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Abstract In this paper the extinction properties of solutions to both linear and
nonlinear hyperbolic equations, which reflect the effect of damping boundary conditions
and have not been explicitly stated in literature before, are introduced and extensively

studied.
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1. Introduction

It is well known that some nonlinear parabolic equations have extinction properties,
i.e., there exists a finite time 7' > 0 such that the solutions identically vanish as ¢t = T
(see [1] and the references cited there). Such an extinction property reflects in some
senses the effects of absorbing source of heat.

It was not known the literature whether the solutions to linear or nonlinear hy-
perbolic equations possess such a property. It is evident from the method of separate
variables that the solutions to the wave equations with homogeneous Dirichlet or Neu-
mann boundary conditions do not have such a property. Then one may lock at the
hyperbolic analog of that studied in [1]: namely

U = ugg + flu) (1.1)

with homogeneous Dirichlet boundary conditions at the boundary. Of course, it does
not make sense to consider the problem with f(u) = uf, 0 < p < 1, because, as is well
known, the solution to the initial boundary value problem of the wave equations does
not hold the maximum principle which implies that the solution can be negative even
for positive initial datum. On the other hand, if f is a locally Lipachitz continuous
defined in R, then it is easy to prove by the contradiction arguments that the solution
to (1.1) with homogeneous Dirichlet boundary conditions does not have the extinction
property. Indeed, if there is a finite time T > O such that the solution identically
vanishes as ¢ > T which implies u(z,T) = w(z,T) = 0, then solving the problem
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backward starting from t = T yields that u identically vanishes even for 0 <= ¢t = T
which contradicts with nonzero initial datum.

In this paper, however, we shall show that the solutions to the initial boundary
value problem of both linear and nonlinear hyperbolic equations with certain damping
boundary conditions do exist such an extinction property which, to our knowledge, has
not been explicitly stated in the literature before. This property reflects the effects of
damping boundary conditions.

More precisely, we consider in Section 2 the following problem

Uy — Ugz =0 {12]
u(0,t) =0, (ue+ auz)(i,t) =0 (1.3)
u(z,0) = wo(x), ue(#,0) = wi(2) (14)

with constant e > 0.

The boundary condition at z = [ which is usually called damping boundary condi-
tion implies that there is friction on the boundary which is proportional to the velocity
u;. We then have ' :

Theorem 1 Suppose « = 1. Then for any smooth initial data (ug, u;} the solution
u(z,t) to the above problem identically vanishes for t = 21, 1.e,

u=0 forallt>2l, zc[0,l

The stability with respect to a is also proved in Section 2.

In Section 3 we are concerned with the extension to the linear symmetric hyperbolic
system of first order with certain admissible boundary conditions. In Section 4 we
consider the nonlinear wave equation

ug — ({tz))z =0 (1.5)
with the Dirichlet boundary condition at z =0
u(0,t) =0 (1.8)
and the nonlinear damping boundary condition at x =1
(F(ue) + o (ue)) (1) = O )
and the initial condition at t = 0
u(z,0) = ug(z), u(z,0) = uy(z) (1.8)
where f and ¢ are smooth functions with a(0) = f [{]} =0, f'(0) = 0,0'(s) > 0.
It is known (see [2]-[4]) that if the initial data are appropriately small, then problem

(1.5)-(1.8) admiits a unique global classical solution which decays to zero exponentially
as t — +0o0,
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