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Abstract. A nonlocal two-fluid formulation has been constructed for describing lowerhybrid drift instabilities in current-sheet configuration with a finite guide magnetic
field in the context of magnetic reconnection. As a benchmark and verification, a class
of unstable modes with multiple eigenstates are found by numerical solutions with
guide field turned off. It is found that the most unstable modes are the electrostatic,
short-wavelength perturbations in the lower-hybrid frequency range, with wave functions localized at the edge of the current sheet where the density gradient reaches its
maximum. It is also found that there exist electrostatic modes located near the center
of the current sheet where the current density is maximum. These modes are lowfrequency, long-wavelength perturbations. Attempts will be made to compare the current results with those from kinetic theory in the near future since the validity of the
fluid theory ultimately needs to be checked with the more fundamental kinetic theory.
PACS: 52.35.Vd, 94.30.cp, 52.35.Kt
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1 Introduction
Lower-hybrid drift instability (LHDI) is of interest mainly due to its possible connection to anomalous resistivity, which is believed to be a possible mechanism to increase
the magnetic reconnection rate. Magnetic reconnection [1–3] is one of the most challenging problems in the field of space, astrophysical and laboratory plasmas. Magnetic
reconnection plays an essential role in determining the evolution of magnetic topology
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in relaxation processes, usually accompanied by an observed rapid release of magnetic
energy, in these highly conducting plasmas. However, the current simulation and theoretical results based on the Sweet-Parker model addressing the reconnection process
predict a much slower reconnection rate than observed due to the extremely small resistivity. This makes it inevitable for the magnetic field to dissipate only in a very narrow
sheet, which obstructs the mass outflow and as a consequence, limit the reconnection
rate. Although the subsequent Petschek model [4] based on slow shocks allows large
mass flows by opening up the outflow channel and thus results in the faster reconnection
rates, it was shown later [5, 6] that the Petschek solution is not compatible with smooth
resistivity profiles. On the other hand, microinstabilities may enhance resistivity in the
reconnection region, where plenty of free energy exists in form of a large relative drift between ions and electrons and large inhomogeneities in pressure. As a result, this anomalous resistivity will increase the reconnection rate. LHDI is one candidate addressing the
mechanisms responsible for such an anomalous resistivity. In fact, MRX experiments [7]
reported a positive correlation between the lower-hybrid fluctuations and enhanced rates
of magnetic reconnection in the center of a reconnecting current sheet.
LHDI is driven by inhomogeneous density, magnetic field, and/or temperature, with
maximum growth believed to occur along directions orthogonal to both the magnetic
field vector and the direction of the inhomogeneity, which is frequently assumed to be
perpendicular to the direction of the magnetic field. The underlying microinstabilities
have been considered to be predominantly electrostatic due to their effectiveness in waveparticle interactions.
LHDI without guide field [8–13, 15–18] has been extensively investigated by previous
works. Specifically, Batchelor [8] and Davidson [9] formulated the nonlocal theory on
LHDI in cylindrical plasma. LHDI type instabilities, for example, velocity-shear driven,
Kelvin-Helmholtz-type instabilities, have been studied by Ganguli with his colleagues
[10–12], and Gladd et al. [13]. The nonlocal theory on the LHDI in Harris equilibrium has
been investigated by Huba et al. [17] and Yoon [18]. However, in the space and laboratory
plasmas, a sheared magnetic field is usually accompanied by a guide magnetic field,
which will significantly affect the evolution of instability and may also give rise to some
new instabilities that could significantly impact the physics of magnetic reconnection. An
implicit, fully kinetic approach by Daughton [21] and a gyrokinetic electron/full kinetic
ion model by Lin have been developed to study the lower hybrid drift-instability with a
guide field.
In the present paper we report an improved formulation of the nonlocal characteristics of LHDI in an equilibrium geometry with a finite guide field using a electrostatic
two-fluid model. A wave function for the LHDI has been derived, which has been numerically solved for a set of parameters. This work is the first result of a series of analytical
and numerical works on LHDI and magnetic reconnection, which will eventually lead to
the kinetic simulations of fast reconnections with a finite guide field. Comparisons with
kinetic theory will be made in the near future in order to verificate the validation of fluid
and kinetic theory.
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2 Nonlocal electrostatic two-fluid theory of LHDI in Harris
equilibrium
The present work is based on a electrostatic two-fluid model with an uniform temperature distribution for fully ionized electron-ion plasma. The relevant equations are continuity, momentum, and the Poisson equations,
∂t ns +∇·( ns vs ) = 0,

