Numer. Math. Theor. Meth. Appl. Vol. 5, No. 4, pp. 559-572
doi: 10.4208/nmtma.2012.m11032 November 2012

A Compact Difference Scheme for an Evolution
Equation with a Weakly Singular Kernel

Hongbin Chen' and Da Xu**

! Institute of Mathematics and Physics, College of Science, Central South University
of Forestry and Technology, Changsha, 410004, Hunan, China.

2 Key Laboratory of High Performance Computing and Stochastic Information
Processing (Ministry of Education of China), College of Mathematics and Computer
Science, Hunan Normal University, Changsha, 410081, Hunan, China.

Received 14 September 2011; Accepted (in revised version) 21 February 2012
Available online 22 August 2012

Abstract. This paper is concerned with a compact difference scheme with the trunca-
tion error of order 3/2 for time and order 4 for space to an evolution equation with
a weakly singular kernel. The integral term is treated by means of the second order
convolution quadrature suggested by Lubich. The stability and convergence are proved
by the energy method. A numerical experiment is reported to verify the theoretical
predictions.

AMS subject classifications: 45K05, 65M06, 65M12, 65M15

Key words: Evolution equation, weakly singular kernel, compact difference scheme, stability, con-
vergence, numerical experiment.

1. Introduction

We shall consider a compact difference scheme for the numerical solution of an evolu-
tion equation [2,9,12,13,15,19]

t
u(x, t)—f Bt —s)u,(x,s)ds = f(x,t), 0<x<1,0<t<T, (1.1)
0

where the kernel 3(t) = (nt)_l/ 2 is singular at t = 0, with the boundary condition
u(0,t)=u(1,t)=0, 0<t<T, (1.2)
and the initial condition
u(x,0) = v(x), 0<x<1. (1.3)
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Recall that, for y > 0, the y-th integral I?7f(¢) is defined by the Riemann-Liouville
operator (see [14]) as

™) L[ 1
IYf(t):T}’) (t=s) " f(s)ds, t>0.
0

Thus, the integral term can be viewed as the 1/2-th integral of u,,(x, ), equation (1.1) is
intermediate between the diffusion and the wave equation [4, 5], and it can be termed a
fractional partial differential equation of 3/2-order in time. Equations similar to (1.1) can
be found in the modelling of wave propagation involving viscoelastic forces, heat conduc-
tion in materials with memory and anomalous diffusion processes [1,4,5,14]. They have
recently attracted increasing interest in the physical, chemical and engineering literature
(see the numerous papers citing [14]).

A number of people have studied the evolution equation. e.g., Chen, Thomee and
Wabhlbin [1] used backward Euler scheme in time, piecewise linear finite element method
in space, the integral term by means of product integration, and gave the regularity and
error boundness of the solution. Lopez-Marcos [9] studied a nonlinear partial integro-
differential equation, used one order full discrete difference scheme. Mclean, Thomee [12]
employed backward Euler, Crank-Nicolson and second order backward difference scheme,
Galerkin finite element method for spatial variables and gave the regularity, stability and
error estimate of (1.1)-(1.3). Sanz-Serna [15] studied this type of equations, used back-
ward Euler scheme in time and one order convolution to the integral term, drove error
boundedness for smooth and nonsmooth initial value. Xu [19] considered backward Eu-
ler and Crank-Nicolson scheme, with one and second order convolution quadrature to the
integral term respectively, drove long time error boundness with weights. A practical dif-
ficulty of time discretization is that all U"(1 < n < N) need be stored as they all enter the
subsequent equations, which need much memory requirement. In order to conquer this
problem, Huang [6] put forward an iterative scheme and reduced the memory require-
ment. Sloan, Thomee [16] proposed more economical schemes by using quadrature rules
with higher order truncation errors.

It is well known that the Crank-Nicolson scheme has O(k? + h?) order accuracy and is
unconditionally stable for any step-size ratio k/h? for the heat equation. However, it is not
an optimum scheme. The six-point implicit difference scheme with minimum truncation
error is (6,Ul; +106,U}' +6,U},;)/12= (5)2CUJ’.1 + 5)2(UJT‘_1)/2, whose truncation error is
O(k?>+h*) [17]. In this paper, we will consider the scheme for the evolution equation with
a weakly singular kernel.

Throughout the paper, for 0 <t < T, 0 < x < 1, we assume that there exists a positive
constant C such that (see [9, (1.7)])

|utt(xa t)l S Ct—l/z) |uttt(x) t)| S Ct—3/2,
[uyy(x,0)| < C, [Uereee (6, )] < ct™1/2, (1.4)

Remark 1.1. For sufficiently smooth v(x) and f(x,t), (1.1)-(1.3) exists a unique solution



