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Abstract. This paper presents a Fourier matching method to rigorously study reso-
nances in a sound-hard slab with a finite number of narrow cylindrical holes. The
cross sections of the holes, of diameters O (h) for h <1, can be arbitrarily shaped. Out-
side the slab, a sound field can be represented in terms of its normal derivatives on
the apertures of the holes. Inside each hole, the field can be represented in terms of
a countable Fourier basis due to the zero Neumann boundary condition on the side
surface. The countably infinite Fourier coefficients for all the holes constitute the un-
knowns. Matching the two field representatives leads to a countable-dimensional lin-
ear system governing the unknowns. Due to the invertibility of a principal submatrix
of the infinite-dimensional coefficient matrix, we reduce the linear system to a finite-
dimensional one. Resonances are those when the finite-dimensional linear system be-
comes singular. We derive asymptotic formulae for the resonances in the subwave-
length structure for h < 1. They reveal that a sound field with its real frequency close
to a resonance frequency can be enhanced by a magnitude O(h~2). Numerical experi-
ments are carried out to validate the proposed resonance formulae.
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1 Introduction

Subwavelength structures have attracted great attentions in the area of wave scattering
problems in the past decades [2, 9,10, 12,15, 16, 29, 32,35-37]. People have experimen-
tally observed and also numerically verified that subwavelength structures could own
some exclusive features, such as extraordinary optical transmission and local field en-
hancement, showing great potentials in areas such as biological sensing and imaging,
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microscopy, spectroscopy and communication [23,31]. It has now been well-known that
these features are mostly caused by the existence of resonances of high quality factors in
subwavelength structures.

Let a scattering problem be defined in a given subwavelength structure. Mathemati-
cally, a resonance refers to a complex frequency k, at which the scattering problem loses
uniqueness. The quality factor of this resonance is defined by

Q= 211{e<k) ’
m (k)
which measures how great a wave field of frequency Re(k) can be enhanced in the struc-
ture. Consequently, it is highly desired to design a subwavelength structure with reso-
nances close enough to the real axis.

To this purpose, the existing literature has made great efforts in the past to quanti-
tatively analyze resonances in subwavelength structures by either developing effective
computational methods or proposing rigorous mathematical theories [3, 68,11, 14, 17—
21,25-28,33,34]. Among the existing theories, roughly two types of methods have been
proposed: boundary-integral-equation (BIE) methods and matched-asymptotics (MA)
methods, mainly for two-dimensional (2D) subwavelength structures. Bonnetier and
Triki [7] developed a BIE method to study resonances in a perfectly conducting half plane
with a subwavelength cavity and firstly obtained asymptotic formulae for the resonances.
Subsequently, Babadjian et al. [3] used this method to study resonances by two interact-
ing subwavelength cavities, Lin and Zhang developed a simplified BIE method to study
resonances in a slab with a single slit [26], periodic slits [27, 28], or a periodic array of
two subwavelength slits [25], Gao et al. [14] studied resonances by a rectangular cav-
ity of mixed conducting parts. Using the MA methods, Joly and Tordeux [19-21] and
Clausel et al. [11] studied resonances by thin slots, Holley and Schnitzer [17] studied res-
onances in a slab with a single slit, and Brandéo et al. [8] studied resonances in a slab
of finite conductivity with a single slit or periodic slits. Compared with 2D structures,
three-dimensional (3D) subwavelength structures are more flexible in practical fabrica-
tion and can in fact realize resonators of higher quality factors [9,15,16,29]. Nevertheless,
much fewer theories have been developed so far to rigorously study resonances in 3D
structures. Resonances of acoustic waves in a three-dimensional slab of tiny circular or
square holes have been studied in [13,22].

In [38], we proposed a Fourier matching method (FMM) to study resonances in a slab
of subwavelength slits. Unlike the existing methods on this topic, the FMM does not
use Green’s function of each slit, which is complicated. Instead, it takes advantage of
the existence of a countable Fourier basis for each slit so that the scattering problem can
be reformulated as a countable-dimensional linear system with a frequency-dependent
coefficient matrix. Resonance are determined by studying when the coefficient matrix is
non-invertible. However, the method relies on explicit asymptotics and delicate estimates
of all elements of the matrix, largely limiting its extension to more general structures. To
tackle this issue, this paper, using theories of functional analysis as our new tool, gen-
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eralizes the FMM to analyze resonances in a 3D sound-hard slab with small cylindrical
holes. The cross sections of the holes can be arbitrarily shaped. The new FMM com-
pletely avoids estimates of matrix elements and, as we shall see, works in a rather simple
way. We would like to mention a recent work [24] of the first author, where the resonance
theory for electromagnetic wave scattering in a nano annular gap was established based
on a vectorial analogy of the FMM method.

Let x = (x1,%2,x3) denote a generic point in R® and x’ = (x1,x,) be its projection in the
x10xz-plane. As shown in Fig. 1, a sound-hard slab, occupying the rectangular region
{x€R3:x3€(—1,0)}, has thickness  in x3-direction, extends to infinity in both x;- and
xz-directions and is embedded in a homogeneous medium of constant slowness. The slab
contains N holes {V;, } ]I‘L 1, €ach of which has the same slowness as that of the surround-

ing medium. The holes {V;, }]I\L 1 for j=1,...,N, satisfy the following conditions:
(i) Vjn is cylindrical, i.e. x3-independent.
(ii) Vjy is generated by a Lipschitz domain G; C R? and a parameter 1< 1 via
Vip:={x eR3:x' e Dj+hGj,x3€(-1,0)},

where {D; }]I‘il are well-separated points in R?, and D;+hGj:={D;+hx’ €R*:x'€G;}
should be Lipschitz for 1 < 1. Therefore, {V; }]I\L , of centers {C; = (Dj,—1/2) ]I\L 1
are Lipschitz and well-separated for h < 1.

(iii) The area of G; is 12,

We note that condition (iii) is not necessary and is only introduced to simplify the pre-
sentation. In practice, G; can be a star-shaped domain centered at (0,0) so that D]-+hG]-
resembles G;.

In such a subwavelength structure, a sound field u of no external excitation is gov-
erned by

Au+kPu=0 on Qy, (1.1)
d,u=0 on d9Q),, (1.2)

(@)

Figure 1: A sound-hard slab of thickness [ with N small cylindrical holes {V]h}]I\;1 (a) a side view; (b) a top
view.
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where the 3D Laplacian A=Y} ;92 ,Q), is the interior of {x€R®:x3¢ [~1,0]}U (U]-I\le),
0Q), denotes the boundary of ();,,v denotes the outer unit normal vector along d(),
k denotes the frequency of u and for simplicity, the slowness in (), is assumed to be 1. In
the top region R% = {x €R®: x3 >0}, using Green’s function for the Neumann boundary
condition on x3 =0, we impose the following outgoing wave condition:

eiklx—y|
=— ——0x as(y), >0. 1.3
w== [ g S, (1.9

This is equivalent to the usual Sommerfeld radiation condition in IR?’+ when ke R™ [4].
One may impose a similar outgoing wave condition in the bottom region {x€R>: x3<—1}.
This paper aims at locating the resonances of such a problem, i.e. the values of k € C for
which (1.1) and (1.2) possess nonzero outgoing solutions for h < 1.