(2.1)

ms ns (∂t + vs ·∇) vs = qs ns (E + vs × B)− KTs ∇ns ,

(2.2)

ǫ∇· E = ∑ qs ns ,

(2.3)

E = −∇φ,

(2.4)

s

where subscript s = he,hi,be,bi stands for the Harris electrons and ions, and uniform background electrons and ions, respectively.
In the current formalism, we assume that equilibrium electric field is absent (Ē = 0),
and that densities, sheared magnetic field, and the equilibrium flow are inhomogeneous
in the z direction, which at the lowest order satisfy the steady-state equations governing
the equilibrium

∇·( n̄s v̄s ) = 0,
ms n̄s v̄s ·∇v̄s = qs n̄s v̄s × B̄ − KTs ∇n̄s ,

(2.5)
(2.6)

∑ qs n̄s = 0.

(2.7)

s

The force-balance equation (2.6) and the neutrality equation (2.7) hold

(∇× B̄)× B̄ = µK ∑ Ts ∇n̄s
s

which can be simplified as
2

!

∇ B̄ /2 + µK ∑ Ts n̄s = 0.
s

(2.8)

For a typical Harris current-sheet equilibrium, we choose the sheared and guiding magnetic field, and the equilibrium flow are transverse to the inhomogeneity, i.e. B̄ = x̂ B̄x (z)+
ŷ B̄y , B̄x (z) = B̄x0 tanh(z/L), and v̄s = ŷ v̄s , where
v̄s = 2KTs /(qs B̄x0 L),
v̄s = 0,

ns (z) = 1,

n̄s (z) = ns0 ns (z) = ns0 sech2 (z/L),
for s = be,bi

for s = he,hi,
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which satisfy the equilibrium equations. Substituting the above quantities into Eq. (2.8)
gives
!
!
B̄y2
2
2
∇
B̄x /2 − µK ∑ Ts ns0 tanh (z/L)+ + µK ∑ Ts ns0 = 0,
2
s
s = hi,he
which holds the balancing between magnetic pressure and thermal pressure
B̄2x /2 = µK

∑

Ts ns0 .

(2.9)

s = hi,he

By linearizing the electron-static two-fluid equations (2.1-2.4), we obtain the firstorder linear equations governing the perturbation
∂t δns +∇·( δns v̄s + n̄s δvs ) = 0,
ms n̄s (∂t δvs + v̄s ·∇δvs ) = qs n̄s (δE + δvs × B̄)+ qs δns v̄s × B̄ − KTs ∇δns ,

δE = −∇φ,

ǫ∇2 φ = − ∑ qs δns ,
s

which can be simplified by making use of the equilibrium profiles

(∂t + v̄s ·∇) δns +∇·( n̄s δvs ) = 0,
ms (∂t + v̄s ·∇) δvs + ms Ωs b̄ × δvs = −qs ∇φ − KTs ∇(δns /n̄s ) ,
2

ǫ∇ φ = − ∑ qs δns ,

(2.10)
(2.11)
(2.12)

s

where Ωs = qs B/ms is the ion- or electron-gyrofrequencies, and b̄ = B̄/ B̄ is the parallel direction of magnetic field. Because the equilibrium is symmetric in x and y direction, we
can assume that the spatial and time dependence
of the small-amplitude
perturbations is


given by the eikonal form, δϕ = ϕ̃(z) exp i k x x + ky y − ωt , to allow drift modes propagating in a transverse plane to the direction of inhomogeneity. Then above Eqs. (2.10-2.12)
go to
ωs δns + i∇·( n̄s δvs ) = 0,

