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Abstract
Penalization method is used to get the existence of the weak solutions of
parabolic equations in nencylindrical domains. The asyvmptotic decay and the

existence and unigueness of the periodic solutions are abtained as well.
1. Introduction

Let D be a bounded domain in R* > (0, T) . Let I be a second order parabolic
differential operator of the following form:
=y — { (a;u, +am), —bu, —anu} 1 R
where, the coefficients of L belong to some suitable spaces (see section 2). We consider the
following problem:
J[Lu = U, ~Ts, . in. 2 {155
u = , on.. a,b»
where 2,0 is the parabolic boundary of D, the meaning of it will be specified later, and
fir o belong to some spaces (see section?) .

For the case D=0 ¥ (0. T) , namely, D is a cylirdrical bounded domain, the
pmblﬂm.. has been substantially discussed, see. for example, (6], (9], [12), and the
references cited thc:rlcin, For the case D is ono-cylindrical, the problem has also been
studied by many authors. In [9), the existence and uniqueness of a classical solution to
(1. 2) with L of non-divergence form was obtained under some smoathness conditions on
data and 3,0 . Under an abstract framework, the existence of a weak solution of (1. 2)
was obtained in [11], but the uniqueness result was rather restrictive. See also [137. In
[5]. the Perron’s method was used to get the existence and unigueness of a generalized
solution to (1. 2). Recently, the problem has been discussed under the framewark of
intermediate Schauder theory [107.

In this paper, we use the penalization method to establish the existence of the week
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solution of (1. 2). By this method, we obtain an estimate of the weak solution, the
stability of the weak solution with respect to the data, the asyvmptotic decay of the weak
colution and the existence and unigqueness of the periodic solution of (1. 2).1In doing the
above, we only assume some very weak conditions on the parabolic boundary 4,0 of D .

The penalization method is frequently used in many free-boundary problems, see
(23, (7], for example.

2. Preliminaries

" Let © be a bounded domain in R* with smooth boundary 292 . We denote @y = & X
(0, T), Qe=1=1x (0oo) and L= @ [0.Th U @3 {0}) . The spaces

L,, (@7 ., Wi (@, V; (&) and ﬁf‘: L2, yL(Q,) etc, and the norms
|l =l geoe I = o, etc. are defined as in (9]. Let D..C &, be a region such that
for all ¢ & [0, =), B,=D.. M (@3¢ {t}) is a region in & < {¢} . (For simplicity, we
assume that B, is simply connected for all ¢ € [0, e=) .) We denote Dy = D= B
Al_sa. without loss of generality. W assume that .

(@ & ERX (O, T |d(@ ., Dp <1} S=2X (O, T, ¥T>0
whete d¢+, =) is the Euclidean distance in R**'. In order to define the parabolic
boundary of Dy, we need ihe following. Ea o

Definition 2.1 Let (z,t) €D, and (z,8) € Dp. We say that
(2, o) = (z, t,) , if there exists a polygonal path { (x(a), t(a)) | 0<<a=<<1}C Dy,
such that '

(z (D, () = (xp £, (x(ly, t{1)) = (z, &)
{t {a) 1S d::cre.asinﬁ
We set |
Py, = 1(z. B €3D,|3 (z, tp—= (z. B, (zp t) € Dr. (&, i) >z, 0}
Then, we define the parabolic boundary 3,0y of Dy to be the following
3,0, -—-_P_DT
This definition is. adapted from [5]. Next, we define the lateral boundary 3,0y of Dy
and the bottom 3;0r of Dy as follows:
3,0y =1{(z, 0 €3Dg|3 z;—~z (a3, 0 E D}
dglly = E;Drl\anﬂr
For simplicity, we denote g z[.= B . Since we assume every B, is simply connected.
we have E=B¢’:Q.}{ {0} .
Remark 2. 2 If 2D, is smooth, then d,0p= B is the flat part of 3D, with outward
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