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Abstract In this paper, we study the following Eigen-problem
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under some assumptions. First we minimize
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to give a Hl-solution If, of the perturbation problems of {0.1). Since I is not differ-
entiable in H3((1), the key point is the estimate of U;. Then, we derive local uniform
bounds of ([7,) and give a ‘bad’ solution of (0.1). Last, we remove the singular points

of the ‘bad’ solution to obtain a solution of (0.1), our result is a extension of that of
Brezis & Nirenberg,
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1. Introduction

Suppose (1 is a bounded domain of R®(n > 3) with smooth boundary. We will
study the following nonlinear eigen-problems: Find a pair (A,u) € B X C*(02) such that
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*This is a part of the author’s Master thesis in Nankai University.
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u=0 on il (1.3)

where h(z) is a continuous function, a;; (z,u) is a continuously differentiable function
on {1 % R with following conditions: there exist positive constants A; < 1,A, <1 such
that

(a) Ay € agj(z,u)pip; < A7 for all (z,u,p) €11 X Bty Su=l

\ (1.4)
b) — —apiu(z, w)pip; < Asagi(z, w)pip;  for all (z,u,p) €0 % Rt x gn1
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ot 2]. We have used Einstain sum convention for f,7 with the range from 1

0 c (1,
to
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n and only use this in the follows. Formally, (1.1) is the Euler-Lagrange’s equation of
the functional
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But I(-) is not differentiable on H'! The functional I(:) is only differentiable on H'N
n+2.

L®, which is a good space in this variational problems. When o = = qp, an-

other difficulty in solving (1.1-1.3) is that the Sobolev’s imbedding H' l:ﬁ',]2 Leoti{n)
i1s not compact.

Since we are only secking positive solutions, without loss of generality, we assume
that a;;(z,u) are even in u, i.e. a;j(z,u) = ai;(z, —u).

Our main theorems are

2
Theorem 1 Forac (1, 2

—-—2), if the assumption (1.4) holds, then there ezisls

a pair {Aa,ta) € B = ﬁg{ﬂ} satisfying (1.1-1.3). Moreover, u, minimizes I(:) on Ma.

Theorem 2  For ap = i -I__ . If the condition (1.4) holds with
uaiiy(z,u) = 0 (u— +oo) uniformiyin z€ 0 ()
and 1
3E I(u) < 55 ¢/ inf det(ay;(2)) (%)
where
a;i(z) = uEIP a;i(z, u)

is a continuous function and S is the best Sobolev constant in R™. Then there exists a
pair (A, u) € R x C*(0) satisfying (1.1-1.3).

Our plan of proofs is as follows, To prove Theorem 1, we first get a minimizer of
I(-) on M,. Then we construct a special test space for this minimizer to differentiate
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