By change of scale, [ is assumed to be 1 from now on, so that k and & should be
identified as kI and /I, respectively, in general. We shall search k in a bounded region
B={keC:Re(k)>0, k| (eo,K)} for some sufficiently small constant €y >0 and some suf-
ficiently large constant K> 0. Such a choice keeps k away from zero, a non-holomorphic
point of the problem (a branch point of Eq. (2.4) for A,, =0), and ensures € :=kh <1,
making regular asymptotic analysis for # < 1 applicable. Moreover, it is reasonable and
of practical interests to consider sound waves away from the near-static regime and with
wavelengths far greater than h, i.e. 27t /k>h.

Due to the symmetry the structure, u can be assumed to be either evenly or oddly
symmetric with respect to x3=—1/2. Then, the original problem on (), can be reformu-
lated in the upper-half domain ;" =0, N{x€R®: x3 > —1/2} as

Au+ku=0 on QF,
avu:O on aQ}T\U]‘I\Llrb;j,h/
oyu=0 or u=0 on Ujlill"b,.j,h,

u satisfies the outgoing wave condition (1.3),
where 802' is the boundary of Q; and
Tpin=VipN{x€R?: x3=-1/2}.

Let
V5=Vinn{x€R? 13> ~1/2}

be the upper half of V;, and
T =0V,N{xeR®: x3=0}

be the top boundary (aka the aperture) of V]J;l
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The new FMM goes as follows. In R3,, u is expressed in terms of its normal deriva-
tives on all the apertures {I; }]Ii , according to (1.3). Inside each cylindrical hole V]J;Z, we
express u in terms of a countable Fourier basis due to the zero Neumann condition on the
side surface of Vﬁh The countably infinite Fourier coefficients for all the holes constitute
our targeted unknowns. Matching u on all the apertures {I, }JI\L ; yields a countably-
dimensional linear system governing the unknowns. The system can be properly rescaled
to make the new unknowns belong to the standard ¢? space. Due to the invertibility of
a principal submatrix of the infinite-dimensional coefficient matrix for 1 <1, we are able
to reduce the linear system to an N-dimensional linear system. Its unknowns correspond
exactly to the N leading Fourier coefficients of u in the N holes {V]J;l }]I‘i 1- Resonances can
be determined by studying when the N-dimensional linear system is singular.

1.1 Fourier bases and equivalent norms of Sobolev spaces on the apertures

To separate the variables in u in each hole ‘/]+, we need to find out a countable Fourier
basis on each aperture T, first. This relies on the following generic result regarding
spectral properties of the 2D Laplacian Ay =93, 407, on the Lipschitz domain G; with the
zero Neumann boundary condition.

Theorem 1.1 ([30, Theorem 4.12]). For the 2D Lipschitz domain Gj,j=1,...,N, there exist
sequences of functions ¢y j,¢aj, - in H! (Gj), and of nonnegative numbers Agj,A1j,--- having
the following properties:

(i) Each ¢y, ; is an eigenfunction of — A, in G; with the eigenvalue Ay, ;
— Do, j=Ap,jpm,; on Gj, (1.4)
ay(,bm’]':O on E)G] (15)
(ii) The eigenvalues satisfy 0=Aq; <A1 <Ag;<--- with Ay, j— 00 as m—» oo.

(iii) The eigenfunctions { ¢, ;}m_o form a complete orthonormal system, i.e. a Fourier basis, in
L>(G;); in particular, we can take ¢o;=1.

(iv) For annyHl(Gj),

> 2
HfH%{l(Gj): Z (1+Am,j)|(f/¢m,j)L2(Gj){
m=0

Proof. Based on [30, Theorem 4.12], we only need to justify that Ao ;=0,A;,;>0, and ¢ ;=1.
This can be seen that every eigenvalue A,, ; must be nonnegative by testing (1.4) with ¢, ;.
On the other hand, for Ag; =0, ¢, =1 is the unique (up to a sign) and normalized (since
the area of G; is 1) solution of the eigenvalue problem so that A,, ;>0 for j > 1. O
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By Theorem 1.1(i)-(iii), the Laplacian —A; on each aperture I';;, with the zero Neu-
mann boundary condition has the eigenvalues {h2A,,;}%_. The associated eigenfunc-

tions are oo
{%,j(x') =h" i ((x'=Dj) /) }m:O

forming a Fourier basis in L?(T'j,). Thus, for any f € L*(T;;), its Fourier coefficients form
the following sequence:

{fm,]' = (f,¢Z1,j)L2(rj,h) }::0

in /2 since by Parserval’s identity,

0= X2 U= 1 Yol

On the other hand, Theorem 1.1(iv) indicates that for any f € H! (l"j,h),

[ee]

1B ey = L2 (4 A P

m=0

Now by the interpolation theory, H/ Z(F] 1) can be equipped with the following norm:

”f”%{l/z( Z 1+Am1 ’fm,j‘zr

m=0
so that H~1/2(T; ), the dual space of H'/2(T ;,), can be equipped with

o]

||f||§q—1/2( 1+/\m] |fm,j|2/

m=

O

where f,, ; should be understood as ( f/¢ﬁ1,j>l"j,h' a duality pairing on I'; ..

The rest of this paper is organized as follows. In Section 2, we use the new FMM to
study resonances in a sound-hard slab with a single hole, and to analyze the mechanism
of field enhancement in the hole due to the resonances. In Section 3, following the single-
hole framework of the FMM, we study resonances in a slab with multiple holes and
provide general asymptotic formulae for the resonances. In Section 4, several numerical
experiments are carried out to validate the proposed resonance formulae.

2 Resonances in a slab with a single hole

To clarify the basic idea, we begin with a sound-hard slab of thickness / =1 with a single
hole, say, V; j, for h < 1. For simplicity, we assume D; = (0,0) so that C; =(0,0,—1/2) in
this section. Thus, N=1 and (), becomes the interior of {x€R3:x3¢[—1,0]} UV} ;. As has
been discussed, u can be assumed to be either evenly or oddly symmetric with respect to
x3=—1/2. They shall be respectively referred to as even or odd modes in the following.
We first discuss the existence of nonzero even modes for k € 5.
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2.1 Even modes

Due to the symmetry, we find nonzero outgoing solutions u € H.. (Q);") satisfying

Au+kPu=0 on Q, (2.1)
dyu=0 on 0Q), (2.2)

where
Of =RIUV, ULy, Vi =Vn{xeR%: x3€(~1/2,0)},
and I'y  is the aperture of Vlfh, as shown in Fig. 2.
Recall that the functions {¢},,}%_, form a Fourier basis in L?(T';;) and the corre-

sponding Laplacian eigenvalues are {h~2A,,1}%_,. To simplify the presentation in Sec-
tion 2, we shall suppress the hole index 1 in the previous symbols so that V," = Vlfh,

