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Abstract

New estimates are provided for singular values of a matrix in this paper. These results
generalize and improve corresponding estimates for singular values in [4]-[6].
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1. Introduction and Denotations

In terms of matrix entries, Gerschgorin’s theorem, Brauer’s theorem and Brualdi’s theorem
provide useful estimates for eigenvalues of a matrix ([9],[10]). Using these theorems, some
researchers made many corresponding estimates for singular values of a matrix (see [1]-[8]). In
this paper, several new estimates for singular values of a matrix are presented. These results
generalize and improve corresponding estimates in [4]-[6].

The set of all n × n complex matrices is denoted by Cn×n. Let A = (aij) ∈ Cn×n, σ(A) be
the set of all singular values of A, and

ri(A) =
∑

j 6=i

|aij |, ci(A) =
∑

j 6=i

|aji|, ai = |aii|, i ∈ 〈n〉 = {1, 2, ..., n}.

Suppose the partition Nj ⊆ 〈n〉, j ∈ 〈m〉. Then it satisfies that
⋃

j∈〈m〉

Nj = 〈n〉, and for ∀ i 6= j,

Ni ∩ Nj = φ. For all i ∈ 〈n〉 ,denote i ∈ Nσi
, σi ∈ 〈m〉, and let (σ1, ..., σm) be a permutation

of (1, ..., m). For the sake of convenient, we also use the following denotations:

r
(i)
Nσi

(A) =
∑

j∈Nσi
\{i}

|aij |, c
(i)
Nσi

(A) =
∑

j∈Nσi
\{i}

|aji|;

r̄
(i)
Nσi(A)

= ri(A) − r
(i)
Nσi

(A), c̄
(i)
Nσi

(A) = ci(A) − c
(i)
Nσi

(A);

S
(i)
Nσi

(A) = max{r
(i)
Nσi

(A), c
(i)
Nσi

(A)}, S̄
(i)
Nσi

(A) = max{r̄
(i)
Nσi

(A), c̄
(i)
Nσi

(A)}.

Let Γ(A) be the directed graph of A with vertex set V = 〈n〉 and E = {(i, j) : aij 6= 0}.
The sets of out-neighbors and in-neighbors of i in Γ(A) are denoted by Γ+

i (A) and Γ−
i (A),

respectively, namely,

Γ+
i (A) = {j ∈ V \{i} : (i, j) ∈ E}, Γ−

i (A) = {j ∈ V \{i} : (j, i) ∈ E}.

For a given A = (aij) ∈ Cn×n, we define the undirected graph G(A) = (Ṽ , Ẽ) with vertex

set Ṽ = 〈n〉 and edge set Ẽ = {{i, j} : aij 6= 0 or aji 6= 0, 1 ≤ i 6= j ≤ n}, and denote

Gi(A) = Γ+
i (A) ∪ Γ−

i (A), Eσ = {{i, j} ∈ Ẽ : i ∈ Nσi
, j ∈ Nσj

, σi 6= σj}.

2. Main Results

In this section we give an improved Brauer-type estimate for singular values .
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Lemma 2.1. Let A = (aij) ∈ Cn×n and give a partition 〈n〉 =
⋃

j∈〈m〉

Nj , Ni ∩ Nj = φ, i, j ∈

〈m〉, i 6= j. If Gi(A) 6= φ, ∀i ∈ 〈n〉 and Gi(A)∩Nσj
⊇ Gj(A)∩Nσj

, ∀j ∈ Gi(A)\Nσi
, ∀i ∈ 〈n〉.

Then

σ(A) ⊆ (
⋃

i∈〈n〉

Di(A)) ∪ (
⋃

i∈Nσi
, j∈Nσj

{i,j}∈Eσ

Dij(A)), (1)

where

Di(A) = {z ≥ 0 : |z − ai| ≤ S
(i)
Nσi

(A)}, ∀i ∈ 〈n〉,

for all i 6= j,

Dij(A) = {z ≥ 0 : (|z − ai| − S
(i)
Nσi

(A))(|z − aj | − S
(j)
Nσj

(A)) ≤ S̄
(i)
Nσi

(A)S̄
(j)
Nσj

(A)}.

Proof. For ∀σ ∈ σ(A), there are two nonzero vectors x = (x1, · · · , xn)T and y = (y1, · · · , yn)T

such that
σx = Ay, σy = A∗x. (2)

We denote zi = max{|xi|, |yi|}, ∀i ∈ 〈n〉, zp = max
j∈〈n〉

{zj}, p ∈ Nσp
. Without loss of generality,

we assume that zp = |yp| ≥ |xp|. Then the p−th equality in (2) implies

σxp − appyp =
∑

j∈Γ+
p (A)∩Nσp

apjyj +
∑

j∈Γ+
p (A)\Nσp

apjyj (3)

σyp − āppxp =
∑

j∈Γ−
p (A)∩Nσp

ājpxj +
∑

j∈Γ−
p (A)\Nσp

ājpxj . (4)

Write η = xp/yp. If Gp(A) ⊆ Nσp
or zj = 0, ∀j ∈ Gp(A)\Nσp

, then (3) and (4) imply

|ση − app| ≤ r
(p)
Nσp

(A) (5)

and
|σ − ηāpp| ≤ c

(p)
Nσp

(A), (6)

respectively . That |η| ≤ 1. So, if σ ≤ ap, then |σ−ap| ≤ |η||σ−ap| ≤ |ση−app|, and if σ ≥ ap

then |σ − ap| ≤ |σ − |η|ap| ≤ |σ − ηāpp|. Therefore, from (5) and (6) it can be deduced that

|σ − ap| ≤ S
(p)
Nσp

(A),

i.e., σ ∈ Dp(A).
If σ 6∈

⋃

i∈〈n〉

Di(A), by the above discussions we have Gp(A)\Nσp
6= φ and zq = max

j∈Gp(A)\Nσp

{zj} > 0 (otherwise (5) and (6) imply σ ∈ Dp(A)). Thus equalities (3) and (4) imply

|σ − ap| ≤ S
(p)
Nσp

(A) + S̄
(p)
Nσp

(A)
zq

zp
. (7)

For q ∈ Nσq
⊂ Gp(A)\Nσp

, we have Gq(A) 6= φ (otherwise we can deduce σ = aq, that is,
σ ∈ Dq(A)). Similarly, if zq = |yq | ≥ |xq |,then it is easy to derive the following formula from
the q−th equality in (2):

|σ − aq| ≤ S
(q)
Nσq

(A) + S̄
(q)
Nσq

(A)
zp

zq
. (8)

Note that σ 6∈
⋃

i∈〈n〉

Di(A), we have |σ − ap| > S
(p)
Nσp

(A) and |σ − aq | > S
(q)
Nσq

(A). Thus, from

(7) and (8) we get

(|σ − ap| − S
(p)
Nσp

(A))(|σ − aq | − S
(q)
Nσq

(A)) ≤ S̄
(p)
Nσp

(A)S̄
(q)
Nσq

(A). (9)

Since q ∈ Gp(A)\Nσp
6= φ, it holds that {p, q} ∈ Eσ .