ms ωs δvs + ims Ωs b̄ × δvs = −i [ qs ∇φ + KTs ∇(δns /n̄s )] ,
ǫ∇2 φ = − ∑ qs δns ,
s

where ωs = ω − v̄s ky is Doppler shifted frequency, and operator ∇ = ik + ẑ∂z . A formal
solution to the perturbed momentum equation is given by
δvs = −iωs us / ( qs n̄s ) ,
h
i

us = χs ∇φs − iΩs /ωs b̄ ×∇φs −(Ωs /ωs )2 b̄b̄ ·∇φs ,
φs = ǫ (φ + KTs Ns /qs ) ,
Ns = δns /n̄s ,
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 −1
where χs = ω 2ps ωs2 − Ω2s
, and ω 2ps = ns q2s /(ǫms ) is ion or electron plasma frequency.
Making use of the above results, one may eliminate perturbed velocity δvs and obtains a
set of wave functions which involves density perturbations and field perturbations only,
n̄s qs Ns = −∇· us ,

∇2 (φs − ǫKTs Ns /qs ) = − ∑ qs n̄s Ns .
s

Therefore, by introducing Debye length λ2Ds = ǫKTs /(ns0 q2s ), the above equations can be
simplified to
h 
2 
i
n̄s qs Ns = χs k2 −(Ωs /ωs )2 b̄ · k
− ∂z χs Ωs /ωs ẑ · b̄ × k φs − ∂z (χs ∂z φs ) , (2.13)


∂2z − k2 φs − λ2Ds ns0 qs Ns = − ∑ qs n̄s Ns .
(2.14)
s

The thermal correction in the above equation (2.14) is ignorable for the long wavelength
perturbations where kλ Ds ≪ 1 and k⊥ ρe ≪ 1. For the short-wavelength perturbations, the
finite temperature effects could readily be incorporated with kinetic theory as shown by
Yu Lin et al. [20], where electrons are gyrokinetic and ions fully kinetic. Therefore, in the
long-wavelength regime, the resulting equations are
h 
2 
i
− ∂z χs Ωs /ωs ẑ · b̄ × k φ − ∂z (χs ∂z φ) ,
ρs ns = χs k2 −(Ωs /ωs )2 b̄ · k

∂2z − k2 φ = − ∑ ρs ns ,
s

where ρs = ns0 qs Ns is the normalized density perturbation. These two equations can be
combined to a single one


∂z [(1 − ∑ s χs ) ∂z φ]− k2 (1 − ∑s χs )+ ∑s ηs (z) φ = 0,
(2.15)

where the lower-hybrid oscillation, ωi2 = ω 2pi /(1 + ω 2pe /Ω2e ), will be revealed when the
driving source ∑s ηs goes to zero. ηs is defined as
2


ηs (z) =χs (Ωs /ωs )2 b̄ · k + ∂z χs Ωs /ωs ẑ · b̄ × k .

In the following part, we will concentrate in a case where the wave frequency ω is
much higher than the ion gyrofrequency, but much lower than the electron gyrofrequency
defined with the asymptotic sheared field magnitude, Bx0 , when z approaches to infinity,
Ωi∞ ≪ ω ≪ |Ωe∞ |,
where Ωi∞ = eBx0 /mi and Ωe∞ = −eBx0 /me . The characteristic frequency designates this
frequency regime is the lower-hybrid frequency, which is defined as
q
√
ω LH ≡ Ωi∞ |Ωe∞ | = e B̄x0 / mi me .
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In this frequency regime of interest, we may treat ions as if they are unmagnetized (Ωi∞ ∼
0) while electrons as if fully magnetized. For the rest of this paper, we will work with the
normalized variables:
ω = ω̃ω LH ,

z = Lz̃, k = k̃ω LH /VA , qs = eq̃s , φ = KTe φ̃/e,
√
Te
n
n
B = B̄x0 B̃(z), m̃s = ms / mi me , R = ω 2phi0 /ω 2LH , τ = , α = bi = be ,
Ti
nhi nhe
√
k̃ M
2
M = mi /me , S ≡ sech (z), T ≡ tanh(z), kL = k̃ω LH L/VA =
,
u i (1 + τ )
v̄s = us VA ,