T =T1,Tpp=Tp14, G=Gy, ¢l = llﬂfiz,l and Ay = Ay 1.
First, we use the Fourier basis {¢,}%°_, to represent u in V,". As u|r, € H'/?(T},), there
exists a sequence {by, }5_ such that

ulr, = Y b (€™ +1), 2.3)
m=0

where
by = (el +1) 71 (u ]rh,lpf;) 12(1))”
sm=h"1\/e2—A,,. (2.4)

Throughout this paper, the branch cut of /- is defined to be along the negative imag-
inary axis so that s,, of argument in [—7t/4,371/4) becomes a holomorphic function of k
in B for any m € IN. Thus, {a,, := AL/ *b,; } =0 € £* for h< 1 since

Y lan < C Y5 (1A 2 b (' + 1) P = Cllulr, [[}1 . <o
m=1

m=0

Vi ors

(@ (b)

Figure 2: A slab with a single cavity Vfrh: (a) a top view; (b) the cross section at x; =0.
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Here and hereafter, we use {:},~0 to denote a sequence starting with m=1. In Vh+, let
+Oo . .
u”(x)= Y byl () [lon(atD) el (2.5)
m=0

so that ®:=u—u~ € H'(V,") becomes a solution of

AP=—k*P on VT,
0,$=0 on 9V, \T},
D=0 on I,

When k€ B and h< 1, —k? is not an eigenvalue of the above problem so that u=u" on Vh+.
Therefore, the normal derivative of u on I';, becomes

+oo ] ~
Qi =yyu= Y by, [ —1] € A 3(T}). (2.6)
m=0
If ¢% +1 =0, the representation (2.3) of u|r, is impossible to determine by. To resolve this
issue, we can use (2.6) to define {b,, };-_, so that the representation (2.5) becomes valid
forallke B and h<1.
In lRﬁ_, the outgoing radiation condition (1.3) implies

eik‘x*m

- N max3u(y)d5(y). (2.7)

u(x)=
To match the two representations (2.5) and (2.7) on I';, we need to study some properties
of the following integral operators:
eik‘x_w

[Sol(x) = Um‘l’(y)”m(]ﬂz xely, (2.8)

[500)() = [ ey P W)4S(0), xer, 29)

eyl 1 —je|x—y]
2me?|x—y|

[Rog)(x)= | PWS(y), xer, 2.10)

where I'={x€R3:x' € G,x3=0} and we recall e=kh < 1.
Lemma 2.1. For ke B and h< 1, we have
(i) S is bounded from H=/2(T}) to HY/2(T},).

(ii) Sp is bounded from H='/2(T) to H'/?(T'), and is positive and bounded below, i.e. for any
(Sod,@)r = Cligpll g-12r)

for some positive constant C > 0.
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(iii) Ro is uniformly bounded from H=1/2(T) to HY/?(T), i.e. |Ro|| <C, for some constant
C >0 independent of k and h.

Proof. Choose a bounded Lipschitz domain Q0. CIR% with its boundary T containing T
For any ¢ € C3np (I), So¢ = (25:¢)|r, where

S0)(x)= | Golxy)p(y)as(y)

with the 3D fundamental solution Go(x,y) = (47t|x—y|) ! for the Laplacian A as the ker-
nel. According to [30, Theorem 7.6, Corollary 8.13], S, is bounded from H -1/ 2(l"c) to
H'/2(T.) and satisfies

(Sc@)r. 2C/20l 5y

for some constant C >0 independent of ¢. Thus, Sy is bounded from H~'/2(T') to H'/?(T),
and

(S0, @)= (254, ¢)r. > Cli9ll ;4 o

The mapping property of S is similar. Now we prove (iii). Since the kernel of R in (2.10)
and its gradient with respect to x are uniformly bounded for all k€ B and h <1, we
conclude that Ry is uniformly bounded from L?(T') to H'(T). The self-adjointness of
Ro and the interpolation theory ensure the uniform boundedness of R from H~1/2(T)
to HY/2(T). O

By (2.7), Lemma 2.1 implies that u|r, = —So,u € HY2(T},). By (2.3) and (2.6), the
continuity of # and d,u on I'y yields

+oo °°
-S Z bmliSm/l/Jizn/ (eism/ —1) = Z bml¢£;1/ (eism/+1) EH% (Ty).
m'=0 m'=0

[ee]

Based on the completeness of {¢],}%_,,

the above is equivalent to
+oo . .
- Z bm/ism/hdm’m (615”’/ — 1) = bm [e‘s”‘ + 1]
m'=0
for all m € N, where we have defined

ot =1 (SY W) 1o r, (2.11)

The countably infinite number of equations can be properly rearranged in terms of the
unknowns by and {a, },~0 as follows:

. . © 1 .
(" +1)bp=ie(1—e®)doobo+ Y A, Fisuh(1—e™" ) dyon, (2.12)
m'=1
_1 . ; © 1 .
At (e +1)ay =ie(1—e®)doubo+ Y A, isuh (1= )ty (2.13)

m'=1
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Let ¢}, =" |,—1. We have the following lemma regarding the asymptotic behavior of d .,
for m,m’ €IN.

Lemma2.2. Forke Band h<1,

ic
Sol,1 —|———|—O €?), m=m'=0,
m,m{( L) () (2.14)

(Sol/]m/'¢m) +€ (Rollim/,i,bm)Lz otherwise,

where we recall that T = {x € R3: x' € G, x3 =0}.

Proof. By change of scale,

1e|x -
dun=5= | [ = ,wm/ a5 () (x')dS (x)
(Sml)m/’ll)m)L2 27—(/ / ll)m d]/ 1Pm< )dx +e (Rolpm/'lpm)Lz

It is clear that the second term of the right-hand side is nonzero only when m =m'=0. O

Now define for m,m’ € IN* that

1
coo = —iedg, Coro = A, sl (1—€™n' ) d g,
—i 1 _ elSm/
/\4 d()m, Con'm :A Amlsm/h s +1 d

mlS w1

We can rewrite (2.12) and (2.13) in the following vectorial form:

(1+¢*)bo= (e ~1)coobo+ ({@m =0, {Cmo}m=0) s (2.15)
(I_Ah){am’}m’>0:{COm}m>O(€ik—1)b0/ (2.16)

where Z denotes the identity operator on /2, and the operator A;, : /2 — ¢? is defined as:
For any { fo } =0 € 02,

Ah{fm’}m/>02{ ) Cm/mfm/} : (2.17)
m>0

m'>0
According to Lemma 2.2, the asymptotic behavior of ¢, for m’,m €N is given below.

Lemma2.3. Forke Band h< 1

2
. €
1. coo= _<301;1)L2(r)€1+ E—I—O(éﬁ).

2. For meIN*,

cOm:—16(501,A31¢;>L2(F)—1e (Ro1 i ¢m) o
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3. For m' € IN*,
o == (SN . - (RO 2] 1)
(@[l 1o
4. For m',m € IN*¥,
com = (So[Abohe] Abth) = (Ro[ALwh ] Ah) L
+(So A duh] Abh) 0.

Therefore, {com }m>0 € €2, {Cmo}m>0 € €* and the operator Ay, defined by (2.17) is uniformly
bounded from 22 to (2 for k€ B and h< 1. Moreover, Ay, can be decomposed as A, =P +€>Q,,
where P : (> — (2 is defined as: For any { o }yr=0 € 02,

_ ol ] oyt
P{fur b= { -r (So[Amtne | i) , o S }m>o, (2.18)
and Q=€ 2( A, —P). Both P and Qy, are uniformly bounded from (* to ¢* for all k€ B and
h<1.

