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Abstract In this paper, the notion named parabolic Q-minima is endowed with
rich meanings and its local behavior is investigated. As its direct application we obtain
the local regularity, such as boundedness, continuity, Hélder continuity of the weak
solutions of the various filtration equations, e.g,, the equation of Newtonian polytropic
filtration, the general equation of Newtonian filtration, the equation of elastic filtration,
the equation of non-Newtonian polytropic filtration. Therefore, a unifying approach to
various regularity results for a great number of nonlinear degenerate parabolic equations
i provided.
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1. Introduction

1.1 The definition of parabolic (}-minima and examples

The notion of }-minima in the elliptic case was defined and studied by M. Giaquinta
and E. Giusti [1], while the parabolic counterpart was introduced by W. Wieser [2]
and extended.by the author [3|. In this paper the notion of parabolic -minima is
generalized further such that it includes the weak solutions or their certain functions,
of the equations of both Newtonian filtration and non-Newtonian filtration. Therefore,
- our results about parabolic @-minima naturally hold for the weak solutions mentioned
above. :

First of all we state some standard notation, which will be quoted later. Denote
2 a bounded domain in B, Qp = 2 x (0,7) (T > 0), z = (z,t) any point in .
C (sometimes C, &, ¢, ¢1, ¢2) are generie constants which may change from line to line.
Wwihe E‘E’l’*", D, D' are the usual spaces.

And now we define the notion of parabolic Q-minima.

Definition An n-dimensional vector function v € Lf, (0,7 Hﬁi’f{ﬂ}} NL{ . (S7)
15 called a parabolic Q-minimum if there exist a constant ¢ > 1, a measurable vector
function © : R" — R" such that ®(v) € L{, (), and a Carathéodory vector function
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F=F(z,w,q): Qx(0,T) =R X R™ 4 R™ such that for every ¢ € C5°(Q0r), the
following inequality

f (v) —d:-: + E(v: K) < QB(v — ¢ K) (1.1)
holds, here K = spte, dz = dzdl, and
E(v; K) = fH F(z, v, Vo)dz (1.2)
where F satisfies the growth condition:

Ailgl? — blw|" — g(z) < F(z,w,4q) = Aalgl” + buw|” + g(2) (1.3)

where A, A > 0, 5> 0, p > 1, v > 0, and g(z) is a non-negative integrable vector
function.

To extend the applicability of the notion, we call v a B-restricted parabolic ¢-
minimum if (1.1) holds merely for all ¢ € B, a certain subset contained in C§=({lr).
For @ =1in (1.1) and F = F(x,w,q), we call these Q-minima minimal solutions {[2]).

Remark 1.1 If v is a parabolic @-minimum with €, ®, F, then —v is a parabolic
(J-minimum with Q,®, F where F(z,w,q) = F(z, —w, —q), P(s) = —B(—s).

Remark 1.2 The notion of our parabolic @-minima is wider than those in [2] and
3], which are respectively the special cases when we set p = 2, ®(s) = s and ®(s) = s.

We assert that the weak solutions or their certain functions (in adequate Banach
spaces), of a large class of equations are parabolic ¢)-minima when @), @, F' are chosen
properly.

Example 1 u; = Alu[™u) (m > 1) ([4]).

|“':1 ’”:':.i' Flz,w,q) =

Here v = |u|/™ ' is a parabolic @-minimum with ®(s) = |s|m
1 2
“lal?, @ =1

Example 2  wu, = Agplu) ([4]).

Here v = (u) is a parabolic @-minimum with &(s) =~ o (8)(y~! is the inverse

1

function), F(z,w,q) = Eiqﬁ Q=

Example 3  wu; = V- (|[Vul[*"1Vu) (k > 0) ([4]).

Here v = u is a parabolic @-minimum with ®(s) = s, F(z,w,q) = Iuj_—g[ﬂk"",
Q=1 '

Example 4  ue = V- (|V{Ju/™ Lu)|F 19 (Ju™  u)), (m > 1,k > 0) ([4]).

Here v = |u|™ !u is a parabolic @-minimum with ®(s) = |3[m{1 m':'.s, Flz,w,q) =

E+1 —¥]e
e 1|+er Q=
Example 5 u = V- (|[Vi(u)|* 1 Ve(u))
Here v = @(u) is a parabolic Quminimum with ®(s) = @' o (s) (™" is the inverse

function), F(z,w,q) = |:1r|""“ L Q=1.