√
where we define VA = B̄x0 / µnhi0 mi as the reference Alfvén speed. It is also assumed
that q̃s = ±1 for simplicity, then we can get the following relations
ω̃ 2pbi0 = αR,
χhi =
ūs =

ω̃ 2phe0 = RM,

RS
2 − B̃2 /M
ω̃hi

,

χbi =

ω̃ 2pbe0 = αRM,
αR
ω̃ 2 − B̃2 /M

1 2KTs
quad(s = hi,he),
VA qs B̄x0 L

ω̃hi = ω̃ − k̃y ui ,

,

Ω̃2e0 = M,

χhe =

uhe
= −τ,
uhi

Ω̃2i0 = 1/M,

RMS
2 − B̃2 M
ω̃he

,

χbe =

αRM
ω̃ 2 − B̃2 M

,

ω̃he = ω̃ − k̃y ue = ω + k̃y τui .

Therefore, the second order wave equation (2.15) becomes
∂z ( A∂z φ)+ Bφ = 0,

(2.16)

where the coefficients are
A =1 −

RS
2 − B̃2 /M
ω̃hi



−

αR
ω̃ 2 − B̃2 /M

−

RMS
2 − B̃2 M
ω̃he



−

αRM
ω̃ 2 − B̃2 M

T k̃ x + B̃y k̃y
ω̃s m̃s


Sk̃y + ∂z lnχs ( T k̃y − B̃y k̃ x )
.

M
(1 − ∑ s χs ) k̃2 + ∑s χs q̃2s
B= 2
2
u i (1 + τ )
u (1 + τ )q̃s
+ √i
M ω̃s m̃s

These coefficients can be simpler by using mi /me =
A =1 −

p

|Ωe |/Ωi ≫ 1

RS αR RS αR
− 2+ 2 + 2,
2
ω̃
ω̃hi
B̃
B̃

!2

,
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"
M
B= 2
(1 − ∑s χs ) k˜2 + χhe  M
u i (1 + τ )2

!2
T k̃ x + B̃y k̃y
ω̃he


u (1 + τ )
− i
Sk̃y + ∂z lnχhe ( T k̃y − B̃y k̃ x )
ω̃he

#
!2

T k̃ x + B̃y k̃y
u (1 + τ )
− i
Sk̃y + ∂z lnχbe ( T k̃y − B̃y k̃ x )  .
+ χbe  M
ω̃
ω̃

2.1 Local limit
In the local limit, the spatial and time dependence
of the
small-amplitude perturbations

is given by the eikonal form, δϕ = ϕ̃exp i ky y + kz z − ωt , to allow drift modes propagating along and transverse to the direction of inhomogeneity z, and kz L ≫ 1. Then, wave
equation (2.15) goes to


k2z + k2y (1 − ∑s χs )+ ∑s ηs (z) = 0,
(2.17)

where the lower-hybrid oscillation, ωi2 = ω 2pi /(1 + ω 2pe /Ω2e ), will be revealed when the
driving source ∑s ηs goes to zero, and


ηs (z) = ∂z χs Ωs /ωs ẑ · b̄ × k .

3 Numerical analysis
A shooting code [19] has been developed to study the behavior of the eigenmodes, where
the solution to the equations with boundary conditions at the two endpoints of an interval is found by launching “shots” from both sides of the interval and trying to match
continuity conditions at a intermediate point. For the benchmark and verification purpose, the numerical solutions to Eq. (2.16) with guide field turned off has been obtained
as a first step for a set of parameters
M = 1836,

R = 100,

τ = 0.1,

uhi = 1.