Proof. The asymptotics of ¢y, for m’,m € N is straightforward by Lemma 2.2. As for the
rest properties, we consider the case & =0 only, i.e. when the leading terms of c,,,, are
retained. For any two ¢? sequences { fi } m>0 and {gm } m>0, the following two functions:

F=Y furith, g= Y guAdl,

m>0 m>0

are in H=/2(T). Thus,

y (301 Al %)

m>0

=Sl f)r|< H301HH1/2(1”)HfHH—%(r)
<Cll{futm>olle,

so that {c,0 }r=0 € £2. Moreover,

|(P{fow I >0, {&m m>0) 2|

=| T ¥ (So[rbun] Ak) .. S

m>0m’'>0
=[(Sof,& < [ISoll- [{ fn bm>oll2[{gm fm>oll 2,

implying that A, is bounded from ¢? to ¢2. The case 0<h<1 can be analyzed similarly.
The proof is complete. O
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According to (2.18) and the positivity of Sp in Lemma 2.1, 7 —P is strongly coercive
on (2 since for any { fu }m=0€ %,

((I_P){fm’}m/>01{fm}m>0)gz
:H{fm/}m/>o\\%z+<30[ Dinp}n/fm] YA wmfm>

m'>0 m>0
> H{fM’}M’>0H%2-

Consequently, the Lax-Milgram theorem states that Z —'P has a bounded inverse map-
ping from ?? to /2. Lemma 2.3 readily implies the invertibility of 7 —.4;, as shown below.

Theorem 2.1. For k€ B and h<1, Z— Ay, has a uniformly bounded inverse mapping from (2 to
2. In fact,
[(Z—Ap) ' =(Z-P)!||=0(

Proof. By Lemma 2.3,

@A) =(T-P+eQ) = (T-P) H(T+EQuT-P) )

so that by the method of Neumann series,
H(I—Ah)*l—(I—P 1
:H(z_p 2( 0, (T-P) )"

o lz-P)- il
T 1-ef|eE-P)|

=0(e?).

The proof is complete. U

By Theorem 2.1, (2.15) and (2.16) are reduced to the following single equation:

|:(€ik—|—1) — (Eik— 1) (C00+ ((I—Ah)71{COm}m>0/{Cm’0}m’>0)gz>] bO =0 (2'19)

for the unknown by. The resonances for the even modes are characterized in the theorem
below.

Theorem 2.2. For any h <1, the governing equations (2.1) and (2.2) possess nonzero solutions
in Hy, [(Qy7) for ke B, if and only if the following nonlinear equation of k:

loc
(% +1) = (" —1) (coo+ ((Z—A)Heon oo femolw=0) ) =0 (2:20)
has solutions in 3. In fact, these solutions (the so-called resonances) are

k=km,e—2iT1(€me) — 4k LT (€me) +O(€3,,), m=12,...,M, (2.21)
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for € e =k h <1, where ky, o= (2m—1)7t is a Fabry-Pérot frequency,
_ -1 Il
N <(I P) { (801’/\"11’[]’”) Lz(r)}m>o'{ <801 A 1/’m> }m>0> » -0 222)
2

. €
T1(e) = [ (SoL 1) pa(r) +alei+ 5, (2.23)

and the positive integer M, is the greatest integer such that all the M, frequencies lie in B.
Proof. By Theorem 2.1 and Lemma 2.3, Eq. (2.20) can be reduced to
1= (" —1)II(e)+0O(e%),

which is equivalent to

2I1(e)
1-TI(e)
As the right-hand side approaches 0 as € — 0, the resonances must satisfy: For some
m=1,...,Me,0me:=k—kp . =0(1). Therefore, we have

2I1(e)
1-TI(e)

so that by Taylor’s expansion of log(1+2x/ ( )) atx=0,

efp1=— +0(€%).

15,,“_1: +O<€3),

= —2ill(e)+ ( )
[ (Sol 1)L2( )—|— ]eme
Thus, by the definition of I1,
IT(e) —TI(€me) = k;;l,lefsm,en(em,ta’) +0O (631,6),

so that
Sme=—2iT1(Eme) —2ik;, 0m eI T(€me) +O (€5, )
Consequently,
—2ill(em,e) +O(€3, ) .
= : £ = —2il1(€me) — 4k I (€me) +O (€3,
m,e 1+2ik,?l,len<em,e) (€me) m,e (€me) ( m,e)

From the above, we see that the resonances k, satisfying (2.20), must behave asymptoti-
cally as (2.21) for €, < 1. As for the existence of such solutions, one notices that on the
boundary of the disk D, ={k€ C: [k—ky, | < n/2} c B foreach mel,...,M,,

‘(eik—i—l) — (eik —1) [Coo+ ((I—.Ah)71{COM}m>O/{Cm’O}m’>O)gZ] +i(k_km,€>
=0(h) <Vh=|i(k—kn)|-

By Rouché’s theorem, there exists a unique solution to (2.20) in Dj,. O
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2.2 0Odd modes

Following the same procedure as in Section 2.1, we now study the resonances for the odd
modes. We find a nonzero function u € H\,_(Q)") satisfying

loc
Au+kK*u=0 on QF, (2.24)
dyu=0 on 90\, (2.25)
u=0 on I'yp, (2.26)

where we recall that I'y j, is the base of Vh+.
In Vh+, by the method of separation of variables, to satisfy (2.25) and (2.26), u is repre-
sented in terms of the Fourier basis {¢],}%_, as

+m . .
u(x)= Z bl (x") [e‘s"’("3+1) —e o] (2.27)
m=0
with the unknowns {b,,},_ to be determined. Therefore, on I,

+o00
=Y byl (6% —1) € H} (Ty),
m=0

+oo . 3
dyU=0x,u=) bis gl (e +) cH 2 (Ty),
m=0

implying that {a,,:= AY4b, ) im0 € 02,

Similar to the case of the even modes, the outgoing radiation condition (2.7) and the
above two equations imply
1o . oo . 1
—S| Y bisply (€5 +1) | = Y byl (¢ —1) € H2(Ty).
m'=0

m'=0

The inner product of the above and ¢/, for any m € N yields

. . © 1 .
(e‘k — 1)b0 = —i€<€lk—|—1)d00b0 - Z Am’4 is,h (e‘SM’ —l—l)dm/()ﬂml, (2.28)
m'=0
_1 . . S | .
A (1—€"")ay, =ie (™ +1)dombo+ Y A, tisuh (e +1)d bty (2.29)
m'=1

for the unknowns by and {a,, },,~0, where we recall that {d,,, } have been defined

in (2.11) and € =kh. Now define

(o]
m,m’'=0

1 .
C80 = —ié‘doo, C;)n’O — _/\m/4 lsm’h(1+elsm/)dm/0,
1 ie _1.1 1+elsw
0 __ 114 0 . 1474
Com =Am memI Conrm = Am, AmiSyh 1 gism m'm
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for m,m’ €IN*. We rewrite (2.28) and (2.29) in the following vectorial form:

(€% —1)bo = (e +1)chobo+ ({am Ym0, {50} o) 20 (2.30)
{amtms0=bo(e*+1){cd,,} o+ A7 {am b0, (2.31)

where the operator A : (2 — (? is defined as: For any { fu =0 € 2,

AZ{fmf}mf>o={ ). Cfn/mfm’} . (2.32)
m>0

m'>0
Similar to Lemma 2.3, we obtain the asymptotic behavior of ¢}, for m’,meIN.

