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Abstract  We consider a free boundary problem connected with non-Newtonian
fluid motion, ie. the flow of power law fluids with the yield stress. We obtain the
solution of the relevant approximation problem by means of a parabolic quasi-variational
inequality, and then obtain the weak solution of the original problem after a passage Lo
the limit. Finally, we study the regularity of the weak solution.

Key Words  Free boundary problems; nonlinear degenerate equations of parabolic
type; quasi-variational inequality; non-Newtlonian fluid.
Classification  35R35, T6A05.

1. Introduction

One-dimensional motion of non-Newtonian fluids such as underground petrolenm
with high viscosity and high ester mntent and some other plastic fluids is governed

by the modified Darcy’s lawll] ; # = l [lpe] — 1]] e Wlpe | ismie=00n| < r,

where p is pressure distribution, 7 1s a pmltwe constant related to the vield stress and
rheological parameters, p and k are positive constants. Under a suitable coordinate
scale, p, > —7, and by continuous equation, we obtain

pr=({((pe =7)V")y, m>1

The examination of the motion behavior in semi-unbounded field [0, 0¢) needs giving
correspondingly the initial distribution p{2,0) = pg(z) and the pressure distribution
p(0,t) = g(t) at the end point & = 0, The discussion of the initial distribution p(x) —
T>04 2 €[0,a)a > 0inthis paper will lead to the following free boundary problems.

Denote St = (0,00) % (0,7),V(a) = {v € CY[0,T]) n CO{[0,T] \ 1), 20 €
JOETY, »(0) = a,v' 2 0, ae. J,Q(A) = {(z,2):0 < 2 < A(D,0 <.t < THLE(N) =
(u € CH(Q(N) N WL (S7), 0. € COR(N) N CO(S7\ AN).
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Problem I Find A(t) € V(a), p(z,t) € E{A) such that

pe=((p=—7)")x  in Q(}) (1.1)
Pli=o = po(z), ple=o = g(t) (1.2)
Pele=sie) = 75 Ple=ay = po(AL)) (1.3)
pe—T7>0& 2 e[0,A(l) (1.4)

Physically, the curve z = A{t) means disturbance front. Let us make the following
hypotheses throughout this paper:

(H1): polz) € CY[0,00)}), bounded, (p{z) — 7)™ € C®FY[D,a]) and ph{z) — 7 >
0 & zel0,a) '

(H2): g(t) € COY([0,T1),4'(1) < 0, ace., g(0) = po(C).
T > 0,a > 0,m > 1 in this paper are all known constants, and we shall introduce the
constant !

1 .
= - (maxipo(@)] +max|o()) (1.5)

Equation (1.1) is degenerate and we will examine its approximation problem firstly.
By (Hy), there exists monotone decreasing sequence {#;} and monolone increasing
sequence {ag, } such that §; | 0, az;, T a and

>0, &< ay
polz) — 7 — 8 =0, z=ag (1.6)
L | R ot B 7 1

]

Problem Is: For (§,as) € {6;,as}, find A(#;6) € Vies), p(z,t;8) € E(M2;8)) such
that (1.1) in {15 = Q{A{L4)), (1.2) and

Prle=ses) = T+ 6, Ple=ams = polA(E;8)) (1.7)
pr—7 > 6 &z € [0,A(6) (1.8)

hold.
If A(t; &), plz,t;4) are the solutions of Ig, define a funiction

wiz, t;4) :fm{pﬂ{ﬂ:?t;ﬁ}-—r—é}"'dﬂ: (1.9)

(1.8) ensures w > 0 for & < A{t;8) and w = 0 for x > A(f;8). (1.9) gives w(0,;8) =
pal AL 8)) = g(t) = (7 + 6)A(t; §). Therefore we have A{t;8) < 1 and can easily verify
that A(f;8), w(z,;8) are the solutions of the following quasi-variational inequality.

Problem IIg: Find A(t;8) € Viag), A(t;6) < [, w(x,t;8) € Hrf”l[@yj,'ﬁ"q i A B
(0,1) x (0,T) such that

(e + ™o + w00 = w) > (06 (ANE8)),0 = w),
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