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Abstract An algebraic approach for extending Hamiltonian operators is proposed.
A relevant sufficient condition for generating new Lie algebras from known ones is
presented. Some aspecial cases are discussed and several illustrative examples are given.
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1. Introduction -

It is well known that many nonlinear evelution equations possess generalized Hamil-
tonian structures('~*. Hamiltonian operators play a crucial role in the algebraic and
geometric theory of those Hamiltonian structures®!, Based on Hamiltonian pairs, we
can also construct, under certain conditions, a hierarchy of Hamiltonian equations
possessing an infinite number of symmﬁtrics!'ﬁ*?'gl, Therefore the search for new Hamil-
tonian operators and Hamiltonian pairs is one among the central topics in theory of
Hamiltonian systems, there have been works!®:5:10] concerning the general theory of
Hamiltonian operators, In the present paper, we propose an algebraic approach for
extending Hamiltonian operators from lower orders to higher orders. We show that a
large number of new Hamiltonian operators and new Hamiltonian pairs can be derived
through this algebraic approach.

Let u = (uy(z,t), ua(z,t), -+, uglz, t)), ,t € R, be a g-dimensional smooth function
vector. The linear space of smooth functions Plu] = P(z,t, u*:"‘]'} = P(z,t,u, -, ul™),
m > 0, is denoted by 4, 49 = 4 x--- x A(q times)= {{Py, Ps,*+, P)|P: € 4,1 <i < ¢}.
Two functions P and @ of 4 are considered to be equivalent and denoted by P ~ @
(mod D) if P— @ = DR = dR/dz holds for some R € 4. The equivalent class

that contains P is denoted by P = [ Pdz, we call it a functional. The space of all

functionals is represented by A.
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Definition 1 A Lnear operator J = J(z,t,u): AT — 49 45 called Hamiltonian if
the bracket defined by
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P.Gy= [+ (150) e, BGed 5 = (o5 v
s skew-symmeltry
{P,Q}=-{Q,P}, VP,Qeci (1.2)
and satisfies the Jacobi identity
({P.QL B+ ({Q. R, P} + {{R, P},@} =0, vP,0,fied (1.3)

In this case we call {-,-} a Poisson bracket corresponding to the Hamiltonian operator
JI H
We observe that a matrix differential operator
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may be considered as a linear operator J : 49 — A9, P JPT

Definition 211 jf aif the functions Pi(u],i,7=1,2,. cugm =0,1,--- m(i, 7)),
are linear with respect to u, then the operator J defined by (1.4) vs called a u-linear
operator; otherwise, J called a u-nonlinear operator.

In this paper, we shall consider u-linear matrix differential operators with constant
coeflicients:

mii, g} 1(1.7) 3 () ) aEy 1n
S = (Silogngs  Jij = Z Z Z‘li:‘rm”k D™, up’ = (d_I“J tj (1.5)

m=0 [=0 k=1

where the “fﬁm for all 1,5, k,I, m are complex constants.

2. An Algebraic Approach

Let J = J(u) : A9 — 47 be a w-linear Hamiltonian operators as defined by (1.5)
where u = (uy(z,1), uz(z,t),- -, uy(z,t)). In the following we shall construct a new
Hamiltonian operator J = J(@) : 47 — §% where i — (@', a%,...,a@"), 47" =
Ao x 49 {ﬂ timea}, and @' = {uﬁ—l}q-!-l{i': t.};u{i—l}qirﬂ fl', t}: "5y ey {Eilj]: 1<i<n,
A? = A x ++- x £ (g times) in which # denotes the linear space of smooth functions
P[ﬂ] = P(z,t,a™),m > 0.

44