Lemma 2.4. Forke Band h<1
2
1. cgoz—(801,1)L2(r)ei+ﬂ+0(e3).
2. For meIN*,

o, =ie (sol,AiM . +ie® (Ro 1,;\311/;;1) .
3. For m' € N*,
o = (SO {A’i/l’b’lﬂl] '1) L2(T) e (RO {/\iﬂ’b;ﬂ] '1> 12

+(8 [Aj gh] 1) i O,
4. For m’',m € N*,
chim=(So[Abeth] Ak ) € (Ro[Abatia] ARwh)

+ <So [/\j z,bH ,Aiqz}n) L2(]F)(f)(ez).

r)

Therefore, {c§,,, }m>0 € €2,{co}m=0 € (%, and the operator A9 defined in (2.32) is uniformly
bounded from (? to /2 for all k€ B and h<1. Moreover, Aj, can be decomposed as ;’Z:P+€2 Q9
where QY :=e2( A9 —P) is uniformly bounded from (> to (2.

By analogy with Theorem 2.1, we obtain next theorem.

Theorem 2.3. For k€ B and h < 1,Z— A, has a uniformly bounded inverse mapping from (>
to 02, In fact,

(Z—A) " —(Z-P)Y|=0().
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Based on Theorem 2.3, (2.30) and (2.31) are reduced to the following single equation:

[ 1) = (1) (o (A7) " {eBu o (b)) [ 0=0 239)

for the unknown by. The resonances for the odd modes are characterized as follows.

Theorem 2.4. For any h<1, the governing equations (2.24)-(2.26) possess nonzero solutions in
HL () for k€ B, if and only if the following nonlinear equation of k:

loc

(0% =1) = (@ 41) (o (T A4) S og ol o)) =0 (239

has solutions in 3. In fact, these solutions (the so-called resonances) are
k=km,o—2il1(€m,0) — 4k, IT (€mo) + O(€5,,), m=12,...,M, (2.35)

for €y,0 =k oh <1, where ky, , =2m7t is a Fabry-Pérot frequency and the positive integer M, is
the greatest integer such that all the M, frequencies lie in I3.

Proof. By Theorem 2.3 and Lemma 2.4, Eq. (2.20) can be reduced to
ef —1=(e*4-1)IT(e) + O (%),

which is equivalent to
. 2I1(e)
ik 1 3
e —1 1—H(e)+0(€ ).

Since the right-hand side approaches 0 as € — 0, the resonances must satisfy: For some
m=1,...,My,0mo:=k—kno=0(1). Note that k0 for 0¢ B and that liminf}, _,,|k| >0 since

ef-1 ] 200(e) 3|
e ik e O] =0

The rest proof follows from arguments similar to that in the proof of Theorem 2.2. O

2.3 Field enhancement

To conclude Section 2, we study the mechanism of field enhancement in the hole V}, by the
proposed FMM. For simplicity, let a normal incident wave field 4™ =e~%0% of frequency
ko >0 be specified in IR%, where kj equals the real part of some resonances given by (2.21)
or (2.35). The scattering problem in (), can be reduced by symmetry to two subproblems
defined in Q);: By specifying the incident field u"¢/2 in R3, we solve Egs. (2.1) and
(2.2) for an evenly symmetric total field u with respect to x3=—1/2, or Egs. (2.24)-(2.26)
for an oddly symmetric total field u with respect to x3 = —1/2. Theorems 2.2 and 2.4
in fact have justified the well-posedness of the two subproblems for & <1 since any real
frequency ko is not a resonance. The solution to the original problem is the sum of the two
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different symmetric wave fields. We consider problem (ii) in the following, problem (i)
can be analyzed similarly. In ]Ri, define

uinc(x/,x3) uinc(x/,_x3)
2 2

Then, u—u™f satisfies the outgoing radiation condition (1.3). Following the same proce-
dures in Section 2.2, we obtain the following inhomogeneous equation:

uf(x):= =cos(kox3). (2.36)

— S0y, u+ut= ) bl [ —1] on Ty, (2.37)
m'=0

where § and s, are defined in the same way but with k replaced by ky. The inner product
of (2.37) and each !, for m € N yields

(e =1)bo = (" +1) cobo+ ({an bmr>0, {0} o) o+ (2.38)
{am}m>0 = {cgm }m>0 (eiko +1) bo +AZ{am}m>o + {alfgsf}m>0’ (2‘39)

where

b= | WP ()as ()=t

I
ref . __ /\m
elsm—1 Jr,

ant: ut ()l (x)dS (x) =0.

For h <1, Theorem 2.3 implies that (2.38) and (2.39) have the following unique solution:

0= Ty — (0 +1l;n(koh> ORI’ (240
{an}=(Z=A") " {en} o (€50+1)b0. (241)
For ko =Re(k) with k defined in (2.35) for some integer m € [1,M,],
K ko —Im(K)i— — S L o ),
so that
o= (1~ 00) = (ko)) +O(6hs) =2 0 ()
I(koh) —T1(kh) = O (€3, ,).
Thus,
(¢ —1) (¢ )i
= (e —1)— (e*+-1)IT(kh) + _67;2”"’ +0(ey,)
—e?

— 7;“'0 +0(e,),
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so that
—7T
b= +0(1), [{an}msolle=0(1).
m,0€m,o

Inside the hole V,",

. ) . B . |

u(x)= %bo [elkO(X3+1) _eflkoxs] + Z am)\m4¢hm(x’) [elsm(x3+l) _eﬂsmxs]
m=1
— _621:[ Sln(kOX3 +O Z am 411[]711 *lsmx3 —|—O(ef%]i),

where the prefactors in the O-terms depend on m and we have used the fact that elko 1=
O(h). Consequently,

O 1) for h?<x3<h,
u(x)= _€§msin(k0%)+(’)(h*1) for a fixed x3€(—1/2,0)

exhibiting the field enhancement of different magnitudes near the aperture and inside
the hole. It is interesting to notice that the leading field pattern of u in the hole V, is
independent of the shape of G.

3 Multiple holes

In this section, we study resonances in a slab containing the N holes {V; } ]I\L , defined in
the introduction. As in [38], we start with the case of two holes to clarify the basic idea.

3.1 Two holes

Assume N =2. As mentioned before, the problem can be reduced by symmetry to two
half-space problems on the domain (). We here study the resonances for the even modes
only and shall directly show the results for the odd modes. Let I'y ) := U]zzll"jlh, and
F] = G] X {X3 :0} fOI'jI 1,2.

