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Abstract. We present a brief survey on (Weakly) Admissible Meshes and correspond-
ing Discrete Extremal Sets, namely Approximate Fekete Points and Discrete Leja Points.
These provide new computational tools for polynomial least squares and interpolation
on multidimensional compact sets, with different applications such as numerical cuba-
ture, digital filtering, spectral and high-order methods for PDEs.
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1. Introduction

Locating good points for multivariate polynomial approximation, in particular interpo-
lation, is an open challenging problem, even in standard domains. One set of points that
is always good, in theory, is the so-called Fekete points. They are defined to be those points
that maximize the (absolute value of the) Vandermonde determinant on the given compact
set. However, these are known analytically in only a few instances (the interval and the
complex circle for univariate interpolation, the cube for tensor product interpolation), and
are very difficult to compute, requiring an expensive and numerically challenging nonlin-
ear multivariate optimization.

Recently, a new insight has been given by the theory of “Admissible Meshes” of Calvi
and Levenberg [9], which are nearly optimal for least-squares approximation and contain
interpolation sets (Discrete Extremal Sets) nearly as good as Fekete points of the domain.
Such sets, termed Approximate Fekete Points and Discrete Leja Points, are computed using
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only basic tools of numerical linear algebra, namely QR and LU factorizations of Vander-
monde matrices. Admissible Meshes and Discrete Extremal Sets allow us to replace a
continuous compact set by a discrete version, that is “just as good” for all practical pur-
poses.

2. Weakly Admissible Meshes (WAMs)

Given a polynomial determining compact set K ¢ R or K ¢ C? (i.e., polynomials
vanishing there are identically zero), a Weakly Admissible Mesh (WAM) is defined in [9]
to be a sequence of discrete subsets ./, C K such that

Ipllk < C(H)lplly, » Vp € PLUK), 2.1)

Pg(K ) being the set of d-variate polynomials of degree at most n on K, where both
card(.«/,) > N := dim(IP’fl(K )) and C(.«/,) grow at most polynomially with n. When C(.</,)
is bounded we speak of an Admissible Mesh (AM). Here and below, we use the notation
If llx = sup,ex |f (x)|, where f is a bounded function on the compact X.

We sketch below the main features of WAMSs in terms of ten properties (cf. [4,9]):

P1: C(.e,) is invariant under affine mapping

P2: any sequence of unisolvent interpolation sets whose Lebesgue constant grows at most
polynomially with n is a WAM, C(.¢,) being the Lebesgue constant itself

P3: any sequence of supersets of a WAM whose cardinalities grow polynomially with n is a
WAM with the same constant C(./,)

P4: a finite union of WAMs is a WAM for the corresponding union of compacts, C(.«/,) being
the maximum of the corresponding constants

P5: a finite cartesian product of WAMs is a WAM for the corresponding product of compacts,
C(,) being the product of the corresponding constants

P6: in C! a WAM of the boundary 3K is a WAM of K (by the maximum principle)
P7: given a polynomial mapping 7, of degree s, then 7,(.e,,) is a WAM for 7 ,(K) with
constants C(./,) (cf. [4, Prop.2])

P8: any K satisfying a Markov polynomial inequality like ||Vpl|lx < Mn"||p|lx has an AM with
0(n") points (cf. [9, Thm.5])

P9: least-squares polynomial approximation of f € C(K): the least-squares polynomial £, f
on a WAM is such that

If = Ly fllk S C(ey)y/ card(.e,) min {||f —pllx, p € PL(K)}
(cf. [9, Thm.1])

P10: Fekete points: the Lebesgue constant of Fekete points extracted from a WAM can be
bounded like A, < NC(./,) (that is the elementary classical bound of the continuum
Fekete points times a factor C(.«/,)); moreover, their asymptotic distribution is the same
of the continuum Fekete points, in the sense that the corresponding discrete probability
measures converge weak-# to the pluripotential equilibrium measure of K (cf. [4, Thm.1]).



