaquinta’s counterexample, {2 = B and m1 = 2. mg=4,m=n—1 Therefore,
ma < 11 is not satisfied for n = 6.

It is then natural to ask that for the same question as in [2], whether we can improve
the condition mg < T O not? Further, we want to know if the structure condition is
changed into

T n
AY I = € < Flz,uym) S o) 1w +C (0.5)
f=1 i=1
chere 0 < A<y, =1(E=12,- ,n), then in order to assure the local boundedness
of the minimizer, what conditions should we impose on {p;}i-, so that once this con-
dition is violated then there is a counterexample? On the other hand, to what space
should the minimizer belong? This paper is to answer these questions. -

1. Main Result

The main result is the following theorem
Theorem Let Flu, Q| = L F(z,u, Du)dz satisfy (0.5) and

T 1 m 1 =y |
Z'_}lﬁ mﬂ{?lr"'ﬁpﬂ}{gzﬂ(z'___l) {1'1]

i=1 P i=1 D8

Then the minimizer w(z) of F [u, £2] in W,L’é“:'(ﬂ} is locally bounded in €.
Remarks
(1) See [3] for the detail discussions on anisotropic Sobolev spaces W L(P) ().
(2) By a local minimizer u of Flu,] we mean that u € Wit’ip‘]{ﬂ) and for any
P E ﬁf 1:':Pi:'{ﬂ} ;
Flu, suppy] < Flu + ¢, 5upp¥] (1.2)

under condition (0.5).

When py =+ =Py = T, P4l =7 = pn = My it goes back to the problem of
[2]. We should point out that it is inappropriate to find minimizer in Hﬁiﬁcm“ () as in [2].
In Giaquinta's counterexample, p1 = " = Pa-1 = 2,Pn = 4, then it verifies that (1.1) 18

satisfied if and only if n < 5. Moreover, the improvement of [2] is m2 < = = :ﬁ . What
g = M

we should clarify here for Z -1— < 1 is that Whis)(Q) is embedded into anisotropic
=1 7!
Holder space (see [3]) so that local boundedness automatically holds. Furthermore,

: . 1 B 1M
(1.1) is satisfied under m; = 1, 50 Wé improve the condition of 2] to mg < = L l:n :
1 — ™