We turned off the background plasma, nbi /nhi = 0, and the guide field, By = 0. The solutions are computed at fixed wavelength along y axis,
k̃y = cky /ω pe = 0.5,
which corresponds to ky L ≃ 20 in physical space. For these set of parameters, the ion
gyroradius, electron gyroradius, ion sheath depth, and electron sheath depth are
ρi ∼ 0.7L,

ρe = 0.005L,

di ≡ c/ω pi ∼ 42.8L,

de ≡ c/ω pe ∼ 0.02L.
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Figure 1: Mode structures associated with the lower-hybrid drift instabilities, where the electric potential φ are
plotted versus z/L, solid curves represent the real part of φ, and the dotted curves stand for the imaginary part
of φ. Modes with node number 1,7,13, ··· ,55 are selected as samples for odd-symmetrical eigenfunctions, and
modes with node number 0,6,12, ··· ,54 for even-symmetrical.

This suggests that the modes have much shorter wavelength than the current-sheet width,
ion gyroradius, and ion sheath depth, but much longer than the electron gyroradius and
sheath depth. On the other hand, this also confirms that 1) ions can be regarded as an
unmagnetized particles, and electrons as a fully magnetized particles; 2) the assumption
right after Eq. (2.14) is self-consistent for the current case.
In Fig. 1, some sample mode structures of eigenfunctions, φ(z/L) versus z/L, has
been shown in a stack format for two polarizations, even and odd, which corresponds to
symmetry and antisymmetry structures, respectively:
φ(−z/L) = φ(z/L),
φ(−z/L) = −φ(z/L),

for even modes,
for odd modes.
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Mode Number
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Figure 2: Real (△) and imaginary (N) parts of the eigenvalues, Reω/ω LH and Imω/ω LH , corresponding to
the solutions shown in Fig. 2, versus the mode number: 1,3,5, ··· , for odd modes, and 0,2,4, ··· , for even modes.

Each mode has been designated by a quantum-like mode number, 1,3,5, ··· , for odd
modes, and 0,2,4, ··· , for even symmetries according to their node numbers, which is
defined as the number of zeros on the z/L axis. It shows that there are multiple eigenstates for both symmetries, reminiscent of the multilevel eigenvalue problem of quantum
mechanics. The eigenfunctions situated closest to the neutral sheet, z/L = 0, can be identified as the ground-state solutions. As the mode number increases, it can be seen that
the degree of undulations associated with φ increases, and the wave packet keeps moving
away from the neutral sheet, at the same time, the characteristic length of the wave packet
shrinks gradually from about L/2 to L/16. For large number modes, the wave reaches
its extremum around the edge of the current sheet, z ≃ L, where the density gradient gets
its maximum.
The eigenvalues, ω/ω LH , corresponding to the solutions shown in Fig. 1 are displayed in Fig. 2 as a function of the mode number. For both symmetries, the real frequency, Reω/ω LH , ranges from 0.5ω LH to 0.1ω LH , locates in the lower-hybrid regime,
and decreases as the mode number increases. The behavior of the growth rate, Imω/ω LH ,
versus mode number is of great interest. It can be seen that the ground state modes for
either symmetry, which situated at the current sheet center, have the lowest growth rate,
which are long-wavelength perturbations. The growth rate sharply increases with the
mode number for low modes, then goes to the fast growing region and gains its maximum when the mode number is around 40. These most unstable modes are lower-hybrid
short-wavelength perturbations.

4 Conclusions and discussions
In the current paper, we have constructed a nonlocal electrostatic two-fluid model for
the lower-hybrid drift instabilities with a guide field. A wave equation for LHDI has
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been obtained. Numerical solution to the wave function has been carried out with guide
magnetic field turned off for benchmarking and validation purpose.
It is found out that for either symmetries, odd and even, there are multiple eigenstates, which are designated by a mode number according to their node numbers. The
ground state with the smallest mode number locates at the center of the current sheet and
has the lowest growth rate. As the mode number increases, the wave packet moves away
from the neutral sheet. The most unstable modes appear in high-mode region.
The present work is only a part of the first steps to investigate the fast reconnection
mechanism, and eventually the gyrokinetic simulation of fast reconnection will be carried
out with finite guide field. Comparisons with kinetic theory will be made in the near
future in order to examine the validity of the fluid theory.
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