We find k € BB such that there exists a nonzero u € H,.

loc
Au+kKu=0 on Q;, (3.1)
o,u=0 on BQ+. (3.2)

(C)) satisfying

Recall that for j=1,2, the eigenfunctions {l/)Zi _, constitute a Fourier basis in L?(T; i)
and {h*Z)\m,]-};f:O are the associated Laplacian elgenvalues. In either hole V]J;l, the sound
field u is expressed by

+o0 .
X)= Y by i () [ e, (33)
m'=
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where

_15,—1 /
Sm/,j —]’l 62 _Am’,jr

and {by ;}5_, are the unknowns to be determined. The normal derivative on T’ be-
comes

+oo .
dyl ’rj,h = aXBu‘Fj,h = Z bm,jism,jll)iln,j [els,,,/]- - 1] , (3.4)
m=0

so that the sequence {a,,;:= /\1/ 4bm jte ¢? for j =1,2. The outgoing radiation condition
(1.3) in R3 for N =2 becomes

1k|x yl +o
i h lsm 1 3
Z/ L 27T x — y] b 'jlsm'flpm'j@,)[ I= 1] dS(y) € Hjp (R7).

Now define for any x €I'4 , that

piklx—y]
0= ey P 0ISW): 5

It can be seen that S; is bounded from H~1/2(T ;) to H'/2(T 4) for j=1,2. On T4,

- (Sl [al/u ’rl,h] +S2 [al/u lrz,h])’

so that the continuity of u implies

—(S1[0vulr,, | +S2[0vulr,,]) |- Z b e (€1 41), =12
They are equivalent to

(_ (S1[ovufry, | +S2[0vulr,,]) ‘Fj,h’g[]hm,j) L2(T) =bm, (eism/j_}'l)' j=12, meN. (3.6)

Fori,j=1,2 and m,m' €N, let

A =h" (St ] |rj,h’lrbffl1,j) L2(T}) (3.7)
and )

—1ed00, m' =m=0,
) A 11sm/ ih(1— el )d”,o, m' >0=m,
wn =\ Al T g m>0=m

e‘smf+1
is ;.
At AL, s, h% b mm' >0,
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By analogy to the Egs. (2.15) and (2.16) in Section 2.1, the countable number of equations
in (3.6) can be rewritten in terms of matrix operators as follows:

o] el A @ e

{ama Y] _ae_ g [fetnd {}] [oa]  [AR AR [awa)
{am,Z}]_(e 1) [{Cé} {Co ][b0,2]+[“4;112 “4%2] [{ﬂm/,z}] (3.9)

(eF4+1)

T

for the unknowns by j and {a,, ;},j=1,2. In the above, all the bracketed ¢ sequences start
with m=1 or m’ =1, and the operators AZ are defined by (2.17) but with ¢, replaced
by ¢, . Lemma 2.2 describes the asymptotic behavior of d., for i=j by replacmg the

symbols T and ¢!, by ['; and W j respectively. If 7 #], the asymptotlc behavior of d”,
shown below.

Lemma 3.1. Let i€ {1,2} and j=3—i. Forke Band h<1,

1k|C1]|
y ———e+0(e?), m=m'=0,
di, = { 27k|Cij] (3.10)

1 ,
e*(R olljm/,i,l,bml]-) 2(r) otherwise,

where Cjj = Ci—Cj,p,, .= Py |n=1, and RY is a uniformly bounded operator from H~1/2(T;)
to HY/2(T)).

Proof. We consider i=2 and j=1 only. By change of scale,

helk\h x—y)—Cy|
21 . /
Ao = T /Fz/n h(x—y)— ‘ll)m 1(Y)AS(y) P, o (x")dS(x)

co L L (/)dS(y)yl, ,(x')dS
_m I, n%”m,l(]/) <]/)1Pm/,2(x) <x>

1k|hx y C21| ik‘Cz” ds /dS
27T/r2/r1 ele(x —kCor | ek]C;ll\ 1/’ () (y)‘/’mfz() (x).

Eq. (3.10) follows from that the first integral on the right-hand side of the above is nonzero
only when m =m’ =0, and that the second integral (excluding the prefactor €2/ (277))
has a smooth kernel, which and the gradient of which are uniformly bounded for (x,y) €
Fz X Fl. O

As an immediate consequence, we get the following lemma.
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Lemma 3.2. Leti€{1,2} and j=3—i. Forke Band h<1,

_ ieikICijl €2+O(€3)/ m=m'=0,
27rk]CZ]|
cl]/ _ ( Z]A4 lpml i ) ) Tl’l/>0:m,
m'm B 1] 4 -
ie ( 1A ]l)’)m]) m>0—m,
—€*(R g}%’ 11”)"1’ i ,J'l'bm,]')LZ(rj)’ m,m' > 0.

Therefore, {Cgm}m>o €?, {ngo}m’>0 €%, and the operator AZ defined by {Cilm}m,m’>0 is uni-
formly bounded from (% to 02 with || A || = O(€?).

Proof. The proof is similar to that of Lemma 2.3. We omit the details here. O

By Theorem 2.1 and Lemma 3.2, Egs. (3.8) and (3.9) can be transformed to the follow-
ing two-variable linear equations:

{(e41)22 - (¢~ )Diag Ity (6),Imae)) + (- Dieata(h) + &2} | | 0, Gy

where 7y denotes the N x N matrix for N =2, the 2 x2 matrix & consists of elements

O(e?),

eik|Caa|
27tk|C
Mo (k)= ik | 7k 12’ ’ (3.12)
27‘[k‘C7_1‘
2
. €
H](G) = [—(So/jl,l)Lz(rj)—l—Déj] €1+ P (3.13)

By (2.9) and (2.18), the constants Sy ; and &;>0 can be defined similarly but with I" and the
eigenpairs {i},, Ay }ov_ replaced by I'; and {ll)rln,j'/\m/j}:no:O’ respectively. We now charac-
terize the resonances of the even modes.

Theorem 3.1. For h <1, the resonance of the even modes of the two-hole slab in B are
k=Kpe +iA; (Maj(Kkme)) +1A7 (Moj(kime)) +O(€n,), j=12, m=12,..,M, (3.14)
for € e =k h <1, where ky, .= (2m—1) 7t is a Fabry-Pérot frequency,
Kine,j = kime—2ilT;(€m,e),
Mo j(kie) = —2Diag {1y (ke i), 112 (K e, i) }

—2Hj(em,e)Diag{H1 <€m,e)/n2<€m,e) }
+2ie2, (Mo (ki)
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Ai(Moj(k,e)) indicates the eigenvalue of My j(ky,e) closer to —211;(ep,.) for j=1,2, and the
positive integer M, is the greatest integer such that all the 2M, frequencies lie in B.

