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Abstract

A nonconforming finite element method of streamline diffusion type for solving the
stationary and incompressible Navier-Stokes equations ia considered. Velocity field and
pressure field are approximated by piecewise linear and piecewise constant functions,
respectively. The existence of solutions of the discrete problem and the strong con-
vergence of a aubsequence of discrete solutions are established. Error estimates are
presented for the uniqueness case.

» 81. Introduction

i

‘Finite element schemes of streamline diffusion type are nowadays a common procedure for
solving convection dominated problems in fluid mechanics such as transport problems(5l-19].{1]
the Euler equations and Navier-Stokes equations with small viscosity for incompressiblell:[10]
or compressible fow!¢:[11]

In this note the incompressible stationary Navier-Stokes equations are addressed. Re-
cently, Johnson and Saranen!!% considered streamline diffusion methods for the time-depend-
ent case where discrete velocity fields are employed which ar¢ assumed to be exactly diver-
gence free. In the stationary case, we consider a nonconforming FEM based on piecewise
linear and piecewise constant approximations for the velocity and the pressure fields, respec-
tively, satisfying the discrete LBB-condition and thus circumventing exact divergence free
discrete velocity fields. For other approaches of upwind type concerning the incompressible
Navier-Stokes equation, see e.g. {3] or [13].

The plan of the paper is the following. In Section 2 we give some notations. The FEM 15
presented in Section 3. Existence and uniqueness results for the discrete problems are given
in Section 4. Convergence properties of the method are studied in Sections 5 and 6.

§2. Notations

Let 1 ¢ RV (N = 2,3) be a convex polygon or polyhedron with boundary I' = 3} and
let v = 1/Re > 0. We consider the incompressible Navier-Stokes equation:

Find (u, p} such that
-vAu+uVu+Vp =f in (],
V.u =0in 1 (2.1)
u =0 on Ofl
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The spaces for velocity and pressure are defined by
V = H}(O)N,Q = {q € Lg(ﬂ);/ gdz = 0}1 |
{3
W={veV;V-v=0}

For vector-valued functions v = (uy, --,uy) € Wor(Q)¥, v = (vy,---,vny) belonging to
L= ()N we use the usual norms and seminorms, respectively,

N N
lulf =2 lwllz, i, = lwi,,
1=1 3=
i1vll0.00 = max flu;jlo,co-
Furthermore, we introduce
a{u, v} = f Vu - Vudz, Yu,veV,
2
#
T by, v, w) = / (v - V)vudz, Vu,v,w eV,
{i

e, ) = %{b{u,u, w)— e well, Y ewel
satisfying
blu,v,w) = blu,v,w), YueWvweV.
The weak velocity-pressure formulation of {2.1) reads now;
Find (u,p) € V x @ such that
va(u,v) + blu,u,v) — (p,V - v) = (f,v), VYveV, (2.2)

(Q: ¥ u) 0: Vq € Q

From (2.2) we cbtain the weak velocity formulation

Find v € W such that
(2.3)

va(u, v} + b(u,u,v) = (f,v), Vv W

It is well-known that (2.2) admits at least one solution and that this solution is unique
provided that 2| f|lo.2 is sufficiently small.

§3. A Nonconforming Streamline Diffusion Finite Elemment Method

. We consider a nonconforming finite element approximation due to Crouzeix and Raviart[2!
and Temam!'4, Let (J,)s be a regular family of triangulations of {1 into N-simplices K "



