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Abstract Some properties of the singular integral operator G(-) and the solvabi-
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1. Introduction

In this paper we consider the Cauchy problem for the equation of finite-depth fluids

1]
Up+20U; — G(Uyz) =0, t>0,z€ R (1.1)

which was proposed by Joseph (1977) and later derived by Kubota and Dobhs (1978),
where Uy = U /8t,U, = 80U /8x and etc. We also consider the generalized equation of
finite-depth fluids with diffusion term

Uy = allzz + PG(Usz) + 0.(U) (1.2)
where () is assumed to be a mildly smooth function on R, such that

el ()| < CA+ Juff~7)forj=0,1, ue R
(A)

Glu) =P [ ::ﬂt-h r-% — sgn(zr — y})U[y]d-y

is a singular integral operator; P. denotes the Cauchy principal value; o, 7,6 are con-
stants with @ > 0,6 > 0. Equation (1.1) appears in the studying of oceanics and
atmospheric science, which describes the evolution of long internal waves with small
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amplitude in a stably stratified fluid, propagating in one direction. The constant &
expresses the degree of depth. As the depth of fluid approaches to zero, equation (1.1}
approximates to the well-known KdV equation [2]

Uy + 200, + Ugey =0 [13}

On the other hand, as & tends to infinite, Equation (1.1) then reduces to the
Benjamin-COno equation

Ut + 20U, + H(U,z) =0 (1.4)

where

H(U) = Pf L2 ey

e :I-'}
is the Hilbert transform.

The KdV equation (1.3) and BO equation (1.4) have been studied extensively in
their relation to the existence of a unique smooth solutions, the asymptotic behavior
and soliton solution problems. According to the equation of finite-depth ﬂuids_(l_]].
there are a few works [1-6| which concerned with the integrability and the solitary
solutions, but the solvability of Cauchy problem has not been found to be discussed.
In the present paper we shall concentrate on the Cauchy problem for the equation of
finite-depth fluids (1.1), and the Cauchy problem for the generalized equation (1.2).
Roughly speaking, we shall first study sore properties of the singular integral operator
(-], then with the help of these properties we shall demonstrate the following results:
in H* with s > 2, the Cauchy problem for Equation (1.2) with o > 0 is global well-
posed and Equation (1.2) with o = 0 is locally well-posed in a classical sense. For H!,
the Cauchy problem for the equation of finite-depth fluids (1.1) has at least one global
solution in a weak class L%(0,T; H') for every initial data Up(x) given in H'.

2. Preliminaries

We introduce the following notation: By L(R), H*(R) and W (R) we denote the

W2

2
where p = 1 is a real number, s > (0 is an integer number. By W;'[E]{QT] we denote the
space of function f(z,t) which has derivatives DI DX f(z,t) € L"'{Qr] with 2r + k < s,

where Qr = R x [0,T], T is an arbitrary positive number. By WBLE (@7) we denote
the space of function f(z,t) which has derivatives D DX f(z,t) € LW(D,T, L*(R)) with
2r+ k < s,

We define the Fourier transform F[f] and inverse Fourier transform F~'[f] for
function f{z) as follows

F[f] e j;: f{I}E_Er'—E;dI, F_l[f] - fw f[fjfiﬂi-fdf
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