Proof. Clearly, (3.11) has a nonzero solution [bg1,bgp]" if and only if
(e +1)Z, — (e —1)Diag{IT; (€),IT2(€) } + (e —1)ie? My (k) + &> (3.15)
has a zero eigenvalue or a zero determinant. Since
(€% =1)ie2 My + &, = O(e?),
a resonance k must satisfy
(e*+1)— (e*—1)IT;(e) = O(€?) (3.16)

for some j =1,2, otherwise the matrix in (3.15) becomes diagonally dominant. There-
fore, e +1=O(e). As in Theorem 2.2, k=k, . +0(1), as h— 0, for some m=1,2,...,M,.
Obviously, € <€y, so that

(Sm,e :k_km,e = (_i) [ei(kfkmrf) — 1] = O(e) = O(em,e).
Now, (3.16) implies that
k: k?’l’l,@ _2iH] (em,@) + 0(6%1,@) = km,e,j+ O (ezm,e) 4

so that ‘
(e 4+1)Z, — Mo j(kine) +E2

must have a zero eigenvalue, where it can be seen that the matrix
& =My j(km,) — (¢ —1)Diag{IT; (€),ITr(€) } + (¥ —1)ie* My (k) + &,
has elements O(e3, ). Therefore, it must hold that
e +1=0j (Mo j(kme)) +O(€).),
where A; denotes the eigenvalue of My (k) closer to 21T;(ey,.). Thus,
Sy o —i0me—Aj (Moj(kme)) +O(€3,,) =0,

so that

1/. -
e =5 (1= /44 (VoK) —1) +O(€h,0)
= i)\j (Mz,j(km,e)) +i/\}2 (MZ,]' (km,e)) +0O (6%113)

implying (3.14).
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We now prove the existence of two solutions. Assume that k lies in the disk
Dy={keC: [k—ky,|<h?}CB.

Then, on the boundary of Dy, all the elements of (elf —1)ie? My (k) +&, are O(h?), so that
by linearity
IDet; —Dety| = O (h3) < O(h) = [Dety|,

where

Det; = | (¥ +1)Z, — (e —1 )Diag{Hl(e) (e)} e(eF—1) My (k) — (e —1)&],
Det, = | (¢ +1)Z, — (e —1)Diag{IT; (¢), I (€) } .

For either j=1,2, it is clear that on the boundary of Dy,
(€% +1) — (¥ —D)IT;(€) +i(k—kme) | = O(h) < | —i(k—km,e)|-

The above two inequalities and Rouché’s theorem indicate that there are exactly two
solutions in Dy,. O

The following theorem characterizes the resonances of the odd modes.

Theorem 3.2. For h <1, the resonances of the odd modes of the two-hole slab in B are
k=m0 +iA; (Maj(kimo)) HiAF (Moj(kimo)) +O(€5,0), j=1,2, m=12,..,M, (3.17)
for €y, 0=k oh <1, where ky, o =2m7t is a Fabry-Pérot frequency,

Km0, = Ko — 2111 (€m,o),

Mo j (ko) = —2Diag {1y (ko i), 112 (Ko i) }
—ZH]-(emlo)Diag{Hl (€m,0) I T2(Em,o) }
+2i€2m,oM2(km,0)/

Aj(Moj(km,e)) indicates the eigenvalue of My, j(ky,e) closer to —2IT(€y,o) for j=1,2, and the
positive integer M, is the greatest integer such that all the 2M, frequencies lie in B.

Proof. The proof follows from similar arguments as in Theorem 3.1. O

3.2 Multiple holes

The above results can readily be extended to a slab with the N holes {V h} ', centered at
{Ci} ]I\L 1- We state our main result in the following.
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Theorem 3.3. For h <1, the resonances of a slab containing {V]h}]l\i | in Bare
k=kn+iA; (My,j(kn)) +iAF (M j(kn)) +O(ep,), j=1,...,N, m=1.2,..,M (3.18)
for €, =kh <1, where k,, =mrt is a Fabry-Pérot frequency,

oik|Caa | AklCin| ]
K[ Cai | ikl Con|
M= |Gl 0 2mHca |,
eik|Cni | eik|Cnz|
| 27KCi] 2kICra] o

My j(k) = —2Diag {1y (ky, i), - T (K i) }
— 211 (€ ) Diag {1y (), -+ TIn(€m) } +2ie2, My (kn),

Cij| = Ci—Cj|,Aj(Mn j(kw)) indicates the eigenvalue of My j(ky) closest to —2I1;(ey) for
j=1,...,N, and the positive integer M is the greatest integer such that all the MIN frequencies lie
in B. Moreover, the imaginary part of each of the MN resonances is O(h?).

Proof. The proof of the asymptotics of k is analogous to that of Theorems 3.1 and 3.2. To
show that Im (k) = O(h?), we adopt the Gershgorin circle theorem. Each eigenvalue A, is
estimated by

N
| (M j (k) 20T (K j1) 4211 (€40)TT(€0) | <1 Z#

lk‘cm‘

2i
i€ e KIConl I

implying that )
/\j (MN,j<km)) = _2Hj<€m) —|—(9(l’12).
The desired result follows immediately from the definition of I1; in (3.13). O

Remark 3.1. When all holes {V;, }]I‘i , are generated by the same Lipschitz domain, say
G1, (3.18) can be simplified to

k=l — 20T T3 (kpy,1h) — 2103 (€3 ) + 4117 (k1 1) — 263, (M (ki) ) + O (€3,) (3.19)
for e,y =kh<1, where ky, 1 =k, —2il 1 (€;), and A;( M (k)) indicates the j-th eigenvalue
(in descending order of real parts) of My (k).

Remark 3.2. Following the same arguments in Section 2.3, it can be shown that for any
incident wave field of frequency kp=Re(k) with k being some resonances, the Theorem 3.3
implies that the total field can be enhanced by at least a magnitude O(h~2) in each of
the N holes for h < 1.
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4 Numerical examples

In this section, we carry out several numerical experiments to validate the derived asymp-
totic formulae. For simplicity, we shall assume any of the holes {V, }]I\L , to be either
a cuboid or a circular cylinder for that the related eigenpairs {¢y, j,An,;}m—o for G; of
a circular or rectangular shape are available by the method of separation of variables.
For example, for a square G1 ={(x,y): —1<x<1, —1<y<1},

prxy . prixq . Xy

1 1 i~ —1i il—2 _j1
/\quznz(p2+q2)r 1/’}711:1(61 T (=1)Pe "2 )(e T (—1)%e 422)’ p,geN, (4.1)

constitute all eigenpairs. Similarly, for a circle G;={(x,y) : x> +y? <1}, the eigenpairs are,
in polar coordinates,
Ay =Aog =gy
Ypg = Chglp (apgr) cos(po), (4.2)
Wpg=Cpqlp(apgr)sin(pf), (p,q) ENXZT,
where |, denotes the Bessel function of order p, a); denotes the g-th smallest root of | ;’7 (r),

and constants Cj,, and Cj, normalize the eigenfunctions. For more general structures, one
has to numerically evaluate these eigenpairs [1,5].

4.1 Nonlinear eigenvalue problem

To clarify the basic idea of our numerical solver, we take the single-hole system (2.15)-
(2.16) as an example, the case for multiple holes can be handled similarly. Denote by
L (k) the infinite dimensional linear operator

(6% —1)coo— (1+eF)+1 c10 -+ cmo
co1 (e —1) Cli o O

L(k)= : S N 4.3)
com(eF—1) Clm " Co'm

where 7 denotes the identity operator. The problem can be restated as: Find k € B such
that there is a nonzero sequence {bo,{a,,}} solving

{am

L(k) [ bo }] —0. (4.4)

We simply truncate £ to an N x N matrix Ly(k) by keeping the first N columns and
rows of L(k). The truncation gives rise to the following finite-dimensional nonlinear
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eigenvalue problem: Find k € B that solves
min[eig{ Ly (k) }]=0. (4.5)

Here, we adopt the standard Muller’s method to compute the resonances k.
To obtain the N x N matrix Ly(k), the most time-consuming step is to compute the
following integrals:

1hk\x yl S Tl ds ' m—0 N_1 16
' /1“1/r1 lx—y| l/)m/ y)dS(y) gk, (x)dS(x), m',m=0,...,.N—1. (4.6)

When kh is small, one can speed up the evaluation of the above integrals based on the
following Taylor expansion of el"<*~¥l:

K=Yl =1 4 ink|x — yH— (ihk|x—y|)> + (ihkyx—y|)3+o((hk)4).

Then,

1 -
I %/ / L ()dS(y) 9L (x)dS (x) + ihkS o0,
mm rJr, ‘x_y’q)m ()dS(y) iy (x)dS(x) +i 09m'0

[ e st s )

i 313 o
B h6k o !x Y5 (v)dS (y) o, (x)dS (x).

Note that the last term in fact can be separated as the product of two surface integrals for
that |x—y|? = |x|>—2x-y+|y|%. Thus, we only need to deal with the first two quadruple
integrals, which are independent of k. All the integrals in I, are evaluated directly by
two built-in functions integral and quad2d of MATLAB.

For comparison, one similarly evaluates a and (So1,1);2(r,) in (2.23) such that the
asymptotic results in Theorems 2.2 and 2.4 provide approx1mate frequencies k.

4.2 Numerical results

In the first example, there is only a single square hole centered at the origin that
I ={x€R’: |x1| <h,|xz| <h,x3=0}.

We compare the asymptotic results and the numerical results near 7t and 27, while the
value of h varies from 0.2 to 0.0125. The results are shown in Tables 1 and 2, where knum
denotes the numerical value of k and the fourth column lists absolute errors between knum
and the asymptotic formula. In the two tables, we see clearly that when / is halved, the
absolute errors for formulae (2.21) and (2.35) appear to be roughly 1/8 of the previous
one, agreeing with the indicated error O (h®) in Theorems 2.2 and 2.4.
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Table 1: The resonance of a square hole near 7.

h Knum Eq. (2.21) Err(O(h®))
0.2 2.3486071—0.1834275i | 2.3322908—0.13484351 5.1E-2
0.1 2.6697389—0.0728046i | 2.6669942—0.0796873i 74E-3
0.05 | 2.8810272—0.0237653i | 2.8802092—0.02566891 2.1E-3

0.025 | 3.0045698—0.0068319i | 3.0044676—0.00713561 3.2E-4
0.0125 | 3.0713782—0.0018320i | 3.0713960—0.0018737i 4.5E-5
Table 2: The resonance of a square hole near 27t.

h Knum Eq. (2.35) Err(O(h%))
0.2 4.8970464—0.6165919i | 4.1820329—0.5393740i 7.2E-1
0.1 5.4096894—0.2612578i | 5.3038292—0.3187492i 1.2E-1
0.05 5.7779487—0.0907690i | 5.7585335—0.10267541 2.3E-2

0.025 | 6.0118333—0.0269155i | 6.0088173—0.02854241 3.4E-3
0.0125 | 6.1431457—-0.0072962i | 6.1427846—0.0074948i 4.1E-4

In the second example, we assume that there is only a single circular hole centered at

the origin that

Fh:{xEIR3 : (x%%—x%)% <h,x3:O}.

Same as the first example, we compare the asymptotic results and the numerical results
near 7t and 27t, while the value of / varies from 0.0125 to 0.2. The results are shown in
Tables 3 and 4, where k,,m denotes the numerical value of k and the fourth column lists
absolute errors between knum and the asymptotic formula.

Table 3: The resonance of a circular hole near 7.

h Knum Eq. (2.21) Err(O(h®))
0.2 2.3995389—0.1556778i | 2.3957256—0.13300071 2.3E-2
0.1 2.7056976—0.0600111i | 2.7040269—0.06597311 6.2E-3
0.05 2.9031657—0.0191609i | 2.9025822—0.02058361 1.5E-3

0.025 | 3.0168650—0.0054375i | 3.0167762—0.00565721 2.4E-4
0.0125 | 3.0778398—0.0014483i | 3.0778407—0.00147821 3.0E-5
Table 4: The resonance of a circular hole near 27t.

h Knum Eq. (2.35) Err(O(h%))
0.2 4.9715497—0.5215566i | 4.4937909—0.5320028i 4.8E-1
0.1 5.4667041—0.2173300i | 5.3894501—0.26389241 9.0E-2
0.05 5.8181787—0.0736574i | 5.8040016—0.08233451 1.7E-2

0.025 | 6.0356732—0.0214768i | 6.0334796—0.02262881 2.5E-3
0.0125 | 6.1559559—0.0057729i | 6.1556768—0.00591291 3.1E-4
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In the third example, a slab with a square hole and a circular hole is considered.
Specifically,

F1,h:{XER3 : ‘xﬂ <h,’.X‘2‘ <I’l,X3:0},
Fz[h:{xelR3 : ((x1—1)2—|—x%)% <I’l,X3:0}.

We compare the asymptotic results and the numerical results near 7r, where two res-
onances are encountered, while i varies from 0.0125 to 0.2. The results are shown in
Tables 5 and 6. We see clearly that when # is halved, the absolute errors appear to be
1/8 of the previous one in the first table and the same accuracy is achieved after  is re-
duced to less than 0.05 in the second table. In all tables, it can be seen that the imaginary
part of a resonance is reduced to about 1/4 of itself when  is halved indicating that the
resonances have O(h?) imaginary parts for h < 1.

Table 5: The resonance of a square hole and a circular hole near I1;.

h Knum Eq. (3.14) Err(O(h®))
0.2 | 2.3354764—0.1061379i | 2.2290167—0.1167617i |  1.1E-1
0.1 | 2.6624839—0.0587463i | 2.6483666—0.0751923i |  2.2E-2
0.05 | 2.8792254—0.0222390i | 2.8774397—0.0251300i |  3.4E-3
0.025 | 3.0042659—0.0067074i | 3.0041014—0.0070932i |  4.2E-4
0.0125 | 3.0713358—0.0018233i | 3.0713499—0.0018709i |  5.0E-5

Table 6: The resonance of a square hole and a circular hole near IT;.

h Knum Eq. (3.14) Err(O(K3))

0.2 | 2.4223191-0.2487429i | 2.2074658—0.1708974i |  2.3E-1

0.1 | 2.7144004—0.0739789i | 2.6398102—0.0821431i |  7.5E-2

0.05 | 2.9049845-0.0206113i | 2.8750643—0.0260130i |  3.0E-2

0.025 | 3.0171292—0.0055545i | 3.0171407—0.0056996i |  1.5E-4

0.0125 | 3.0778591—0.0014565i | 3.0778867—0.0014810i |  3.7E-5
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